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In this work, we derive an analytical model to predict the appearance of all possible radiationinduced steady states and their associated microstructures in immiscible Ac̄ B1−c̄ alloys, an example of a
nonequilibrium dynamical system. This model is assessed against numerical simulations and experimental
results which show that different microstructures characterized by the patterning of A-rich precipitates can
emerge under irradiation. We demonstrate that the steady-state microstructure is governed by irradiation
conditions and also by the average initial concentration of the alloy c̄. Such a dependence offers new
leverage for tailoring materials with specific microstructures overcoming limitations imposed by the
equilibrium thermodynamic phase diagram.
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Although the features of equilibrium phenomena have
been extensively studied in the past, physical systems in
nature exist in nonequilibrium states [1–4]. Their study is of
substantial interest to basic science and also has promising
technological applications. In contrast to phase transitions at
thermal equilibrium, transitions out of equilibrium are far
less understood as they lack a comprehensive underlying
theory [3,5,6]. Understanding the appearance of microstructural patterns is a burning issue in nanotechnology where
materials are processed far from equilibrium [7]. Predicting
all possible nonequilibrium steady states and rationalizing
conditions in which they appear constitute substantial
challenges. Beyond the academic interest, modeling outof-equilibrium microstructures can inspire new methods for
manufacturing materials with tailored properties [3], such as
is sought in ion beam processing of optoelectronics materials
[7] or in certain nuclear applications [8,9].
In the absence of radiation, the kinetics of phase
separation in immiscible AB alloys is dictated by the
Landau-Ginzburg equation, also known as model B in
the Halperin-Hohenberg classification [10] or as the CahnHilliard equation in metallurgy [3]. The composition of
A-rich precipitates resulting from this phase separation is
given by the thermodynamic equilibrium phase diagram.
Under irradiation, however, as impinging particles (neutrons, ions, etc.) slow down, they eject atoms originally at
rest in the crystal which leads to temperature independent
mixing of atoms known as ballistic mixing, and which
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is insensitive to the nature of chemical bonds between
atoms [11,12]. This external dynamics, which depends on
the irradiation flux ϕ and the nature of the particle beam,
“drives” the system away from its thermodynamic equilibrium [13]. Although steady states are eventually reached,
the chemical composition of radiation-induced A-rich
precipitates reaches values at large timescales which one
cannot predict from the study of the thermodynamic
equilibrium phase diagram [14,15].
Attempts [16–18] have been made in the past to compute
the chemical composition of A-rich precipitates occurring
under irradiation and have given rise to a theory known as
the theory for driven alloys [16]. In this approach, a kinetic
enhancement factor ½Dball ðϕÞ=½Dtherm ðT; ϕÞ characterizes
the competition between ballistic mixing induced by
irradiation, associated with the temperature independent
diffusion coefficient Dball ðϕÞ and thermally activated diffusion enhanced by the irradiation flux ϕ and characterized
by the diffusion coefficient Dtherm ðT; ϕÞ. This leads to a
“law of corresponding states” in which the chemical
composition of precipitates under irradiation is the same
as that given by the equilibrium thermodynamic phase
diagram at an “effective” temperature defined by T eff ¼
Tf1 þ ½Dball ðϕÞ=Dtherm ðT; ϕÞg [16]. The theory qualitatively explains the existence of a solid solution at low
temperature under irradiation [16] but fails to describe
radiation-induced patterning of A-rich precipitates
observed in Monte Carlo simulation studies [19,20].
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To overcome this shortcoming, the mechanism of ballistic mixing needs to be described in greater detail [11].
It can be modeled as a random-walk process within the
continuum approximation [21,22], which induces a rate of
change
R of the local composition ½∂cðr; tÞ=∂t proportional
to pR ðr; r0 Þcðr0 ; tÞdr0 − cðr; tÞ, where the probability
density function pR ðr; r0 Þ represents the ability of ejecting
an atom located at r at a distance jr − r0 j; R defines the
“interaction range” for ballistic mixing and the last term
cðr; tÞ is introduced to satisfy the constraint of mass
conservation. Molecular dynamics simulations have shown
that pR ðr; r0 Þ ¼ pR ðjr − r0 jÞ ∝ expð−jr − r0 j=RÞ [13,23].
By analogy with microphase separation observed in
diblock copolymers [24], we have modeled the dynamics
of ballistic mixing by adding the following nonlocal
pairwise interaction term to the free energy [11,13]:
Z Z
1
G½θ ¼
θðrÞgR ðjr − r0 jÞθðr0 Þdrdr0 :
ð1Þ
2
In Eq. (1), all variables are dimensionless [25]. θðrÞ is a
scalar order parameter (OP) (in reduced units) proportional
to the local concentration of species A in the alloy [13,25].
gR ðjr − r0 jÞ characterizes the nonlocal interaction associated with ballistic mixing and it is related to pR ðjr − r0 jÞ
via the following relationship: −∇2 gR ðxÞ ¼ δðxÞ − pR ðxÞ
[12,13,18]. When R → 0, as is the case for an electron
irradiation, the theory of driven alloys is recovered and
Dball ðϕÞ is shown to be proportional to the second moment
of pR ðxÞ [18]. When R → ∞, gR ðxÞ is identical to the
Coulomb-like kernel describing block copolymer phase
separation [24]. The distinction between the spatial patterns
occurring under irradiation and in diblock copolymers
lies in the existence of a finite value of R which scales
the range of the interaction. In that sense, our approach
constitutes an attempt to unify under a single theory the
solution to both problems.
The evolution of θðr; tÞ is governed by the following
Eq. [13]:
∂θðr; tÞ
δL½θ
¼ ∇2
;
∂t
δθðr; tÞ

ð2Þ

with boundary and initial conditions provided, respectively,
by ∇θðr; tÞ ¼ 0 at the domain boundary and θðr; 0Þ ¼ θ̄.
Since two dynamics are acting upon the system independently of each other, the Lyapounov L½θ functional in
Eq. (2) may further be expressed as the sum of these two
competing contributions, one which is purely thermodynamic in nature and the other which is due to radiation
related processes [11,18,25]:
L½θ ¼ F½θ þ ΔðT; ϕÞG½θ:

ð3Þ

The free energy F½θ reflects the property of an immiscible
AB alloy to decompose in the absence of irradiation. It may
phenomenologically be written in the weak segregation

regime as a Ginzburg-Landau
expansion in θðrÞ and ∇θðrÞ
R
as F0 ½θ þ 12 j∇θðrÞj2 . F0 ½θ captures the bulk contribution and assumes the form of a (Landau) expansion in θðrÞ.
It is written as [25]

Z 
θðrÞ4 θðrÞ2
F0 ½θ ¼
−
dr:
4
2

ð4Þ

The second term (Ginzburg) in F½θ represents the energy
cost associated with a local variation of θðrÞ. ΔðT; ϕÞ is
proportional to the ratio of the athermal diffusion coefficient which characterizes ballistic mixing over the radiation-enhanced mobility ½Dtherm ðT; ϕÞ=kB T (kB is the
Boltzmann constant). The value of ΔðT; ϕÞ determines
the relative importance of athermal effects vis-à-vis thermally induced phenomena, all of which are radiation
related. In this work, we assume that the radiationenhanced mobility is independent of the concentration
cðr; tÞ or, in other words, that ΔðT; ϕÞ is independent of
the reduced OP θðrÞ, and restrict the analysis to the weak
segregation regime, which means F0 ½θ is given by the
Landau expansion [Eq. (4)]. We have chosen to apply these
simplifying assumptions in order to be capable of formulating analytical solutions to the problem which reveal
more straightforwardly how and which physical quantities
determine stable microstructures under irradiation. This
does not affect the scope of our work, as the first restriction
could be lifted by adopting the so-called degeneratemobility approach [26] and the second could similarly
be lifted by using the logarithmic free-energy model as an
alternative to the Landau expansion in the strong segregation regime [3]. However, this necessarily requires minimizing L½θ numerically.
The competition between thermodynamic and external
forces acting in parallel leads to the emergence of different
steady states depending on the values of external parameters ϕ and T, i.e., ΔðT; ϕÞ and R, which characterizes
the nature of the particle beam. To illustrate this point,
Fig. 1 shows the concentration distribution of species A at
infinite time cðr; ∞Þ obtained from a numerical resolution
of Eq. (2) in an irradiated immiscible Ac̄ B1−c̄ alloy
subjected to a constant flux ϕ of 1 MeV krypton ions
and maintained at constant temperature T. Different periodic patterns associated with zero-, one-, two-, or threedimensional composition modulations [SS, S, C, and B in
Figs. 1(g), 1(a), 1(c), and 1(e), respectively] emerge. It
stands to reason that irradiation conditions (temperature,
nature, and flux of particle beam) influence the resulting
steady-state microstructure. What this simulation shows,
however, is that the different steady-state composition
modulations are also dependent upon the average composition of the alloy. Figure 1 further illustrates that these
basic modulations may combine to create complex patterns
[see Figs. 1(b), 1(d), and 1(f)]. An alternative analytical
approach may be used to derive all radiation-induced
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FIG. 1. Ag isoconcentrations resulting from the 3D numerical
resolution of Eq. (2) in a Agc̄ Cu1−c̄ alloy irradiated with 1 MeV
Kr ions at 330 K with a flux of ϕ ¼ 1011 cm−2 s−1 . Distinct
periodic microstructures emerge depending upon the average Ag
concentration c̄ [(a) 1D stripes (S), (c) cylinders forming
hexagonal patterns (C), (e) 3D body-centered cubic structures
(c̄ ¼ 0.65) (B), (g) solid solution (c̄ ¼ 0.75) (SS)]. Microstructures associated with the coexistence of such domains are also
plotted [(b) S þ C, (d) C þ B, (f) B þ SS].

steady-state microstructures. All possible steady states
relative to Eq. (2) are obtained from the minimization of
L½θ under
the constraint of mass conservation [θ̄ ¼
R
ð1=VÞ θðr; tÞdr]. As the fourth order term θðr; tÞ4 =4 in
Eq. (4) damps the amplitude of the OP but does not change
its modulation, information on the spatial modulations of
θðrÞ is contained in the quadratic part of L½θ [13] only. In
R
Fourier space, this term reduces to ½DðqÞ=2jθ̂ðq; tÞj2 dq
and DðqÞ is given by
2

DðqÞ ¼ −1 þ q þ ΔðT; ϕÞĝR ðqÞ;

ð5Þ

where ĝR ðqÞ ¼ ½R2 ð2 þ q2 R2 Þ=ð1 þ q2 R2 Þ2  is the Fourier
transform of gR ðrÞ.
The spatial modulations of steady states are therefore
obtained by determining the values of q noted
q0 ðR; ΔðT; ϕÞÞ, that cancel out the first derivative of
DðqÞ. Note that the wave vector q0 ðR; ΔðT; ϕÞÞ is not
only dependent upon the magnitude of the interaction Δ, as
is the case for morphological transitions occurring in phase
separation of diblock copolymers [24,27], but also on the
range of the interaction R related to radiation-induced
ballistic mixing.
When solving D0 ðqÞ ¼ 0 one encounters two distinct
situations. Either q0 ðR; ΔðT; ϕÞÞ ¼ 0, in which case steady
states are nonperiodic. Only macroscopic A-rich precipitates
against a B-rich background can be produced. This microstructure is similar to a spinodal decomposition encountered

in the absence of radiation. Furthermore, the minimization
of L½θ leads to two distinct
values of the solubility limits
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
As ¼ maxðθðr; ∞ÞÞ ¼  1 − ΔðT; ϕÞĝR ð0Þ. The condition 0 ≤ ΔðT; ϕÞĝR ð0Þ ≤ 1 defines the limit of the spinodal
decomposition regime. As As is independent of the average
concentration θ̄, a law of corresponding states may apply. By
comparing the OP under irradiation and in the absence of
irradiation, one may derive an expression for the effective
temperature which coincides with the effective temperature
defined in the theory of driven alloys [16].
In the second situation, q0 ðR; ΔðT; ϕÞÞ ≠ 0, periodic
steady states exhibiting spatial modulations of A-rich precipitates of wavelength L ¼ ½2π=q0 ðR; ΔðT; ϕÞÞ emerge,
leading to a pattern regime. This regime is defined by the
two conditions: q0 ðR; ΔðT; ϕÞÞ > 0 and ΔðT; ϕÞĝR ð0Þ ≥ 1.
This implies that Dðq0 Þ is bounded by upper (0) and lower
(−1) values
However, it remains impossible at this stage to determine
microstructures associated with these steady states, i.e.,
the patterning of A-rich precipitates. As only wave
vectors in the neighborhood of q0 ðR; ΔðT; ϕÞÞ exist at large
timescales, DðqÞ can be approximated by Dðq0 Þ þ
½D00 ðq0 Þ=8q20 ðq2 − q20 Þ and L½θ reduces to the SwiftHohenberg (SH) functional LSH ½θ, extensively used to
describe nonequilibrium patterning in Rayleigh-Bénard
convection [4], magnetic thin films [28]. One-, two-, or
three-dimensional ground states of the SH functional
resulting in modulations referred to as S (stripes), C
(cylinders forming hexagonal patterns), and B (spherical
particles forming a body-centered cubic structure) are given
by the periodic functions ψ q0 ðrÞ [29,30] listed in Table I.
One may now go one step beyond and compute the
microstructures in the pattern regime. To do so, one
assumes a one-mode approximation:
θðr; ∞Þ ¼ θ̄ þ αψ q0 ðrÞ;

ð6Þ

where the scalar quantity α defines the amplitude of the
modulation of the reduced steady-state OP. The ψ q0 ðrÞ
functions are spatially periodic and have a zero spatial
average, thus guaranteeing conservation of mass. Replacing
this expression for θðr; ∞Þ into the expression for L½θ and
averaging L½θ over wavelength L, an approximate coarsegrained free-energy density Uðα; θ̄Þ ¼ hL½θi=L3 can be
TABLE I. Definition of ψ q0 ðrÞ functions and values of their
different spatial averages M p ¼ hψ q0 p i (p ¼ 2, 3, 4).

S
C
B
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ψ q0

M2

M3

M4

cosðq0 xÞ
pﬃﬃﬃ
pﬃﬃﬃ
cosðq0 xÞ cosðq0 y= 3Þ þ 12 cosð2q0 y= 3Þ
cosðq0 xÞ½cosðq0 yÞ þ cosðq0 zÞ
þ cosðq0 yÞ cosðq0 zÞ

1
2
3
8
3
4

0

3
8
45
128
135
64

3
16
3
4
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analytically computed and now enables us to discuss the
emergence of microstructures in the pattern regime:
Uðα; θ̄Þ ¼ U SS þ ½3θ̄2 þ Dðq0 Þ
þ θ̄α3 hψ 3q0 i þ

α2 2
hψ i
2 q0

α4 4
hψ i;
4 q0

ð7Þ

where U SS ¼ θ̄4 =4 − fθ̄2 ½1 − ΔðT; ϕÞĝR ð0Þ=2g is the averaged free-energy density of the solid solution (SS). As
LSH ½ψ q0  ≥ L½ψ q0 , the Rayleigh-Ritz variational principle
ensures that the minimization of Uðα; θ̄Þ with respect to α is
the best approximation for the ground state microstructures
of L½θ. Uðα; θ̄Þ exhibits an absolute minimum for certain
values of α, noted αj [j ¼ ðSÞ, (C), or B]. Microstructures
associated with these values, i.e., for specific composition
modulations of A-rich precipitates, can combine to create
coexistence domains (upper panels in Fig. 1) computed from
a Maxwell-like equal-area construction rule [29]. It is quite
obvious from Eq. (7) that each particular value of αj depends
upon irradiation conditions via Dðq0 Þ and also upon the
average composition of the alloy θ̄. This analytical approach
confirms the dependence of the microstructure upon θ̄
observed in our numerical simulation (see Fig. 1). Such a
dependence of microstructures can be understood within
the framework of the theory of nonequilibrium dynamic
systems [31]. Therefore, the mass conservation implies that
the average concentration pushes the nonlinear dynamics
describing the formation of A-rich precipitates toward
distinct attractors leading to different microstructures in
the pattern regime.
Since we have shown that the steady-state microstructures in the pattern regime were dependent upon Dðq0 Þ and
θ̄ only, one may define a two-dimensional structure diagram as illustrated in Fig. 2. We have added to this figure
the microstructures resulting from the numerical simulation
shown in Fig. 1 which coincide perfectly with those of
our analytical approach, thus justifying the Rayleigh-Ritz
assumption. Note that the solid solution in Fig. 2 appears
as a particular microstructure within the pattern regime
corresponding to αSS ¼ 0. It is not in any way a singular
steady state contrary to previous claims [11]. The fundamental point this figure highlights is that in the pattern
regime, two alloys with different average compositions θ̄
irradiated under identical temperature T and flux ϕ, i.e.,
leading to a unique Dðq0 Þ value, may exhibit different
microstructures.
The calculation of Uðα; θ̄Þ enables computing not only
all possible microstructures emerging in the pattern regime
but also their solubility limits Ajs ¼ maxðθj ðrÞÞ. Figure 3(a)
represents the comparison between Ajs − θ̄ extracted from
the numerical resolution of Eq. (2) and resulting from the
minimization of Uðα; θ̄Þ as a function of the average
composition of the alloy for Dðq0 Þ ¼ −0.30. The good

FIG. 2. Theoretical structure diagram displaying all possible
radiation-induced microstructures in AgCu. Microstructures presented in Fig. 1 [Dðq0 Þ ¼ −0.3] resulting from the numerical
resolution of Eq. (2) [ΔðT; ϕÞ ¼ 0.0151, i.e., Dball ðϕÞ ¼
0.01Dtherm ðT; ϕÞ, and R ¼ 2] are also plotted (colored dots).

agreement between numerical and analytical solubility
limits displayed in Fig. 3(a) further demonstrates the
relevance of our analytical approach and, in particular,
the use of trial functions ψ q0 ðrÞ to describe microstructures.
Figure 3(b) provides a comparison between theoretical
values of ACs derived from the minimization of Uðα; θ̄Þ [see
Eq. (7)] (blue line) and resulting from measurements (red
stars) of x-ray diffraction patterns collected on irradiated
Ag0.4 Cu0.6 samples [32]. The fair agreement between

FIG. 3. (a) Values of Ajs − θ̄ resulting from the minimization of
U in the pattern regime (magenta diamonds) and obtained from
the numerical resolution of Eq. (2) (cyan dots) [Dðq0 Þ ¼ −0.30].
The absolute value of the relative error between the analytical and
numerical As values is lower than 5%, justifying the one-mode
approximation. (b) Measured (red stars) and analytical (blue line)
values of ACs plotted as a function of Dðq0 Þ for θ̄ ¼ −0.2 in the
pattern regime.
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analytical and experimental values [Fig. 3(b)] validates our
approach. A possible explanation for the observed discrepancy between measured and calculated positive ACs values
[Fig. 3(b)] may be due to the highly asymmetric shape of
Bragg peaks, which in turn leads to inaccurate values of
unit cell parameters for Ag-rich precipitates. This will lead
to inaccurate values of ACs resulting from the application of
Vegard’s law. Moreover, this model is still essentially a
coarse-grained model which overlooks many atomistic
aspects of the physical system (point defects, dislocations,
grain boundaries, etc). These are definitely present in the
experimental setup. So the discrepancy could also be due to
limitations of the model.
The characteristics of pattern regimes which Figs. 2 and
3 reveal preclude describing radiation-induced microstructures using the concept of effective temperature. Moreover,
our approach succeeds in explaining previously reported
experiments [15]: CuCo alloys of different average compositions, irradiated under identical conditions, have been
shown to develop different solubility limits.
In summary, this work demonstrates that only two
distinct regimes can be produced under irradiation: a
spinodal decomposition associated with nonperiodic steady
states and a pattern regime associated with a single
composition modulation defined by q0 ðT; ϕ; RÞ. The pattern regime is characterized by distinct microstructures
depending not only upon irradiation conditions but also
upon the average composition of the alloy c̄. To treat the
problem comprehensively, an original approach is proposed
which enables us to determine all possible microstructures
emerging in the pattern regime. This dependence of the
microstructure upon c̄ provides a new tool for tailoring
radiation-induced microstructures, thus overcoming the
limitations intrinsic to irradiation conditions.
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