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Abstract

In high sensitivity inductive electron spin resonance spectroscopy, superconducting microwave resonators with large
quality factors are employed. While they enhance the sensitivity, they also distort considerably the shape of the applied
rectangular microwave control pulses, which limits the degree of control over the spin ensemble. Here, we employ shaped
microwave pulses compensating the signal distortion to drive the spins faster than the resonator bandwidth. This
translates into a shorter echo, with enhanced signal-to-noise ratio. The shaped pulses are also useful to minimize the
dead-time of our spectrometer, which allows to reduce the wait time between successive drive pulses.

Keywords: electron paramagnetic resonance, arbitrary waveform generator, shaped pulses, superconducting
resonators, quantum limited amplifier

1. Introduction

Electron spin resonance (ESR) spectroscopy allows to
analyze the composition and structure of paramagnetic
samples [1]. In the inductive detection method, the sam-
ple is coupled to a resonant microwave cavity of frequency5

ω0. When the spins are tuned to ω0 by application of a
magnetic field B0, they interact with the magnetic com-
ponent of the intra-cavity microwave field B1(t). After
being driven by appropriate microwave pulse sequences,
their Larmor precession dynamics induces the subsequent10

emission of weak microwave spin-echo signals, which carry
information on the properties of the paramagnetic species
present in the sample.

The cavity has several roles in this process. It amplifies
the B1 driving field by a factor proportional to

√
Q (Q be-15

ing the resonator quality factor), which lowers the incident
microwave power requirements. It also amplifies the emit-
ted spin-echo signals by the same factor, which conversely
enhances detection sensitivity. On the other hand, the cav-
ity bandwidth κ = ω0/Q limits both the spin excitation20

and spin detection bandwidths, which can be a severe issue
since typical electron spin linewidths may exceed κ by far.
The cavity also causes transients in the drive fields which
limit the degree of control achieved on spin dynamics, and
whose characteristic time scale is given by the cavity field25

∗Corresponding author
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amplitude damping time 2/κ. As a result, the cavity qual-
ity factor needs to be carefully optimized for the purpose
of a given experiment.

A number of these issues can be mitigated by the use
of drive pulses with a more complex time-dependence than30

a simple rectangular pulse (so-called shaped pulses) [2, 3],
as schematically shown in Fig.1. Thanks to modern ar-
bitrary waveform generators (AWG) [4], microwave pulses
with arbitrary time-dependent amplitude and phase can be
generated. If the transfer function between the AWG and35

the intra-cavity field is known, it is possible to compute the
drive pulse shape needed to obtain arbitrary intra-cavity
field temporal profiles. This strategy in principle elimi-
nates all the drive pulse distortions caused by the cavity;
in particular, spins can be driven with a bandwidth much40

larger than κ using shaped pulses [5]. Cavity filtering of
the signal emitted by the spins, however, remains unavoid-
able [5].

The use of shaped pulses [6] has been proposed and
demonstrated first in nuclear magnetic resonance spec-45

troscopy [2, 3, 7, 8, 9]. They have then been applied
in ESR spectroscopy [10] for cavity ringdown suppression
[11, 4, 12], wide-band Fourier-transform spectroscopy [5,
13], increased ENDOR sensitivity [14], and optimal con-
trol [15, 16, 17, 18]. They have also been applied for fast50

superconducting qubit state manipulation [19] and read-
out [20]. Recently, a new generation of ESR spectrometers
has been demonstrated, relying on superconducting micro-
resonators and amplifiers cooled at millikelvin tempera-
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tures to reach sensitivity below 100 spin/
√

Hz [21, 22, 23].55

Pulse transients are particularly relevant in these experi-
ments since the superconducting resonators can have high
quality factors, in the 104 − 105 range. Here we demon-
strate cavity transient compensation using shaped-pulses
in such a quantum-limited ESR spectrometer. We show60

that shaped pulses enable cavity ringdown suppression,
wide-band spin manipulation, as well as signal-to-noise-
ratio enhancement.

2. Theory

We consider here a cavity with a single input/output65

port. We describe the intra-cavity field in its rotating
frame at frequency ω0 by the two quadratures X(t), Y (t)
expressed in dimensionless units, using standard input-
output theory [24]. The coupling rate to the input port is
denoted as κc, whereas the total damping rate κ = κc+κi70

also includes the internal cavity loss rate κi.
The cavity is coupled to an ensemble of N spins 1/2

with spin operators S
(j)
x,y,z. The equations that govern the

evolution of spin j are


Ṡ

(j)
x = −∆jS

(j)
y + gjY S

(j)
z

Ṡ
(j)
y = ∆jS

(j)
x − gjXS(j)

z

Ṡ
(j)
z = gjXS

(j)
y − gjY S(j)

x ,

(1)

where gj is the spin-resonator coupling constant [21] (which75

is proportional to the amplitude ofB1 at the spin location),
and ∆j = ωj − ω0 is the detuning from the resonator fre-
quency. These are identical to the usual Bloch equations,
with the Rabi frequency given by the product of the cou-
pling constant gj and the corresponding field quadrature80

amplitude [25]. The cavity field is coupled both to the
input drive field quadratures βX,Y (t) and to the spins via

{
Ẋ(t) =

√
κcβX(t)− κ

2X(t)−
∑N
j=1 2gjS

(j)
y

Ẏ (t) =
√
κcβY (t)− κ

2Y (t) +
∑N
j=1 2gjS

(j)
x .

(2)

Equations 1 and 2 enable to compute the intra-cavity
field and spin dynamics for a given drive field βX,Y (t), pro-
vided the distributions of spin Larmor frequency ρ∆(∆)85

and coupling constant ρg(g) (caused by the spatial in-
homogeneity of the B1 field) are known. Here we are
interested in finding the drive fields βX,Y (t) to achieve
a given intra-cavity field profile specified by the quadra-
tures Xp(t), Yp(t). This problem is drastically simplified if90

the field generated by the spins (third term on the right
of Eqs.2) is negligible compared to the intra-cavity field
produced by the drive field. That is the case when the
so-called cooperativity parameter C =

∑
j g

2
j /(κ∆̄) veri-

fies C � 1 [25] (∆̄ being the characteristic width of the95

ρ∆(∆) distribution), which is the usual situation in both
NMR and ESR. In the following we will assume to be in

this situation. A targeted dynamics [Xp(t), Yp(t)] is then
obtained with the drive fields

{
βX(t) = [Ẋp(t) + κ

2Xp(t)]/
√
κc

βY (t) = [Ẏp(t) + κ
2Yp(t)]/

√
κc,

(3)

which is identical to the formula derived in [2]. Our target100

pulse shape in this work is the so-called “bump pulse”,
defined as

Xp(t) = X0 e
−1/[1−( t

tp/2
)2]
, Yp(t) = 0 , (4)

for |t| < tp/2, and Xp(t) = Yp(t) = 0 for |t| ≥ tp/2. X0

denotes the maximum amplitude and tp the pulse length.
This pulse shape goes smoothly to zero at ±tp/2 and does105

not need to be truncated, contrary to Gaussian pulses for
instance [25]. From Eq.3, the time-dependent drive pulse
needed to obtain a bump-shaped intra-cavity field is read-
ily obtained.

In the experiment, we detect the field leaking out of110

the cavity. The latter contains both the reflected drive
pulses, as well as the spin free-induction-decay and echo
signals. The output field quadratures are given by the
input-output relation

{
Xout(t) =

√
κcX(t)− βX(t)

Yout(t) =
√
κcY (t)− βY (t).

(5)

In the following, we resort to numerical simulations to115

compare our model to the experimental results. For that,
we first compute the distributions ρg(g) and ρ∆(∆). We
then discretize these distributions into Ng × N∆ bins of
spins with identical coupling and frequency. We integrate
Ng ×N∆ times Eqs. 1 and finally compute the cavity and120

output fields using Eqs. 2 and 5.
All that precedes is the standard treatment of inductively-

detected magnetic resonance, be it nuclear or electronic.
One specific aspect of our experiments is that due to the
small mode volume, high quality factor of the supercon-125

ducting micro-resonator, and to the low temperature of
the experiments, spins relax towards thermal equilibrium
dominantly by spontaneous emission of a microwave pho-
ton into the cavity [26] - the so-called Purcell effect. The
Purcell relaxation rate for spin j is given by130

Γ1,j = κ
g2
j

∆2
j + κ2/4

. (6)

In our experiments, Purcell relaxation plays no role during
a spin-echo sequence because it occurs on a much longer
timescale, which is why it was not included in Eqs. 1.
It however plays a role in the steady-state polarization
profile of the spin-ensemble, because of the dependence of135

the relaxation rate on the detuning and coupling constant.
We take this phenomenon into account by initializing the
density matrix of spin j at t = 0 as ρj = [−1 + e−Γ1,jtr ]Sz,
tr being the repetition time of the experimental sequence.
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3. Materials and methods140

The spectrometer is built around a superconducting
micro-resonator that was described in [23]. It consists of
an Aluminum thin-film patterned as a lumped-element LC
circuit with a 100µm-long, 500 nm-wide inductance, on top
of a silicon substrate [see Fig. 1(b)]. This inductance de-145

fines the active area of the resonator around which B1 is
sizeable and spins are therefore detected; the correspond-
ing mode volume is ∼ 0.2 pL. Finite-element modelling
yields the spatial distribution of the B1 field generated
around the inductance, which in turn allows us to com-150

pute the coupling constant density function ρg(g) needed
in the simulations. As explained in [23], the average cou-
pling constant over the detection volume is found to be
g/2π ∼ 450 Hz.

The resonator chip is mounted in a sample holder which155

is cooled down at 12 mK in a dilution refrigerator. The
50 Ω coaxial line used for delivering the control pulses and
collecting the signal is connected to the sample holder with
a SMA bulkhead to which an antenna is soldered [21]. By
tuning the antenna length, one can adjust the capacitive160

coupling of the resonator to the line and thus its quality
factor (Q ∼ 4× 104 in this work). Spectroscopic measure-
ments allow us to extract the resonance frequency ω0/2π =
7.274 GHz, the coupling rate κc = 7.1·105 s−1, the internal
energy loss rate κi = 2.8 · 105 s−1 (measured at the single165

photon limit), and the total energy loss rate κ = 106 s−1.
The corresponding field decay time is 2/κ = 2µs.

An overview of both the low-temperature part of the
setup and the room-temperature electronics is schemati-
cally shown in Fig. 1(c). The input line is heavily atten-170

uated at low temperatures to thermalize the microwave
field close to the cryostat base temperature. A circulator
routes drive pulses from the input waveguide towards the
sample, and the reflected signal (together with the spin sig-
nal) towards the output waveguide. It is amplified first at175

12 mK by a quantum-limited Josephson Parametric Am-
plifier (JPA) [27], then at 4K by a High-Electron-Mobility-
Transistor (HEMT), and at room-temperature for the fi-
nal amplification stage. After demodulation by mixing
with the local oscillator, the down-converted signal is sam-180

pled by a digitizer yielding the field quadratures I(t), Q(t)
(in the following only the signal-carrying quadrature is
shown). Note that due to the unusually small resonator
mode volume, low microwave powers (of order picoWatt)
are needed to drive the spins; as a result, we can measure185

with the exact same setup both the drive pulses after their
reflection at the resonator input and the spin signal, which
is useful for the shaped pulses characterization. More de-
tails on the resonator, JPA, and spectrometer design, can
be found in [21, 23]. In [23] the spin detection sensitivity190

was estimated to be 65 spin/
√
Hz for the same setup but

with a quality factor of 8 · 104. Assuming that the sen-
sitivity scales like κ (since the echo amplitude scales like
1/
√
κ and the repetition time like κ), we estimate it to be

in the present case ∼ 150 spin/
√
Hz.195
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Figure 1: (a) Basic concept. A short microwave pulse with a rect-
angular envelope (left green line) is sent onto an ESR cavity and
is subsequently distorted by the cavity’s transfer function. The re-
sulting intracavity field (center green line) then drives the spins for
much longer than intended resulting in spin-echo signals which are
stretched in time (right green line). In contrast, if a tailored shaped
pulse is employed (left blue line), the cavity distortion is compen-
sated. A short intracavity field (center blue line) now drives the
spins resulting in wide-band spin manipulation and shorter echo du-
ration. (b) Schematics and optical images of the LC resonator used
in the experiment. Dark areas represent the Si substrate while light
areas are made of Al. Bi spins are implanted everywhere below the
Si surface, in a box-like profile at a depth ∼ 100 nm. The resonator
active area is a 0.2 pL volume around the 100µm-long, 500 nm-wide
inductance. (c) Technical implementation. Shaped drive pulses are
generated by modulating the output of a continuous-wave microwave
generator (LO) by two analog outputs of an AWG via an IQ mixer. A
rapid microwave switch makes sure that the sample is protected from
the noise at the amplifier except when the pulses are on. The input
line is strongly attenuated at low-temperatures in order to thermalize
the microwave field to millikelvin temperature. The pulses are routed
to the sample via a circulator, and the reflected signal is routed to
the output line. It then undergoes amplification at several stages,
starting from a JPA at 12 mK, followed by a HEMT at 4K and then
at room-temperature. The signal is finally demodulated using an IQ
mixer, and its two quadratures digitized.

One issue with superconducting micro-resonators is their
low power handling capability. Indeed, in a superconduct-
ing strip such as used for the inductance, non-linear effects
appear when the current density approaches the critical
current density of the film. For Aluminum at low temper-200

atures it is of order 1011A/m2 [28], which implies that in
our geometry non-linear effects are expected for ∼ 1 mA
ac current in the wire. Because of the large spin-resonator
constant however, spins can be driven efficiently well below
that threshold as will be shown in the following.205
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In order to generate microwave drive pulses with arbitrarily-
controlled amplitude and phase, we modulate the continu-
ous signal delivered by a microwave synthetizer (the local
oscillator LO) using two analog outputs of an AWG (model
Tektronix 5014), using an IQ mixer. The AWG sampling210

rate is 1 Gs/s, and its analog bandwidth is 300 MHz. After
calibration of the IQ mixer, LO leakage was − ∼ 60 dB.
At the mixer output, the pulse goes through a voltage-
controlled attenuator and is then amplified to obtain suf-
ficient driving strength. Right before the low-temperature215

part of the setup, a fast microwave switch controlled by a
digital output of the AWG with 80 dB dynamics transmits
microwave signals into the cryostat only during the appli-
cation of the drive pulses. This protects the spins from the
amplifier output noise, which would otherwise reduce their220

equilibrium polarization [29]. Phase cycling is performed
using the IQ modulation by the AWG.

To test the spectrometer operation with shaped pulses,
we use the electron-spin resonance of bismuth donors in sil-
icon as a model system. Bismuth atoms were implanted225

into the silicon sample on which the resonator is patterned,
at a typical depth of 100 nm. At low temperatures, bis-
muth atoms can bind an electron; details on the spin
Hamiltonian of such bismuth donors can be found in [30,
31]. A field B0 = 3.74 mT is applied in order to tune230

the lowest-frequency transition of the bismuth donors in
resonance with ω0. As explained in [21, 32, 23] the spin
resonance of the donors in our experiment is broadened by
strain in the substrate caused by thermal contraction of
the thin-film resonator upon cooling, which affects inho-235

mogeneously the hyperfine coupling constant between the
bismuth nuclear and electron spins. The resulting spin
linewidth was measured to be of order ∼ 20−30 MHz [23],
considerably larger than the 200 kHz resonator linewidth.
This situation is frequently encountered in ESR spectroscopy.240

In the simulations we will therefore model the spin density
ρ∆(∆) as being a constant.

4. Experimental results

4.1. Shaped pulse characterization

In NMR and ESR experiments using shaped pulses,245

the intra-cavity field is often characterized by inserting a
pickup coil in the resonator [3, 9, 17], or by using the
Rabi nutation of the spins [5]. Here we directly measure
the reflected drive pulse, and use it to extract the intra-
cavity field. This is facilitated by the low microwave power250

(picoWatts at the sample level) of the drive pulses used in
our experiments, which is itself a consequence of the large
spin-resonator coupling.

As can be seen from Eq. 5, the intra-cavity field can
be obtained by subtracting the reflected signal from the255

incident drive pulse, both measured with the very same
setup. To do so, we measure the reflected pulse at ω0,
whereas the incident pulse is measured by applying it 10
MHz off-resonance from ω0, so that it is fully reflected

I on
 (m

V)
I of

f -
 I o

n (
m

V)
I of

f (m
V)

Figure 2: Reflected quadrature signal of a square (green dots) and
bump-shaped (blue dots) pulses, measured 10 MHz off-resonance (i)
and on-resonance with ω0 (ii). Subtraction yields the intra-cavity
field (iii). Solid lines are from the theory. The small oscillations
probably originate from parasitic resonances in the microwave setup.

at its input without deformation. Because of the small260

frequency difference, the transfer function of the whole
setup can be considered identical in both cases, so that
the signals can be simply subtracted, yielding the intra-
cavity field X(t), Y (t).

Examples are shown in Fig.2 (only the quadrature car-265

rying the signal is displayed). For a 1µs-long square-
shaped pulse, the intra-cavity field shows a linear rise dur-
ing the pulse, followed by an exponential decay with a
time constant of ∼ 2/κ as expected. We then generate a
”bump” pulse with tp = 1µs (Eq.4), using Eqs.3 to com-270

pute the AWG drives [2]. The measured intra-cavity field
of the bump pulse is in excellent agreement with the ex-
pected pulse shape as given by Eq.4, with the maximum
amplitude as the only fitting parameter. Transients are
efficiently suppressed, by at least an order of magnitude;275

and the intra-cavity field rise- and decay time is ∼ 250 ns,
an order of magnitude shorter than the cavity field decay
time 2/κ. This successful transient suppression also con-
firms that the resonator remains linear upon application
of the drive pulses (square as well as bump).280

4.2. Echoes with shaped pulses

We proceed with the measurement of spin-echoes, us-
ing a π/2X − τ − πY − τ Hahn-echo sequence with X/-X
phase-cycling on the first pulse. To optimize the pulse am-
plitude, Rabi nutation data was taken by measuring the285

integrated echo amplitude Ae as a function of the refocus-
ing pulse amplitude for a square pulse shape (see Fig.3).
Damping of the oscillations is caused by the spread in Rabi
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Figure 3: (a) Hahn-echo sequence with square and bump-shaped
pulses. First, a π/2X − τ − πY − τ spin-echo was measured (in-
set). The corresponding control pulses were sampled immediately
afterwards, with only a change in amplifier gain at the detection to
compensate for the larger signal amplitude. For convenience, the
two control pulses were this time generated on the same quadrature,
which is shown here in the main panel. Open circles are data (green
for square, blue for bump), and solid lines are results from the sim-
ulation (black for square, red for bump). (b) Rabi oscillations (blue
dots) and simulation (black line) for a square-shaped-pulse Hahn
echo sequence with varying refocusing pulse amplitude.

frequency ρg(g) due to B1 spatial inhomogeneity, and is
qualitatively reproduced by the simulations. Figure 3 also290

shows the reflected signal quadrature of a full echo trace,
including the echo, both for 1µs-long square-shaped and
bump-shaped pulses. The reflected control pulses again
demonstrate transient suppression in the bump-pulse case.
The bump-pulse echo is both shorter and higher-amplitude295

than the square-pulse. These features are well captured by
simulations.

We study the shaped pulse echo in more details in
Fig.4. In order to measure the contribution from spins
outside of the cavity bandwidth, a low repetition rate is300

necessary, since those spins relax more slowly than spins
at resonance because of the Purcell effect (see Eq.6). Fig-
ure 4 shows a time trace of a Hahn echo, measured using
bump pulses with tp = 1µs, and a repetition time tr = 1 s.
The echo shows a pronounced asymmetric shape, with a305

sharp rise in less than a microsecond, and a slower de-
cay. The fact that the echo signal rises faster than 2/κ
demonstrates that the echo originates from the rephasing
of spins lying in a broader frequency range than the cav-
ity bandwidth. After the echo reaches its peak amplitude,310

it decays in ∼ 2/κ. Indeed, despite the use of shaped
pulses to drive the spins over arbitrarily wide bandwidth,
their emission remains unavoidably filtered by the cavity
[5]. To visualize more quantitatively the dynamics of the
spin-ensemble magnetization, we have numerically decon-315

voluted the cavity response (see Fig.4a inset), resulting in
a Gaussian-shaped time dependence with a FWHM width
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Figure 4: (a) Quadrature signal of the emitted echo (open circles)
and its effective spin component gSy obtained by de-convolution of
the cavity response (filled circles). The measurement is acquired
with a repetition time of tr = 1 s. (b) Fast Fourier transform of gSy

showing the spectral bandwidth of the echo, much larger than the
cavity bandwidth κ/2π. Solid lines are numerical simulations.

of 1.3µs. The Fourier transform of the magnetization is
also shown in Fig.4, and shows a linewidth 4 times greater
than κ. Numerical simulations were performed using the320

computed distributions ρg and ρ∆, based on the equations
of Section II, and taking into account the Purcell relax-
ation. The echo shape and duration are quantitatively
reproduced, as well as the spin magnetization dynamics.
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Figure 5: Averaged CPMG sequence with minimal pulse separation
using bump pulses. The π pulses are not visible as they are being
canceled by phase cycling.

One motivation for short control pulse duration is their
higher robustness to spin detuning. Indeed, the nutation

frequency of spin j is given by
√
ω2

1 + ∆2
j , with ω1 =

gj
√
X2 + Y 2. Due to the transient decay, square-shaped
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pulses have an effective minimum duration of order of 2/κ,
implying that the maximum value of ω1 for a π pulse is
∼ κ. Spins on the edges of the resonator bandwidth (those
with ∆i ∼ κ/2) therefore unavoidably undergo a Rabi nu-
tation with an angle and axis that are significantly differ-
ent from those at resonance with a square-shaped pulse.
Bump-shaped refocusing pulses on the other hand have a
shorter duration, leading to higher ω1 for a π-pulse and
thus to better performance for spins with ∆i ∼ κ/2. To
test this prediction, we compare the signal-to-noise ratio of
an echo obtained with the same square-shaped π/2-pulse,
but with either a bump- or square-shaped refocusing π
pulse. The signal and noise are given by Ae =

∫
I(t)u(t) dt

and σ =
√∫

δI2(t)u2(t) dt, respectively, where u(t) rep-

resents the mode shape of the echo normalized such that∫
[u(t)]

2
dt = 1 [21]. This mode shape is obtained by fit-

ting a skewed Gaussian function to the echo signal

u(t) =
1

N
exp

[
− (t− t0)

2

2σ2

]
erfc

[
α
t− t0
σ
√

2

]
, (7)

where N is the normalization, σ the scale and α the shape325

factor. We find a SNR improvement of 16% in the bump
refocusing pulse case compared to square-pulse refocusing,
which confirms the better performance of bump-shaped
refocusing pulses.

Suppression of cavity ringdown enables to minimize the330

delay between control pulses, which is particularly useful
for dynamical decoupling pulse sequences where refocusing
pulses are applied shortly one after the other. As a proof-
of-principle, we run a Carr-Purcell-Meiboom-Gill pulse se-
quence using bump pulses. Even with a delay of 10 µs, the335

echoes are still clearly separated as seen in Fig.5; whereas
with square pulses the minimal separation was found to
be closer to 50 µs. Because of the short delay and long co-
herence time of donors in silicon (particularly with silicon
isotopically enriched in nuclear-spin-free 28Si as in our ex-340

periment), ∼ 1000 echoes can be measured in this way (see
Fig.5). Such a long echo train may be used in particular for
further increasing the single-shot signal-to-noise [33, 23].
The shorter inter-pulse delay within the CPMG sequence
reduces the sensitivity to higher frequency noise contri-345

butions, which enables more echoes to be generated and
thus further SNR enhancement. Here, assuming a white-
noise background, the CPMG averaging would translate
into a SNR improvement as high as a factor 20. Recent
experiments however have shown that this figure is over-350

estimated in the presence of low-frequency or correlated
noise, which may occur in experiments with SC resonators
due to resonator phase noise [34, 23] or long-term spin
fluctuations.

5. Conclusions355

We have demonstrated cavity ringdown suppression and
wide-band spin excitation using shaped control pulses in

a high-sensitivity, quantum-limited ESR spectrometer at
millikelvin temperatures. So far only bump pulses were
used, which were shown to robustly suppress cavity tran-360

sients and increase the SNR of Hahn-echoes by 16%. Im-
plementing optimal control techniques for special-purpose
pulse sequences [17, 11, 18, 35] would be a natural next
step to further improve the level of spin control achieved.
Also, the ringdown suppression demonstrated here would365

enable to measure spins with short coherence times, bring-
ing quantum-limited ESR spectroscopy one step closer to
real-world applications.
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