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Abstract

When solving numerically an elliptic problem, it is important in most applications that the scheme used
preserves the positivity of the solution. When using finite volume schemes on deformed mesh, the question
has been solved rather recently. Such schemes are usually (at most) second order convergent, and nonlinear.
On the other hand, many high-order schemes have been proposed, that do not ensure positivity of the
solution. In this paper we propose a very high-order monotone (that is, positivity preserving) numerical
method for elliptic problems in 1D. We prove that this method converges to an arbitrary order and is indeed
monotone. We also show how to handle discontinuous sources or diffusion coefficients, while keeping the
order of convergence. We assess the new scheme, on several test problems, with arbitrary (regular, distorted,
random) meshes.
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Introduction

In this paper we are interested in the resolution of the following elliptic problem with mixed boundary conditions

(1)

—div(kVa)+aou=f in
fu+ykVau-n=g on 09,

where € is a bounded open domain of R? and n € R? the external unit normal vector, with d the dimension.
The data are such that f € L?(Q), g € H'/2(89Q), a € RT\{0}, and x € L>®°(Q). The diffusion coefficient x
satisfies the ellipticity condition

Ve e, k(x)>ko>0. (2)

Besides, 8 and « are functions such that

VeedQ, B(x)=0, ~(x)=0

and they do not vanish at the same point. Under the above conditions, one can prove (see [10]) that system
has a unique solution in H'(£2). This solution satisfies a positivity principle, i.e. if f > 0 and g > 0, then 4 > 0.
For linear problems considered in this work, this property is equivalent to a maximum principle on %, which
can be stated as follows: if the data fi, fo and g1, g2 are such that f; < fo and g; < g¢o, then the associated
solutions to , that we denote by @, and us respectively, satisfy w7 < @y almost everywhere in €.

Because system is intended to model, for instance, concentration diffusion and thermal conduction,
preservation of the positivity principle at the discrete level is highly desirable. The standard finite volume
two-point flux approximation (TPFA, see for example [12]) is positivity preserving (one also says montone) but
is unfortunately inconsistent on deformed meshes, in dimension d > 2. For this reason, a great deal of work has
been devoted to the design of positivity preserving schemes on general (namely non-orthogonal) meshes over
the past two decades. While elliptic problems are often solved using a Finite Element discretization, all the
works we know of on monotone methods deal with Finite Volume schemes. The Finite Volume framework is
well suited to achieve montonicity because it allows for an easy manipulation of the fluxes. The first works we
know of are those of Le Potier [I5] and Bertolazzi and Manzini [2]. In such methods, one uses a manipulation
of the fluxes that leads to introduce a dependence on the discrete solution in the coefficients of the fluxes,
making the scheme non-linear, although is linear. Thus, mononicity is in general not equivalent to the
maximum principle. In general, one also introduces secondary unknowns (for instance vertex-located or edge-
located unknows) in addition to the primarly (cell-located) unknowns. Among others, important contributions
to this field are [3| 17, 25], which propose efficient numerical schemes preserving the positivity of the primary
unknowns. In [20], the requirement of positive secondary unknowns is relaxed. In [4], a non-linear solver
based on an iterative resolution of two problems is described, the primary unknowns of one problem being the
secondary unknowns of the other one. The works [26] [I8] explain how to build monotone schemes without
relying on secondary unknowns. In [16, 19 21], maximum principle preserving schemes are proposed. Some
concepts and proofs about the existence of solutions for these types of scheme can be found in [6, ©9]. Recent



advances in this field are [24] 23]. All the works mentioned above concern 2D or 3D low-order (that is at most
of order 2) numerical methods.

We are interested in designing high-order positive scheme (that is at least of order 3). We start, in the
present paper, with the 1D case. Thus, for now on, the system we study is the 1D version of , that is,

d du _ .
s (Kd> +au=f in €

3)

d
[317,4—7/-@% =g on 09,

when Q =0, 1[.

Although this setting is very specific, we believe it can be seen as a first step to tackle the question in
higher dimension. Let us be more precise about the 1D setting: in such a case, the TPFA scheme is actually
consistent (and monotone), contrary to dimensions d > 2. Thus, the relevant question here is to design a
high-order scheme that satisfies the positivity principle. Of course, as one may expect, a naive extension to
higher orders of the TPFA scheme gives non-positive schemes. In particular, none of the existing [Tl [5] [7, [§]
arbitrary high order methods for the problem ([1)) is monotone. In [6] it is shown how to use Le Potier’s trick [16]
to obtain monotone 1D schemes of order greater than 2. But this method uses a finite difference discretization
on Cartesian meshes, that seems hard to extend to general meshes even in 1D. In the present paper we propose
a new numerical method that has the following properties:

e it has a provable arbitrarily high order of accuracy;
e it is monotone;

e it is conservative, and

e it operates on general 1D meshes.

The organization of the paper is as follows. In Section [I] we design a high-order Finite-Volume method by
integrating the k-th order Taylor expansion of the unknown. The high-order derivatives of this series are
approximated using to a polynomial reconstruction of the solution while the degrees of freedom are the integral
mean values of the solution on the cells. The monotone behavior of the scheme is enforced using the trick
described in [I4], which leads to a non-linear resolution. A symmetric version of the scheme is also proposed,
allowing to obtain a Local Maximum Preserving (LMP) structure (see for instance to [9] for a definition) for
the fluxes. In Section[2] we prove the properties of the method: conservation, consistency of the fluxes at order
k, monotonicity (or the LMP structure for the symmetric version) and convergence of the scheme at order k.
Section [3] describes some implementation details required by the method as the fixed-point iterations in order
to solve the non-linearity. Finally in Section [4| we verify the properties previously stated on 1D test problems,
showing that the method is indeed monotone and of order k.

In all the article, C' will denote an unspecified strictly positive constant independent of the mesh size.

1 High-order finite volume scheme

Consider a mesh whose cells are numbered from 1 to n. The center of cell i is denoted by z; and its two vertices
are r; 1 and Tip1 The length of cell i is h; and the length between the centers x; and x;11 is hl+ , see Fig. [1
Wlthout loss of generahty, we will suppose that

Z; <Zi+1,\7i€ [[1,77,7”] (4)
We will also assume a regularity condition on the mesh: there exists C' such that

h.
lrgggxn( i)
=
g (h:)

<C. (5)

We define h = max (h;) and u = (u;)1<i<n. The notation u > 0 (resp. u > 0) means that

1<i<n

u; >0, (resp. u; > 0) Vi € [1,n].
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: -+ i+ N+
2 2 2 2
*—CO—90--6—C—0O@ S/ ®----- *—o—e
1 i—1 i i+1 n
—
hi+l
2

Let us introduce some notations for the norms we are going to use. We first define the LP norm, p € [1, +o0o[

- llzr : R*  — R
(6)

n /o
u  — <Z hi|ui|p>
i=1

and the L norm

|-l s R"  — R
u  — max |u|. (7)
1<i<n
Finally the H' norm
Il s R" — R
n—1 (8)
U
u — Z( H;Z —I—Zh |uil?.

1.1 Finite volume formulation
From now on we note «;, 1 = k(x;, 1) and @ € R" the vector defined by
2

+1
2 _
7/ e

Let @ € C*(Q). The first step to design a finite volume scheme consists in integrating on cell ¢

_ duy du
Pi\dr ),y "),y

Thus we need to define the fluxes
_ di _ du
Fivr = K1 (dm) " and .FF% =K (dx)
Ty

First of all, the Taylor expansion at order k in the neighborhood of z; 41 gives

+ ahit; = hi f;.

_1
L

M

9)

_ _ (r—z41)" da
Va, (@) = lay )+ Y (@) + O (@ =2 )
In order to have mean values as degrees of freedom we integrate (9] from z; +1 tox;; s and divide by Aty
%)dx +0 (hfjrrll)

+3 I*I

1 ml‘f% _ _ +3 2)5 deﬂ
/ | e = e )+ p Z/ gt @

hi+1




that is to say

Tiy3 _
- 1 = )] g
Uiy = U(z;y1) + ,

2t Tiry) + O (r)

+1 9 (t+1) ry
namely
k ’ 0
~ ~ h; d'u
i1 = (T4 3) + ) (¢ ++i)! gt @iry) + O ().

In a similar way, by integrating @D from Ti1 to Tip1 we obtain

k 1) e L
=1

The difference between these last two equahtles gives

k

) B dii Rt — (—=1)*hf d'a

uz‘+1*’ui:hi+%%(xi+§)+ E :Jrl(g+—1)ld 7 (g )Jro(hkﬂ)
=2

from which we obtain

du 1, B Rty + (=1)T Rt dta .

@(IH%) = hirs (i1 — Ui — Z ] W(x”%)) + O (h*). (10)
2 =2

Let u = (u;)1<i<n be the numerical solution. By mimicking the expression of the exact flux the numerical

flux is defined by

Uj — Uy
-7:i+%(u) = Kitl (J}rll_“ + ri+;(u)> ) (11)
with
1 G~ bl + (D) Rl gep
g = (w1 ) (w1 12
i (4 hivy = (£+1)! dx’ (@544 (@sr 1), (12)

where P is an interpolation polynomial of u as we will see in the next section.

1.2 High-order reconstruction by interpolation

In the calculation of the flux, it is necessary to evaluate the derivatives of u in z; i+l . In this method, the neigh-
boring cells of x;, 1 are used in order to compute the polynomial reconstruction of the solution by considering
that the average of the polynomial in a cell is equal to the average of the solution in this cell.

For a polynomial of degree k, there are k+ 1 coefficients to calculate, so k + 1 neighboring cells of z; 41 will
be necessary. When it is possible, the stencil will be centered in z; 41 but the closer z; +1 is to the boundary,

the more the stencil will be shifted in order to stay in the interior of Q.

The notation ug, ..., ux denotes the k + 1 values of u used for the calculation. Let us denote by S;,1 =
{zo, ...z} the stencil of the node ;1. The polynomial will be of this form

P(x) = ak(u07 ~-~7uk)xk + ...+ ao(uo, ...,uk).
The coefficients of the polynomial P(x) are approximated by

1 T., 1
7/ " payde = vy, V€S



This leads to the following system

x 1 1 x 1 k
1 1 f 0+3 f 0+3 o
$O+%—$071 :DO 1 x0+%_x0—l IO—% aO uo
x 1 x 1
1 —1L M3 — 1 By gk ag Uk
Tyl TT-L P Tl TP L I 1 NI
=:a
::Afk

2 2 k+1 _ _k+1
1 z0+%7w0_% Torl To_1
2(I0+%—Z07%) . (k+1)(w0+%—$07%)
M,=| : : . : . (13)
2 2 k+1 _ _k+1
zk+%ka_% xk+% ack_%
2($k+%_zk7%) (k+1)(%+%_1k7%)

Proposition 1. Let {x;}1<i<n be a mesh satisfying . Let k € N*. The matriz My, defined by 18
invertible.

Proof. Mpa = 0 means that the integral of the polynomial P(z) vanishes over k+1 distinct intervals. Therefore,
this polynomial of degree k has at least k + 1 roots. It is therefore zero, and all the coefficients a;, j € [0, k],
vanish. Thus, this implies that a = 0, so M}, is invertible. O

The exact derivatives can then be approximated by

d‘u d'P
w(l‘iﬁ-%) ~ W(JJH_%),VK S [[Q,kj]].

Remark 1. A polynomial P is calculated for each node Tip 1. So, the polynomial P = PH_% can be different
for each node but in order to simplify the notation, we will denote it P.

1.3 A method to obtain monotonicity

A method borrowed from [I4] can be used to make the scheme monotone. The flux (11]) can be rewritten as
follows

Ui+1 — Ug —
]:H%(u) = Kip1 (H +rj+ (u) — ri+1(U)> ,
with

|ri+l (u)] Titd () i
+ 2 2 — 2
TH_%(H) = 5 >0 and T‘H_%(ll) 5 > 0.

Let us assume that u > 0, the flux then reads as

+ —
1 Ti—o—l(u) 1 TH_l(u)
]:i+%<u) = kil l(hi+l + ﬁ Uiyl — Tes + # Ui | (14)
2 2

and the coeflicients of u;, u;11 are positive.




1.4 Symmetric version

In order to make the scheme symmetric, a coefficient s, +1 depending on u is introduced in the flux, so that
Fiy1 can be written as

rt o (u S;.1(u r. i(u)+s,,1(u
fi+§(u):5i+1[<hl + W+ oy )>uz-+1—<h1 + g+ oy )>u] (15)

2 ,+% Ui41 i+% U;

To have a symmetric scheme the coefficients of u; et u; 1 must be equal

L) ) sy (W)
3 + =% + )
i+l Ui+1 i+ Usg
which leads to
et — oy -
wir), (u) (CESU (u)
Serl (ll) = i .
2 Ui41 — Uy
To preserve positivity, it is necessary to impose
+ .
+ g o) LS L >0,
hiy1 Ujt1 hivy  wipr —u
that is to say
S ()
s > 0. (16)
U1 — Ug

In other words, u;+1 —u; and F; +1 (u), defined by , must have the same sign which seems natural because

du

if d—(xH%) > 0 (resp. < 0), then @ is locally non-decreasing (resp. non-increasing) hence @;y; > u; (resp.
x

Uip1 < ’CL%)

When this condition is not satisfied, we replace the numerical flux (14)) by the first order approximation
Ui+1 — Uy
.T"Z- ;(u) =Ry 1 | —)/ | - (17)
+3 +3 < hi+% )
1.5 Boundary conditions

In this section we detail how we take into account the boundary conditions.

1.5.1 Dirichlet boundary condition

Consider problem with 8 =1, v = 0 and consider first the right boundary of the domain. The adaptation
to the left boundary is straightforward. The k-th order Taylor expansion in the neighborhood of x,, 41 gives

_ _ b @(x - xn+%)e déﬁ k41
Va, u(sc):u(a:n+%)+2(—1) Tw(mn+%)+(’)((sc—xn+%) )
=1 ’

Here again, we integrate this expression in order to use mean values. This gives

A 0 dat
"}

- k . 4 _
1 [Tntl 1 Tt (z—2py1)" df
3 ﬁ(l')d‘r:ﬂ(anr%)""h* § / 2(_]_)4 +3 u(mn+%)d$+0(hﬁ+l)7
" oe=17%n 1

that is to say



from which we obtain

_ k _
du 2 hE-1 dtg
—_— 1) = —(u 1) —Uy) + 2 E —nr 1)+ k+1 .
dx (an’,E) hn (u(xn+§) U’I’L) s (E 1)‘ dxe (.’L‘n+§) O (hn )

The numerical flux is obtained by approximating the derivatives of @ at z,, +1 using a polynomial reconstruction
of the solution

2
Py ) =y (g = )+ 7y ()

The trick of Section [1.3] can be applied to ensure monotonicity, that is in the non-symmetric version

+ _
2 rn—&-l(u) 2 rn+l <u>
ﬂ”@:%%[gx%%iuwy'm+il%’

and, in the symmetric version

with

n_;'_% (u) - un+%r.;+% (u)

Upyd = Un

In order to preserve positivity, a condition similar to must be satisfied for the symmetric version of the
scheme

h2" (un-‘r% - un) + rn-&-% (u)

Upy 1 = Un

>0

b

that is to say that Uy 1 — Un and .7-'n+%(u) must have the same sign. As above, this condition seems natural
du
because if %(xqﬂ_%) > 0 (resp. < 0), then @ is locally increasing (resp. decreasing) so @, 1 > Un (resp.

ﬂnJr% < lUp).

Applying the boundary condition, becomes

() s, () () s (u)
Fra() =hppy [(hi"' - . >g($n+§)_ (hi"‘ — . )un] . (19)

g(xn—i-%)

For the left boundary we obtain similarly

[(2 rg(u)—&—s
+—

Fi(u) =k e o

1
2 2

ol
—
&
N——
<
[

I
N
Ele
_|_

<
vl= |
—~
=]
~—
_|_
»
ol
—~
c
~—
N——
Q
—~
8
[N
=
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=



1.5.2 Neumann boundary condition

Consider problem with 8 =0, v = 1. For the left (¢ = 1) boundary cell, the flux is

da du
1 =K1 —| =—Ki1 —| = 1 21
Fi(u)=ry anl, Ky o \ g(x1) (21)
while for the right (i = n) boundary cell, the flux is
du du
fn+%(u)—nn+%%n+lzﬂn+%%n+l 9(@pp1). (22)
2 2

1.5.3 Mixed boundary condition
Consider finally problem (3)) with S(x) > 0,v(x) > 0,Vz € 9. In this case we have fori =0ori=mn

_ 1 du
u(xH%) = m (g(xzur;) - V(%Jr;)"iw;dn(xwé)) . (23)
Consider first the right boundary of the domain. The adaptation for the left boundary is straightforward. We
use the same method as for Dirichlet boundary condition in section @ Replacing u,,, 1 by its expression

given by in yields

rt o ()+s 1 () ro (s 1 (w)
n+l n n+3 "
1 (i I ) g y) = Bl )Ry |+
nry
Fury(u) = -2

2 +
ﬁ(xn+%) +’Y(xn+%)/€n+% <h2 + 2u2>

™
—
8
Wl
S~—
=N
Wl
/N
S
+
3
Iho|— +
£
=l ¥
= V)
B
N———
e
=
|
=
[N
/N
z
=
+
<
(S
B
¥
»
=
B
N———
<
—~
8
(I
S~—

Fy(w) = (25)

ry(W)+s1(u)
353 <é+% )
2

Remark 2. In the expression of the fluzes and , if we take 8 =0, v =1, we obtain the same flures
as and . Likewise, if we take 8 = 1,~v =0, we obtain the same flux as and .

1.6 Summary of the method and matrix form

The scheme reads as
7(.7:“_%(11) — ]-'z_%(u)) + ahiui = hzfz, (26)

that is, using ,

1 T;% (u) + Si+1 (u) 1 7}1% (u) + Si+1 (u)
— Kiyl , + Uit1 + Rl T + Uj

‘Jr% Ui+1 % U;
L () sy () L ) sy ()
+ K1 + 2 Uy — K;_ 1 + 2 ui—1 + ahju; = h; f;.
> \ iy Ui 2\ hi—1 Uj—1



With a more compact notation, we write this as Au = A(u)u = b, with

F () + 811 (u) o )
if j=1i41,Vi #n,

bi = hifi  Vi#{1,n},
1 Tiy1
_KH—% <h - + +3 ”
i+35 i+1
1 Tha(w)+sia(u) 1 rii(w)+s_1(u)
Ky + 2 1 o : tah; ifj=iVi#1,n,
Az] = 2 hl_,’_% % 2 hi—% Uu;
1 ri_i(w)+s ()
—k;_1 + 2 ifj=i—1,Vi#1,
2 hi—% Ui—1
0 else.
(27)

The expression of the boundary terms depends on the type of boundary conditions. First, in the case of a

(28)

Dirichlet boundary condition, we have
ri(u) +s1(u)
g(ZC% ) )

and

2
by =h il
v ity (m ey

L s () +ss(u) o rl(w) + sy (w)
A= - 42 = — 2 h
b H% hs + (%5} +H% h1 + Ui +ah,
: 29)
L) 4 s (u) (
Ay o= — — 2
1,2 K3 s + " )
2
+
y L W)
b =hnfrn+K,01 | —+ 2 Tpyl), 30
f +é (hn g($n+%) g( +%) ( )
- +
9 Topa(w)ts,1(a) 1 T +s, ()
Apin = Fniy (hn * ) Up : Fhn—g By 1 * 2 Un : + o,
_ ’ (31)
N 1 LY (u) + 5,1 (u)
nn—1 — _K/n_% hn_l + U1 .
2
Next, in the case of a Neumann boundary condition, we have
by =hifi +g(xy), (32)
L s () 4 s (u)
Ai1=ks | —+ 2 + ahy,
’ 2 \ hs Uq
’ (33)
r3 () + 53 (u)
1 2 3
Arg=—ks | —+ )
’ 2 h% U2

and

10



and

P (s (w)
H% <h21+ 2 u% 2 )
), (36)

T;(uHSl (u)
— K1 |+ +
L) sy At
Allilig h7+ 2 + — +Oéh1,
% Uy 1 "/(w%)lﬁé 9 r%(u)—i-s%(u)
T ey \m T (37)
+ .
1 ri(u)+ss(u)
Arp=—ks |+ ;
’ 2 h% U2
o (W, 1 ()
2 ntl n+
Fntg (hw—'_ : Upp L 2
bn - hnf'n, + 'r+ 1 (11)+S +l(u) g(xn—l—%)’ (38)
B(In—&-%) + ’}/(ilfn+1 )lin—}-l <h2n + s “n+l = )
2
ro g (w)ts, 1 ()
) 2 n+% ntg
A 1 rt L (W) + 5,1 (w) Fint 3 <hn T wn ) ,
e Kn_% hnfé - Un * ’Y(In+l)“n+l 2 TIJrl(u)J'_anr%(u) ol

=g (T TR (39)

The matrix has been written for the symmetric version of the scheme. For the non-symmetric version, the

matrix is the same with s, 1 (u) = s;_1(u) =0,Vi € [1,n].

Remark 3. Assuming that f > 0 and g > 0, and that u > 0, the right hand side b has all its components
nonnegative, for any type of boundary conditions.

2

Properties

2.1 Conservation

Proposition 2. Assume that u > 0 and consider homogeneous Neumann boundary conditions, then the scheme
defined by is conservative. Indeed it satisfies the equality

11



o Zn: hiu; = z”: hifi,
i=1 i=1

that is to say

n

Y (~Fipy () + Fi_y(w) = 0.

i=1

Proof. The sum is telescopic so only the boundary terms remain. The homogeneous Neumann boundary
condition means that the boundary terms are zero, which leads to

n

D (—Fipi(w) + Fi_i(u) =0,

i=1

that is to say
n n
i=1 i=1

The scheme is conservative. O

2.2 Monotonicity and Local Maximum Principle (LMP) structure
Definition 1. A matriz A = (ai;) is an M-matriz if it satisfies the following inequalities
Vi 7& j7 Q5 S 07

and

Vi, Y a;; > 0. (40)
j=1
Moreover, if is strict for all i € [1,n], we say that A is a strict M-matriz.

2.2.1 Non-symmetric version: monotonicity

Proposition 3. Assume that u > 0, the matriz A defined by and @ through , or (@/ through ,
or @) through @) depending on the boundary conditions, with Sipl = 0, is such that A* is a strict M-matriz.

Remark 4. In the following proof we have considered Dirichlet boundary conditions, but the result also holds
with other boundary conditions. For mized boundary conditions, the sum of the first and the last column have
also two positive terms. For Neumann boundary conditions, the sum of the first and the last column are also

positive but the first term vanishes, that is to say Z Ai1 =ahy >0 and Z Aipn = ahy > 0.

K2 3

Proof of Proposition[3 The matrix satisfies

Vi#j, Ay <0 and Vi) A;;>0.
=1

Indeed, for the first column there are only two elements in the sum

Z Ajqr = A1+ Ao,

which leads to

1 rs(u) 9 71(u) 1 rs(u)
ZAZ'J:F&; — + +r| —+ 2 —ks | —+ 2 + ahy,
Z 2 h% U1 2 hl U1 2 h% Ul

that is to say

12



And for the last column,

which leads to

+ - +
1 " i (u) 2 r 1(u) 1 " i (u)
ZAinZ—Hn,; + 2 + K1 2oy ntE + K, 1 4+ 12 + ahy,,
; ’ 2 \ h U 2 \ h, Up, 2\ h U

that is to say

Besides, for other columns

which leads to

; hi-n+s  uG-n+

+ —
1 rh e (u) 1 7 1(n)
ZAi7»:—/€(j_1)+§< TRt >+/-ej+5 (h_ + L) 4y
1

that is to say
ZAi’j = Oéhj > 0.
O

Theorem 1. Assume that f > 0 and g > 0. Let A and b be defined by and @ through , or
through , or @) through @), depending on the boundary conditions, with Sipl = 0,Vi. Then
A 'lb=u>0.

Proof. As A' is a strict M-matrix A is invertible and its inverse has only positive entries (see for example [22],

Corollary 3.20). In view of Remark |3 the right hand side is nonnegative, hence u = A='b > 0.
O

2.2.2 Symmetric version: LMP structure

Proposition 4. Assume that u > 0, the matriz A defined by and (@ through , or @ through ,
or @ through (@), depending on the boundary conditions, is symmetric.

Proof. Let x;, 1 be an interior vertex of the mesh. If condition 1) is satisfied for this vertex, we use the
definition of the flux (L5)), then symmetrization condition leads to A;;y1 = A;t+1,;. Else, the flux is defined

by , and once again A; ;11 = Aiy1,-
O
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Proposition 5. Assume that u > 0, let A be defined by and (@) through , or @ through , or
@ through @, depending on the boundary conditions, then the matriz A is a strict M-matriz.

Proof. As for Proposition [3] it can be proved that the matrix A is the transpose of a strict M-matrix. Besides,
A is symmetric, so A is itself a strict M-matrix. O

Definition 2. This definition is taken from [9]. We say that a scheme for (@ has the local mazimum principle
structure (LMP structure for short) if it can be written in the form

Vi€ [1n] Y Nij(u)(ui — ;) + Nio(u)(u;

)+ At (@ — ) = fil, (41)
j=1
for some functions X; ; : R™ — RT satisfying,
)\170 > 0, )\n’nJr]_ > 0, and Vi € [[1, n — 1H : )\i7i+1 > 0. (42)

Theorem 2. Assume that f > 0, and g > 0. Let A and b be defined by and (@ through , or
@ through @, or @ through (@), depending on the boundary conditions. Assume that we have applied
the symmetrization procedure defined in Section , Then A='b =u > 0. If moreover o = 0, the scheme has
the LMP structure.

2.3 Consistency of the fluxes

Proposition 6. Let k € N* and {x;}1<i<n be a mesh satisfying x; < x;41, Vi € [1,n —1]. Let u € CF () be
the exact solution of . The fluzes defined by are consistent to order k, that is to say

_ du
Fipa () = Hi+%£(l’i+%) +O(h").

Proof. Let u € C¥(Q) the exact solution, a Taylor expansion gives

Zﬂ (x—a; +1 )e E+1) k+1
7 T+O((m—xi+%) >_P(x)+(’)((x—xi+%) ),

Mk

£=0
where P is the k-th order polynomial

£ |
= dx I
such that
d‘p d‘a
W@H%) = W(%Jr%)a Ve € [1, k] (43)

Applying our expression of the flux to u gives

Fioy(8) = iy (hl (i) - aa:)] + m;(ﬁ)> ,

i1
i+3

with the following expression of the remainder

_ 1 Gn bl + (1) R dta
rips () =— ——(@iy1)-
2 hH_% P (£+1)! dx 2
Thus Equation leads to
_ 1 G hby + (DRt
riJr%(u) - _hH-% — (£_|_ 1) W(xH»%)a

that is to say r;, 1 () = r;, 1 (p) with p = (p;) defined by

14



So the flux becomes

Fips(@) =rips (hil [Paii) + 0 (@it — 24" ) = Plai) = O (i = 200 ) | 70y (p)> .

We prove in Appendix [A] that the flux is exact for polynomials of degree k, that is to say

1 dP
hrt (P(zi+1) = P(xi) +rip 1 (p) = ——(igy),
which leads to
_ dP &
Fipr () = Hi+%%($i+%) +O(h"),
and finally
_ du &
Fipr(0) = "%’+%%(ﬂfi+%) + O(h%).
The fluxes are consistent to order k. ]

Remark 5. This proposition can be extended to the boundary fluzes. Indeed, for a Neumann boundary condi-
tion, the consistency is obvious and for Dirichlet or mixed boundary conditions, the proof is similar.

2.4 Convergence of the scheme at order k&

Consider again problem with 5 =0,v =1,

d du _ .
i <Hd;v> +au = f in €,

nd—u =0 on 0N).
dn
We will start by proving that the scheme is convergent at order k — 1 in L' norm. Next, this will allow us
to prove the convergence of the fluxes at order k — 1 in L? norm. Then, we will use these two results to show
that the remainder of the scheme is O(h%). Finally, owing to these results, we will be able to prove that the
scheme is convergent at order k in the H! norm defined in .

(44)

2.4.1 Convergence at the order k£ — 1

The scheme reads as

*./.'.H_%(u) + fz—%(u) + Oéhl'ui = h1f17 Vi € [[1,71]], (45)
with Vi € [1,n — 1],

+ —
i1 — Ui 1 () 1 . 1(u)
.FiJr%(u):IﬁiJr% (W—‘r?“wr;(u)) :Ki+é< . + 3 >Ui+1_’{i+é (h + +24 u;, (46)
3

and
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Proposition 7 (Convergence at order k — 1 in L! norm). Let k € N*, @ € C¥(Q) be the exact solution of
and assume that @ > 0. Let € = (U; — U;)1<i<n, where u is the solution of the scheme -@- and
assume that u > 0. Then,

el < ChF,
with || - || defined by (6).
Proof. On the one hand the numerical flux defined by satisfies and on the other hand, the exact flux

— du .
Fipr = ’@:+%@(l’i+%) satisfies

- 7i+% + ﬁ,% + ah;u; = hlf“ Vi € [[1,77,]]
Subtracting from this equation gives

~(Fiy = Fioy (W) + (Fry — Fo (W) + ahil@ —u)) =0, Vi€ [La.

2 2

Besides, the consistency of the fluxes gives that there exists a constant C' > 0 such as

Fipr(@) =Fips + Rips,  Vie[ln]  with Ry 1| < Ch*, where k is the order. (48)

These last two equations imply

_‘Fi'f‘%(e) +‘7:7,—%(e> + Oéhiei = _Ri_;'_% + Ri—%? Vl c [[1771]]

By choosing A € R such that

_Ri_;'_% + Rz—% + OéhZA Z O7 Vi € [[1771]],
and adding it to e; leads to

—fiJr%(e) + F;_1(e)+ahi(e; + A) = —Ri 1 + R,

=3

L+ ah;A>0, Vie[l,n].

2

The flux is not modified since the remainder only involves derivatives (A being a constant, it no longer appears
in the derivatives)

it A—e— A
}—i+;(e+A):“i+;(e+l+h :

+ri+1(e)> =Fipi(e), Viel[l,n].
1+% 2 2

The corresponding matrix system writes

Ale+ A)(e+ A) =R + ahA,
with

(e+A)=e;+A, (R+ahA)j=-R 1 +R,_1+ahA>0, Vie[ln]

The right hand side being nonnegative, Theorem [T] applied to e + A assures us that e+ A > 0 and Proposition
applied to e + A leads to

Xn:ahi(ei +A) =

n
i=1 1=

(—RH% + R+ ah,»A) . (49)
1

So the L'-norm of the error can be rewritten as
n n n n
i=1 i=1 i=1 i=1

Since Z hi=1ande; +A >0, leads to
i=1

16



Zh|ez|< Z( Ripy+Riy) +2A

i=1

Hence, inequality gives
n n
D hilei <CY O RF 424
i=1 i=1

1 R,L 1 — Ri_l
Choosing for A the smallest value such that —R;, 1 +R; 1 +ah;A > 0, that is, A = ~ 1réla<x (“'22>7
« i<n
and using (48]) lead to

el = Zh lei| < nCh* +2CR*~1 = CRF1.
=1

So, the scheme converges at order k — 1. O

2.4.2 Convergence of the fluxes

Let us denote by Hyr = {(u;)1<i<n} the set of cell values, Hg = {(fi%»%)lﬁiﬁn*l} the set of node values and
consider homogeneous Neumann boundary conditions, that is, for all f € Hg

Jy = fasy =0 (50)

Let us define the scalar products

n
(ulv)HM = Z hiuiv;,
=1

- (51)
flg)b, = Zhi+%fi+%gi+%7
i=1
and the operators
Uiyl — Uy .
D : Hy; — Hpg defined by (Du)H%:hi, 1<i<n-—1,
i+3
* ¥ firy = fiy )
D*: Hg — Hy; defined by (D f)i:_ﬁ’ 1<i<n.

Proposition 8. If condition (@) is satisfied the operators D and D* are adjoints of each other, that is to say
that (Du|f)HE = (u|D*f)HM, Yu € Hyy, Vf € Hg.

Proof. The definition of the scalar product gives

(Dulf) g Zh L (Dw)iys fig s,

which means

The two sums can be separated

n—1
(Dulf) g ZulJrlfer— Zuifwr;
i=1
We shift the index of the first sum, which gives
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that can be written

(Dulf) g

Zuszl _Zuz i+

Then, the sums can be recombined as follows

n—1
(Dulf) sy = tunfoos —uafs — Y wilfips —

i=2
Condition allows us to insert the boundary terms which are zero

fi—%)'

(Dulf)ry, = un(foz = foy

%)—ulfé— Zul 1+1_f**

Thus, the operators D* and D are adjoints of each other

_Zui(fwé - fifé)
i=1

= (u,D*f)y,,.

O
Proposition 9 (Convergence of the fluxes at order k — 1). Let k € N*, u € C¥(Q) be the exact solution of
and assume that uw > 0. Let us denote r(e) € Hg the vector whose components are r;, 1(e),Vi € [0,n]
the remainders defined by (@ and the vector e € Hyr defined by e; = w; — u;,Vi € [1,n]. Assume that
u; > 0,Vi € [1,n]. Then we have
17 (w) = Fllz, < CR*Y,
= Fiy1(u), Vi€ [0,n], with ;1 given by @) and (.) and F is
%dj( +1),Vi € [0,n].

where F(u) € Hg is defined by (F(u)),

defined by (F), 1= ]:'H_% with F,

Proof. The scheme

&

+1
+3

—}'H%(u) +Fi_i(u )+ ahju; = hif;, Vi€ [1,n],
can be written as
D*k(Du+r(u)) + au="1.
di
Besides, the exact flux ]:z+§ =K1l du (zi41), Vi € [1,n] also satisfies
7‘71—&-% +fz—% +Oéhlﬂl:h1fl, Vi € [[1,n]]
Since the fluxes are consistent there exists C such that

Firr(@) = Fipn + Ripa,  with Ry 1| <CRF, Vi€ [1,n].
Thus, we have

—}'H%(e) +}'i,%(e) +ahiu; = =R 1 -1, Vi€ [1,n],

D*k(De +r(e)) + ae = D*R.
Given v € H)y, we take the scalar product of this equation with v

(D*k(De +r(e)) V)1, + (ae[v)my = (D*RIV)Hy,,
that is to say

(D*(k(De +r(e)) —

R)|V)HJVI + (aelv)HM =0.

18



Besides k(De + r(e)) — R can be rewritten as

Kipr(Detr(e)) 1 —Riyyr =—-Fa(u)+Fa@) - Ry =—Fa(u)+Fu, Vie [1,n],
and F;, 1 (u) and ]:-H% satisfy (50)), so k(De + r(e)) — R satisfies (50) too.
Using Proposition [§] provides

(k(De +r(e))|DV)ry + (ae|V) iy = (RIDV)Hy.

We define v € H)s by induction as follow

U1:0,

eir1 — € ‘
Vig1 = hi 1K1 (Zhl + Ti+;> + v Vie[1,n—1],
i+

whence Dv = k(De + r(e)). We thus have

1
2

Is(De + r(e)|7r, + (aelv)m, = (Rlx(De +r(e)))m,.
The Cauchy-Schwarz inequality leads to

l(De +r(e))l|E, + (aelv)m, < |Rllu,lls(De +r(e))] - (53)

Besides, we have

n
(ce|V)g,, =« Z hie;v;.

i=1

Replacing v; by its expression leads to
n i—1
(ae|v)g,, = aZhiei Z hjyikj1 <€j-;;—lffj + Tj+§> :
i=1 j=1 Jts3
The Cauchy-Schwarz inequality gives
Y2 oy /2

[N
VR
o
<
>+
Al
o
~
+
=
S,
+
[N
~_—
~__—
()
M1
—
>
<
+
=

n i—1
|(OZ€|V)HM| S azhz|ez| ZthF% <Kj+
i=1 j=1

hence

|(ce|v)m,, | < (Z hil@i) [(De + r(e))| -

i=1

Inserting this estimate into , we have
I#(De +x(e))ll3, < a (Z hil@il) [s(De +r(e)llmy + Rl bgl£(De +x(e)) | rp
i=1
hence
Is(De +r(e))llry < IRllay + ) hilesl.

i=1

Equation gives
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n
|k(De +r(e)||ln, < ChF + a Z hileil.
i=1
Proposition [7] gives
|k(De +r(e)||z, < Ch* +aChFL. (54)
Recalling that

(k(De +r(e));y1 = Fipp(e) = Fip 1 (W) = Fiy 1 (w),

1
2 2

we infer
|F () = Fllu, = [|F(a) — F() + Rllg, < |F(u) = F@)|a, + Rz, < CHF

So the fluxes are convergent at order k — 1. O

2.4.3 Estimation of the remainder

Lemma 1. Let k € N* k > 2, u € Ck(Q) be the evact solution of (m and assume that u > 0. Let u € R"
be the solution of ([43), (@) and {47 and assume that u; > 0,Vi € [1,n]. Let the remainder r(u) € R"*! be
defined by (r(u));, 1 =r1(w),Vi € [0,n], v 1 being the remainder of the fluz given by (.) Then we have

Ir(u)]| 2 < Ch3.
Proof. Considering the scheme , Proposition |§| gives

|F(w) = Flz= < CR* Y,
and Equation yields

_ — C n — C — _3
[F(u)=Flloo < \/m.ax (Firr(a) = Fip1)? = =~k Z 1 (Figr(0) = Fip1)? = EHI(U)—IHL? < Chhs,

0<i<n

that is to say

Firr =Fips(u u) + O(hF~32).
Proposition [] implies
Firs = Fppop (@) + O(RF). (55)
The difference between these last two equalities yields
Firy (@) = Fiyy (u) + O 5). (56)

We use that the two point flux is consistent of order 1 and . This gives

Kitd (W) = ]?H% + O(h). (57)

The expression of F;, 1 (1) is given by
_ Uiy1 — Uy ~
]:H_%(u) = ’{’i-i-% (th +Ti+%(u)> y
it3
from which we have
1 U1 — Uy

riyp1(0) = @}—H%(ﬁ) hevs
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Using 7 this yields

_ 1 _
@ = (Fiey (@ = Fipy ) + O),
s
and gives
riy1 (@) = O(R*) + O(h) = O(h). (59)
The expression of the remainder is given by
1 Uip1 — Uy
TH%(U) = Fird Fip1(u) hivs

which means

that is to say

n

D higlrapy (@l =3 hiry

=0 =0

3

1 Gt — @1 -
—Fiy (W) - STy (]:i+;(u) - ]:i_,,_;(ﬁ)) e e S el AN
201 . 2 2 h’L*‘r% hl+%

Equation leads to

n

n
Z hiyy |7"i+§ (w)] < Z hiya|ri
=0

=0

Equations (2)), and give

\+th+, — (P ) = P (@) 3 o — i+ 3 s — il
+3 =0 =0

n n —
- i1 — Uit |t — ]
-iohi_,'_%h“i_i_%(u)‘SCh -ioh_,'_l—l—*h E hl_,’_l"‘ E hig1———— T +i:EOhiT.

Equation (5] yields

C n
th+ rip1(w)] < Ch+ —h’“ 2 4 Zhlﬂ Gig1 — Uig1] + — Zhi |t — ) .
=0 =0

Proposition [7] gives

> hila; —ug| = O(hF),
i=1

which leads to

n

ZhH Iriy1(u)] < Ch+ Qhk—f + ChF2,

and, for k > 2,
”L1 Z hz—i— ‘TH- | < Ch. (60)
Besides, Equations yields
C - C
Ir()loo = max |r;y s (w)] < o ; 3l (W] < oflr(a)lce,



and Equation gives

[r()]oe < C.
Moreover, Equations and leads to
u)|7. = Z’m;m < [le(@)lloe D Piy 3lrip 3 (W] < e(@)]lcll(w)] 2 < Ch,
i=0

which means

|r(u)||2 < Ch2.

2.4.4 Convergence at order k

Theorem 3 (Convergence at order k in H' norm). Let {x;}1<i<n be a mesh satisfying and (@) Let
ke N* k>2 ueCrkQ) be the evact solution of (44]) and assume that @ > 0. Let u € R" be the solution of

(.) @) and (47 (.) and assume that u > 0. Let us denote the vector € = (U; — U;)1<i<n-

lefl s < CRY,
with || - || g defined by ().

The following proof is inspired by a proof done in [II], Chapter 2, Section 6.1.

Proof. Let us recall the form of the scheme

—Firi(w) + Fi_s(u) + ahju; = hif;, Vi€ [1,n].

)
Besides, the integration of (44) on [z;_1, ;1] gives

du du

1 —— (%41 )—|—Hi_,dx( _1)tahi; = hifi, Vi€ [1,n].

i+d i—

[N

Subtracting these last two equalities yields

_<]:-i+% —fH%(u))—i—(]:"F% —Fie 7( )) +ahie; =0, Vi€ [ln],

with e; = u; — u;. Multiplying by e; and summing on all the cells leads to

—Z eZ+Z -1~ F%(u))ei—l-aZhie?:O.
i=1

A discrete integration by parts with homogeneous Neumann boundary conditions gives

n—1

Z(ﬁ% Firy(@))(eiv1 —€) Zahe =0.

i=1

The consistency of the fluxes given by implies that

with

22
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Using (64) and replacing the flux by its definition (46| . ) becomes

n n—1
e
ZHZ+1H7+ZKZ+ TZ—JF%(u))(eiH—ei)—l—Zahie?:ZRH%(eiH—ei). (66)
i+ i=1 i=1
Let us consider the function

(QR") — R,

n—1
Z Tiyl (d))]l[iti,mi-f—l] ().
=1

This function is continuous and linear with respect to ¢ and piecewise constant with respect to z. The continuity
of r with respect to ¢ implies that I\, ||r(z, @)||12(0) < A(2)||@||L2,Ve. Lemma |I| shows that A(z) < Chz.
Then

1 n—1 Tit1
(e, )220y = / r $)2dr =3 / r(z, ¢)2da
i=1 v %i

n—1 Tig1 9 n—1
— Z/ (Ti+%(¢)) dr = Z hi+%rf+%(¢) = |lr(e)]|2,
i=1 "% P
that leads to
Ie(@)| 2 < ChZ ||| 2. (67)
We have
— n—1 |6i+1 _ €i|
4 (T (1) =i (W) e —ei)) < miax(/@i+%) Z hi+%|ri+%(e)|h7.

The Cauchy Schwarz inequality gives

Z Ki 1 (@) =i () (e —e)
and yields

1/2
< max( ||L2 (Z |€z+1 67, ) 7

‘ 2

n—1 12
< Cmax(ryy Vel (z ") .
i=1 2

hits

Kit (W) — i () (eivn —€)

The inequahty AB < (A% + B?) leads to

1
2

) —7riy1(u))(eiv1 — ei)

< Cmax(s (Zh ledl? + Z ‘6”1 el' > (68)
i=1
From , and we deduce that becomes

K,OZ eH_l +Zah |ez|2 <Cth|ez+l _€z|+C\/>Z |€Z+1 ‘ +C\/Ezh |el ’ (69)

+2
that is to say
”*1 n n—1
(Kao — C’\f) Z eHl (a — C\/E) Zhi|ei|2 < ChF Z leiv1 — el
i=1 i=1 i=1
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Choosing h such as kg — Cvh > min (%, %) and a — Cvh > min (%, %), inserting hi+% in the right-hand

side and applying the Cauchy-Schwarz inequality gives

— (e 2 (eis1 — € )2 REE "
Z . +Zh Jesf* < m (Z e ) (Z ’m;) ’
i=1

ko
— z+2 2 2 i=1 H‘z

n—1
Since Z hH% <1,
- n—l n—1 1/2
» o e1+1 +Zh les|? < ChF <Z Cit1 — - > .

=1 i=1 i=1
Besides

Z e’“ +Zh a2,

that yields

= (eit1 —€)? (e "
H}jil"f'zhi‘eiPSChk <Z i+l — +Zh|€z|2> ,
i=1 i+3 i=1 i=1
that is to say
n—1 (6' _ 6')2 n
S Y hiles* < O, (70)
— hi+l -
i=1 2 =1
which means that ||e| 71 < Ch*. So, the scheme is convergent at order k. O

Proposition 10. Let k € N* and e € R™. If

n—1
e
el = 3 L= LS e < on
i=1 it3 i=1

then, we have

le;| < Ch¥, Vi [1,n].

Proof. First, there exists ig € [1,n] such that

lei,| < ChF. (71)

Indeed, if it is not the case,

lei|? > Ch?*, Vi€ [1,n],
that is to say

n n
> hilei* > Ch?* > hi = Ch?*,
i=1 i=1
——
=1
which is in contradiction with . Then, let j > ig, we have
J
e; = Z (er —er—1) + €4,
L=10+1

which gives
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j
les — ep—1]
lej| < E Vet —— + e |-
L=ig+1 hé*

[N

The Cauchy-Schwarz inequality and inequality lead to

p 1/2 i | ) 1/2
lej] < ( > hz;) ( > ezﬁ@ﬂ) + Chk.
¢—1

l=ig+1 l=10+1

J
Since Z h[_% < 1 inequality yields |e;| < ChF.
l=ip+1
10
The same proof can be done in the case of j < ig with e; = — Z (e; —e1—1) + €4y O
f=j+1

Thus, the scheme is also convergent at order k with the L°°-norm
le;] < Ch®, Vi e [1,n].

2.4.5 Asymptotic behavior of the symmetry condition
Lemma 2. Let {z;}1<i<n be a mesh satisfying and (@ Let k € N,k > 2, 4 € C¥(Q) be the evact

solution of and assume that u > 0. Let u € R™ be the solution of , and and assume that
u; > 0,Vi € [1,n]. Assume moreover that Z—Z # 0 on Q, then the condition is asymptotically fulfilled as
h — 0.

Proof. Theorem [3] shows that

du
dx

i1 —

U —
Fripi(u) = (1) + O(h*=h),

hi-i-%

and Proposition [T0] that

du

- - k

Uit1 — U = U1 — Ui + O(h ) = hiJr% (dl’(xpr%) + O(h)) .

Then since %(xi +1 ) # 0, for h small enough these two quantities have the same sign. O

Remark 6. Because Lemma [1| requires that k > 2 to hold, we have only proven the arbitrary order of con-
vergence of the method for k > 3. However, it is proven in [13] that the scheme defined by the fluxes 18
second-order accurate. This allows us to claim that we have designed a provably arbitrarily high order method.

2.5 The case of discontinuous diffusion coefficient

In the case where £ is discontinuous at the node x; , 1, we compute two fluxes .7-'1L+l (u) and .7:1.111 (u). The first
2 2

one is computed using a Taylor expansion in [z;, x; +%] while the second one is computed via a Taylor expansion

on [z; 1 ,Zi+1]. Thus, we use two polynomial reconstructions, one on the left and the other on the right of

Tig 1. For each node, we shift the stencil so that it does not cross the node where the discontinuity is located.

Let us denote

WUit1 — Uiy L U1 — Uj
R R LT ity R ity
fi+%(u) =Rl <h7+12 —l—ri+é(u)> and fﬁr%(u) = fif+% (2}“ + riLJr%(u)) ,
2

with

= k(1 +€)  and Rif1 = k(T 1 —€),
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where rﬁl(u) (resp. rf+l(u)) denotes the remainder associated with the polynomial reconstruction of the
2 2

solution using the cells located at the right (resp. left) of the node ;1.

Thus, the continuous problem imposing the equality of the fluxes, we also impose it at the discrete level, that
is to say .};ﬁl(u) = fiL_Fl (u) which leads to
2 2

Ui41 — Ujp 1 U; 1 — Uy
R it3 R _ L it3 L
Fitd < hita + riJ“é(U)) ~ Mg < h; T TiJF%(u) ’

2
which yields

R L
hihi—l-l Ki+lui+1 "{Z—+Lui
U 1 = 2 2 + 2 +rB et (u) = kE Ll (0)] .
i+ 2(hi+lﬁf+% + hzﬁﬁ_%) h 104 i+5 it

[N

. . . . L R .
Replacing u; +1 by its expression in J 4y or F, 1y gives

L R 263 1K1Y g 1 R L
— — — 2 2
]:H‘%(u) o ‘Fi‘*‘%(u) o ]:H'%(u) © hipkE L+ sl (win =) + 2 (hlei"‘%(u) +hiry (u)) ’
it i+l
that is
Frig (W)= iy (wrrs — ) + 75y () (72)
with
2kl kP hiz1ikE kR hirt kT
Q1 = ey e Top1(u) = s LR L(u) + e s L L (u)
i+3 L R it+3 ey L R it . L R ity N\
hH'lK:ijL% +hll€i+% hz+1/€i+% +hllii+% 2 hH’lHiJr% +h7‘l€i+% 2

The coefficient &; , 1 being positive the trick to obtain monotonicity (Section D and the step of symmetrization

can be done again for this scheme. Besides, the previous analysis applies to this case. In the case where the

condition of symmetrization is not satisfied, the flux is replaced by the first-order approximation
Fipr(u) = a1 (Uipr — ug).

Remark 7. In the case of a discontinuous right hand side f, we use the same type of strateqy. The reconstruc-
tion is made on each side of the discontinuity to deal with the possible discontinuity of the second derivative.

3 Numerical implementation

3.1 Division by zero

In the previous sections, we have assumed w; > 0,Vi € [1,n], but in practice, u; may vanish. In order to
circumvent this difficulty, it is possible to add a term proportional to h* to the denominator in the flux (as well
as in the expression of SH%). Let € > 0, the flux is given byﬂ

+ —
1 r, ;(u)+3‘+l(u) 1 T, l(u)+s-+;(u)
fi+%(u) =Kl [(h + 2 i uir1 — | 3 4 e ui | -

i+l Uiy1 + €hF i1 u; + ehk

1In the benchmarks we have chosen ¢ = 1011,
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3.2 Fixed point for nonlinearity

The system obtained is of the form Au = b, A being a matrix dependent on the solution. So, a fixed point
algorithm is necessary to solve this system. We start with an initial guess u®, compute the matrix A(u°) and
solve A(u’)u! = b. Repeating this process, we build a sequence u” that, if it converges, tends to the solution
of the scheme. We perform this algorithm until the difference between the solution obtained between two
iterations is small enough. Then, the following loop is performed
v=20
A(u’ )"t =b
While [u’*! —u”| > e
A(u’ )"t =b
v=v+1.
Unfortunately, we have no proof of convergence of this algorithm. However, thanks to Theorem [1|or [2] we have

the following safety proposition:

Proposition 11. Assume that f >0, g > 0, and either ||f|[z2(q) > 0, g(0) > 0 or g(1) > 0. Assume moreover
that u® > 0. Then Yv,u” > 0.

To prove this property, we need to introduce the concept of irreducible matrix. We quote here [22], Defini-
tion 1.15].

Definition 3. A n x n matriz A is reducible if there exits a n X n permutation matriz P such that

A A1,2}

PAPT =
[ 0 Ao

where A11 s a r X r submatriz and As o is a (n — 1) x (n — r) submatriz, where 1 < r < n. If no such
permutation matrixz exists, then A is irreducible.

The matrix of the scheme can be proven to be irreducible in view of the following Lemma (see [22, Theorem
1.17]).

Lemma 3. To any matriz A we associate the graph of nodes 1,2, ...,n and of directed edges connecting i to j
if Aij #0. Then A is irreducible if and only if for any pair i # j there exists a chain of edges that allows to go
from i to j,

A1 70 = Apip2 #0 = -+ = Agpj # 0.
With these definitions we can make use of the following theorem (see [22], Corollary 3.20).
Theorem 4. If A is an irreducible strict M-matriz, then it is invertible and Vi, j : (A=1);; > 0.
We are now in position to prove Proposition

Proof of Proposition[T], We argue by induction. We assume that u” > 0. Thus AT (u”) is a strict M-matrix
(see Theorem |1 or . It is easy to check, that AT (u¥) is also irreducible. Thus all the entries of A~7(u") are
positive, using Theorem 4} and consequently all the entries of A~!(u”) are positive. Using Remark [3, we know
that all components of b are non-negative. Moreover, because of the assumption that either ||f[|z2(q) > 0,
g(0) > 0 or g(1) > 0, at least one component of b is non zero. It yields

Vie [ln]:uwtt = ZAi_jlbj > 0,
j=1

as a sum of non-negative numbers which are not all zeros. O

Proposition[II]shows that the condition u” > 0 remains satisfied during the fixed point procedure, which allows
to always define A(u”).
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4 Numerical experiments

Given Q =]0,1[, & a diffusion coefficient and ¢ a function defined on 99 consider Problem with @ = 0,
p=1,7v=0

d du
Y (St R in Q
dz (“m) fom, (73)
u=g¢g on Jf.
We will use three types of meshes:

1. regular meshes such that the possible discontinuities of the diffusion coefficient x are placed at their
vertices,

2. deformed meshes, whose deformation is given by: © — z + 0.652(1 — z)(0.5 — ) sin(0.87),

3. random meshes, an example of which with 8 cells being given in Figure

T1 I3 s Tz X9 T 11 T 13 T 15 X 17
2 2 2 2 2 2 2 2 2
*------- - - - ------ - - - — — @ - -@ - - — — — — — — - ---- - - - ---- - ---—----- )

0 1

Figure 1: A random mesh with 8 cells.

4.1 L? convergence for polynomial solutions

Given k = 1, f(z) = —6z (resp. f(z) = —7227), g(0) = 1 and g(1) = 2, the function u(z) = 23 + 1 (resp.
@(x) = 2° + 1) is solution to . We perform a convergence study for these problems on a deformed mesh
with 64 cells. The L?-error between the exact @ and approximated u solutions are reported in the Table

Order | u(z) =2 +1 | u(z) =2° +1
1 1.64e-04 1.56e-03
2 3.46e-06 7.00e-04
3 4.53e-15 2.70e-04
4 3.79e-15 1.39e-06
) 8.15e-15 7.43e-07
6 2.57e-14 5.24e-10
7 4.21e-15 7.07e-09
8 5.02e-15 6.58e-13
9 7.86e-15 8.17e-15

Table 1: The L2-error between the exact @ and approximated u solutions.

The proof of exactness for polynomial of degree k (see appendix shows that the numerical solution must be
exact for an order greater than 3 (resp. 9). The table of convergence agrees with the theory since the error
is zero, to machine precision, for the order greater than 3 (resp. 9).

4.2 L? convergence for a smooth diffusion coefficient

Given k = exp(z), f(x) = 4exp(x) + 4z exp(z) — 7 cos(mz) exp(z) + w2 exp(x) sin(rzx) (note that f is positive),
g(0) = 4 and ¢(1) = 2, the function @(x) = sin(mz) — 222 + 4 is solution to . We perform a convergence
study for this problem with the non-symmetric and symmetric schemes on the deformed mesh. The L?-error
and the L2-error of the fluxes between the exact @ and approximated u solutions are reported in Figures [2] to

Bl
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Figure 3: L*-error of the fluxes with the non-symmetric scheme for problem of Sec.
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Figure 5: L?-error of the fluxes with the symmetric scheme for problem of Sec.

The results show that the numerical convergence order is at worst equal to the theorical order k (for the
theorical order 4 one obtains convergence at order 4) or better (for the theorical order 3 one obtains the order
4). Besides, the results are qualitatively the same for the symmetric case and for the non-symmetric case. We
observe similar convergence orders in L? norm and in L? norm of the fluxes. We also perform a convergence
study for the same problem on the random mesh: see Figures [6] to [0}
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4.3 Comparison with a non-monotone scheme

Given k = 1, f = n2sin(nx) (note that f is positive), g(0) = g(1) = 0, the function u(z) = sin(7wz) is solution
to . We perform a study for this problem on a deformed mesh for the symmetrical scheme at order 3.
Results are summarized in Table [2l We can see that the solution obtained with the monotone scheme is always
positive while the one obtained with the non-monotone scheme has a negative component.

Number of cells | High order monotone scheme | High order non monotone scheme

8 0 74
16 0 8
32 0 4
64 0 37

128 0 4

Table 2: Comparison of the number of negative components between the monotone and non-monotone schemes.

4.4 Discontinuous right hand side

Given Kk =1 and

the function

(11 1,

u(z) = 3Tt 3 o<y (@) + TRt T Lipsiy(2)
is solution to . We perform a convergence study for this problem, using the method described in Section
on a cartesian mesh for order 1 to 9. Results are summarized in Figure [I0] These graphs show that, in the

case of a discontinuous right hand side, if we apply the method considered for a discontinuous k, the results
are similar to those of the continuous case.
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Figure 10: L2-error with symmetric scheme and discontinuous right hand size for problem of Sec.

4.5 Discontinuous diffusion coefficient «

Given s such that

and f(z) = 7% sin(rz), the function

_ . 1 .
tu(x) = (sin(mz) + 2x) ]l{xgé}(x) + <2 sin(rz) + x + 1> ]l{x>%}(m),
is solution to . We perform a convergence study for this problem, using the method described in Section

on a cartesian mesh for order 1 to 9. Results are summarized in Figure [[I] These graphs show that, in the
case of a discontinuous k, the results are similar to those of the continuous case.
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5 Concluding remarks

In this paper we have proposed an arbitrary-order monotone scheme for the elliptic problem , on arbitrary
1D meshes. The properties of convergence at a given order, and the preservation of the positivity of the discrete
solution have been proven. We also proposed a symmetrized version of the method. We have shown how to
extend these schemes to the case of a discontinuous diffusion coefficient. These properties have been illustrated
numerically up to the order 9. In future works, we aim to extend these schemes to higher spatial dimensions
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Figure 11: L2-error with symmetric scheme and discontinuous & for problem of Sec.

and to parabolic problems.
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A Exactness for polynomials of degree £

To simplify the calculation let us take a polynomial of degree k centered on 1 as an exact solution in order

du
to demonstrate that the approximation of d—(ac2 +1 ) is exact for polynomials of degree k. For
x

k
= Zai+%,p(x - Ii+%)p7
p=0

we obtain
d‘a K p!
_ p—L
dxg('r) pg[ (p E)' z+ p(x xz—i-l) ’
that is
d'a

W(%%) =Lllay 1,

Besides, mean values were used to estimate the values of u at the centers of the cells, so

k 34
_ i+3 1+1
wa=p [ zaw oo =iy = Y aiy,
hiy1 i1 = 3 p+1’
and
- (~1)7h
g [ a7 = S G
2 2 p+ 1
7—5 p=0
The flux
B Kiyl | _ hf+1 ( l)p""lhf dPu
]:i+%(u) = hi+% [Uzﬂ — U —pz:; G+l ﬁ(xmé )
becomes
k k
ey n (PR ] Gn b+ (1R
f- N i) = 3 @1 1+1 . )Y 1+1 7 !a_ 1 ,
z+;( ) hi-‘,—% <|J;) hLé’pp—‘,—l I; i+3.p p+1 pz:; (p+1)! DA 1y

that is to say

k
Ay + (=1)P+ hY RY |+ (=1)P+inl
=\ _ 1+1 7 1+1 7 _
fi+;(“>—'%+;<z+11+p22az+2,p RACESY) ‘pzzg hopa (1) irhe | Tyt

The flux is exact for polynomials of degree k.
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