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EXPONENTIALLY CONVERGENT NON OVERLAPPING DOMAIN
DECOMPOSITION METHODS FOR THE HELMHOLTZ EQUATION

FRrANCIS COLLINO!, PATRICK JoLY! AND MATTHIEU LECOUVEZ%*

Abstract. In this paper, we develop in a general framework a non overlapping Domain Decomposi-
tion Method that is proven to be well-posed and converges exponentially fast, provided that specific
transmission operators are used. These operators are necessarily non local and we provide a class of
such operators in the form of integral operators. To reduce the numerical cost of these integral oper-
ators, we show that a truncation process can be applied that preserves all the properties leading to
an exponentially fast convergent method. A modal analysis is performed on a separable geometry to
illustrate the theoretical properties of the method and we exhibit an optimization process to further
reduce the convergence rate of the algorithm.
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1. INTRODUCTION AND DEFINITION OF THE DDM METHOD

1.1. An applicative motivation

The present work is motivated by the numerical simulation of electromagnetic scattering by multilayered
coated obstacles. The domain of propagation is naturally decomposed in a union of closed and curved strips
Q= szl Q;, where €); represents the inner-most layer and ; the outer domain. Note that this onion-skin
structure prevents that more than two subdomains touch each other (see Fig. 1). The interior domain €; has
an internal boundary I'y on which, typically, a perfectly conducting boundary condition is applied. In principle,
(); is infinite, but in practice, it is bounded by an adequate boundary condition on an artificial boundary T'.
The internal structure of each layer can be highly heterogeneous. This provides a natural geometrical splitting
for domain decomposition.

Our aim in this paper is to propose a novel iterative domain decomposition method (DDM) that behaves
particularly well on this type of geometry.

Keywords and phrases. Domain decomposition methods, exponentially fast convergent methods, integral operators, norms of
fractional order Sobolev spaces, pseudo-differential operators.

I Laboratoire Poems, UMR 7231 CNRS/INRIA/ENSTA ParisTech, ENSTA ParisTech, 828, Boulevard des Maréchaux, 91762
Palaiseau, France.

2 CEA-Cesta, 15 Avenue des Sabliéres, 33114 Le Barp, France.
*Corresponding author: matthieu.lecouvez@gmail.com

© The authors. Published by EDP Sciences, SMAI 2020

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/m2an/2019050
https://www.esaim-m2an.org
mailto:matthieu.lecouvez@gmail.com
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0

776 F. COLLINO ET AL.

(a) (B)

FIGURE 1. Onion-skin like domain decomposition (A) General case (B) Case of 2 subdomains.

1.2. Model problem

We shall consider a simple scalar model problem posed in an open set (2 C RI+1)
div (u’1Vu) +k%cu=f,in Q, (a)
u =0, on Iy, (b) (1.1)
ptou+ikn tu=0,onT, (c)

where the wavenumber in vacuum k is strictly positive, f is a given source term in L? () and € and u (n = \/p/e€)
are real bounded functions which are moreover bounded from below

O<e_<e(x)<ey, O<p_<plx)<py, ae xel (1.2)

In (1.1) ¢, v denotes the unit normal vector to ' outgoing with respect to Q. It is well-known that (1.1) admits
a unique (complex-valued) solution in H! (£2). Here, y and e are physical parameters depending on the material.
In an electromagnetism context, they are respectively the relative permeability and permittivity of the material.
This model problem can also represent acoustic 2D and 3D problems. In such a case, u = pg is the density of
the material and € = p0162 where c is the wave propagation velocity in the media. We also assume that these
function p and € are piecewise Lipschitz-continuous, that means that there exists a disjoint finite partition of
) such that each part of the partition is of class CY and the restriction of y and € to each part of the partition
is Lipschitz-continuous. We choose to tackle with the most difficult case where ¢ and p are real, however all
the theory developed in this paper can be extended to the case of complex coefficients € and p with even easier
proofs, as soon as Zm e and Zm pu are nonpositive.

1.3. Impedance-based transmission conditions for domain decomposition

1.3.1. Basic principles

For the domain decomposition, we shall consider the case of only two subdomains €2; and €5 separated by
one interface 3. However, all what follows can be extended with no restriction or modification to the case of an
arbitrary number of subdomains. Denoting u; the restriction of u to §;, j = 1 or 2, it is well-known that the
problem in (1.1) can be rewritten as a transmission problem

div (,u_1Vu1) +k%eur=f inQ, u; =0 onTy, (1.3)

div (/fquz) + k2 euy = f, inQy, p lOug+ikn tug=0 onT, (1.4)

with the two transmission conditions

U] = Ug, ,u_la,,lul + u_lay2uQ =0 onX, (1.5)
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where vq (respectively o) denotes the unit normal vector to ¥ outgoing with respect to €1 (respectively
Q). The trace u_lal,j u; corresponds to the normal component of u; taken on the interface 3: u‘la,,juj =
pt (Vuj - vj) |s. In particular v; = —vs. The objective of any non-overlapping iterative domain decomposition
method is to construct a sequence

(u?vug) € Hl(Ql) X Hl(QQ)a n > ]-7

in such a way that at each iteration n, (u}, u}) can be computed for the previous iterates by solving decoupled
problems in ; and Qs, and (u},uy) — (u1,u2), as n — +oo. The sequence (uf, uy) will satisfy, according to
(1.3) and (1.4)

div (7 'Vup) + k2eul = f, in O (1.6)
u =0, on I'y ’ '

div (1™ 'Vug) + k2euy = f, in Q (L)
ptouy +ikntul =0, on ' ’

These equations must be completed by boundary conditions on ¥ for uf and uy, that are termed transmission
conditions (T'C). These transmission conditions should have the following properties:

(i) They should relate the traces of the solution in each domain at step n to the traces of the solutions at step
n — 1 in the neighboring domain, so that the computations of 47 and u5 are decoupled.
(ii) They should be consistent at convergence with the transmission conditions (1.5).
(iii) They should guarantee the well-posedness of the local problems and the convergence of the method.
(iv)
v

iv) They should be relatively easy to handle from a numerical point of view.

A very naive idea that fulfills Criteria (i), (ii) and (iv) would be to prescribe,

uy = uy PO, us =~ Bl (1.8)
Unfortunately, it is well known that this method fails to converge, and this is why impedance-like transmission
conditions have been developed. This consists in introducing two operators T' and T”, acting on functions defined
on X, named transmission operators in the sequel. Then, one rewrites (1.5) as

w0y, uy +ikTuy = —p t0y,us + ikTug, p~  Ouyus + kT uy = —pu~ 10, up + ikT u;y. (1.9)

It is straightforward to check that (1.9) is equivalent to (1.5) provided that T+ T” is injective. Then, boundary
conditions are obtained for the iterative process by applying a fixed-point procedure to (1.9)

o, Ul ik Tul = —p 0, ul ik Tul ™ p T O, ul kT Uy = —p T 0, ul T kT T (1.10)
1.8.2. A theoretical ideal choice of transmission operators

To enlighten the construction of (1.17), it is worthwhile mentioning that, theoretically, there exists a choice
for T and T" for which the convergence is obtained in two iterations. This fact has been proven in a recent
paper [9], in a more general setting. The authors consider N subdomains and show that choosing two exact DtN
operators for each interface, then the convergence is achieved in N iterations. The proof is quite technical for a
general IV, but for the case N = 2, one can give a much simpler proof that we reproduce below for completeness
and reader’s convenience. Consider T' = T and T” = T} with the following operators T and T5:

1 1
Tip=-—20, . Thp=-—20, : 111
1¢ o 1(P))s 2¢ iy ,U2(0)|2 ( )
where v; = v1(p) v2 = va(p) are solutions of problems in 7 and Qs respectively
div (u='Vor) + k%ev; =0 in div (17 'Vua) + k%eva =0 in Q
vy =0 on Iy | wto,ve +ikn tvy; =0 on T

v1=¢ on X Vg =¢ on X
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Then, the algorithm in (1.10) converges in two iterations. The proof is as follow. The errors e} = u} — uq,
el = ul — uy verify, for n > 1 and independently of the initial guess (€9, €9),

div (p='Vep) + k%eef =0 in O

e’ =0 on I

o, et ik Toe} = —pu= 10,6t +ikToel ™ on ¥

—~
SR

, (1.12)

—
2]
~

div (p™'Ves) + k%ced =0 in Qy  (a)
p et +ikn~te? =0 on T'  (b) . (1.13)
w o el +ikTel = —pu= 10, el +ikTied™ on ¥ (c)

Then, because of the definitions of 77 and T and thanks to (a) and (b) in (1.12)—(1.13), we have for n > 1
—p o, et +ikTiel =0, —pto,,eh +ikTyey =0. (1.14)

This is true, in particular for n = 1, so that substituting (1.14) for n = 2 into (1.12)—(1.13)c we get

div (u*1Ve%) + k%e ei =0, in div (f{’lVQeg) + kffeg =0 in Qo
es=0,on Iy , pwroyes5+ikn e =0 on I'
ulo,, €3 +ikTee? =0, on ¥ p1o,,e3 +ikTies =0 on %

and then e? = €3 = 0 ! This remark is of pure theoretical interest but of no practical consequence: actually,
determining 77 and 7% is more difficult than solving the initial problem. However, this could be used as a guide
for the construction of good operators T and T” and this is the idea that lead to the construction of some DDM
method (see next section).

1.8.8. A brief review of the literature

The formalism of Section 1.3.1 includes most of the non-overlapping DDM proposed in the literature.

— If we set
T=T =1, (1.15)

one recovers the pioneering works of Bruno Després [7] for which general proof of convergence has been
given. However, the method suffers from slow convergence.

— A number of works (see [10, 11] for the mathematical literature, and [18,23] for the engineering literature)
have tried to improve Després’s method by considering local boundary operators that read

T =T =al — (02, (1.16)

where 9?2 is the second order tangential derivative and o and 3 are complex numbers. In most of these works,
the choice of these TCs have been justified on very special cases only:

e the medium is homogeneous (constant coefficients)

e the geometry is separable (for instance, a planar interface separating two half-spaces).
In such cases, by using a modal decomposition, one can analyze the convergence properties of the iterative
algorithm and try to optimize the convergence rate by playing with o and 3.
However, no general proof of convergence has been provided, even when the modal analysis is possible.
Nevertheless, numerical experiments show that, at least on specific test-cases, these algorithms have better
convergence properties than Després’s one.

— More recently, a new class of operators has been proposed in [3], namely

T=T=I-> op(1-8,0%)"", (1.17)

p=1,N
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where «, and 3, are complex coefficients derived from a Padé-like approximation of the function v'1 — s? in
the complex plane (s is related to the wave mode). Indeed, when ¥ is a line, 21 and Qg are two half-spaces
and g = € = 1, then the ideal operators T} = Ty (see (1.11) and the previous section) coincide and their
Fourier symbol is i\/l — &2/k? where £ is the Fourier variable associated to the coordinate along ¥ (see
for instance [22]).

Again, the analysis of the method is restricted to cases with constant coefficients and a separable geometry.
No general proof of convergence and uniqueness is given. However, in practice, when applied to the Helmholtz
equation with constant coefficients, this method may provide astonishingly good convergence properties (that
we have experimented ourselves), much better than with the TCs in (1.15) and (1.16).

All the methods presented above fulfill criteria (i), (ii) and (iv) since they use only local operators (or inverse
of such operators). However, except for (1.15), they fail to satisfy (iii), meaning that their robustness is ques-
tionable.

1.4. Objective and outline of the paper

Our goal is to provide a class of transmission operators and a corresponding iterative process, which is a
relaxed version of the Jacobi algorithm (1.10), in order to achieve the following requirements

(P1) The method is robust in the sense that the convergence is guaranteed,
(P2) The method is fast in the sense that the convergence is exponential,

these two properties being valid in the most general case: arbitrary variable coeflicients and general geometry
of the interface. The robustness property (P1) will be obtain by extending the framework proposed in [5]. As
we will see later, the second property (P2) above cannot be reached with Padé-like operators and that is why
we will have to use non local operators.

The present article reports on the results of the PhD thesis [15] defended in July 2015. Preliminary results
were announced in [14]. As a matter of fact, the use of non local operators was already suggested in [5]. Since
then, the use of integral operators for building DDM has also been proposed in [4] and [21].

Note that our approach, that proposes to use integral operators for DDM for the volumic formulation of the
Helmholtz equation in a general medium, is different, for instance, from the method in [21] that concerns a
DDM for a boundary integral formulation of a transmission problem between several homogeneous media.

The outline of the rest of the paper is as follows. Section 2 is devoted to the presentation and theoretical
analysis of the method. In Section 2.1 we present an iterative domain decomposition algorithm (Sect. 2.1.1), and
a choice of appropriate transmission operators (Sect. 2.1.2) that provides exponential convergence (Thm. 2.1).
Section 2.2 is devoted to the proof of Theorem 2.1. In Section 3, we propose to construct in a slightly restricted
context (corresponding to condition (3.1)) concrete transmission operators, using particular boundary integral
operators, fitting the theory of Section 2. We show that some strategies are compatible with a truncation
procedure to achieve a quasi localization of the integral operators. In Section 4, we go to more quantitative
results in particular 2D situation allowing for a separation of variables as is done in many previous DDM papers:
in this case, the interface is a circle and the analysis relies on a diagonalization property of the transmission
operator in the corresponding Fourier basis (see condition (4.2)). This allows us to compute “explicitly” the
convergence rate of the method in this case via a modal analysis (Sect. 4.1). This analysis also shows that the
use of non local operators is mandatory for achieving exponential convergence (Sect. 4.2). We also show that
the operators of Section 3 satisfy (4.2) (Sect. 4.3). In Section 5, we pursue the study of the model problem of
Section 4 for one of the operators of Section 3. We propose an optimization procedure for the two real parameters
appearing in the definition of this operator and for the relaxation parameter of the Jacobi algorithm (Sect. 5.1).
The result of this process is quantified in Section 5.2 on a particular example. Finally, in Sections 5.3 and 5.4, in
this particular example, we analyze the influence of the wavenumber and of the truncation process mentioned
above on the optimized convergence rate.
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2. ROBUST EXPONENTIALLY FAST DDM

2.1. An iterative DDM algorithm and its convergence

2.1.1. A relaxed Jacobi algorithm

The algorithm that we are going to propose is a relaxed version of the algorithm (1.6)—(1.7)—(1.10), which is
often referred as a Jacobi algorithm. To allow for a more compact writing in the sequel, it is useful to introduce
some notations. To begin, we introduce the two operators

By =p'0,, +ikT, By =p 0, +ikT'. (2.1)

Of course, these are implicitly understood as trace operators on X: B; acts on functions defined in §2;, more
precisely in the Hilbert space

H;={ve H" (Q;) /div(p~'Vv) € L* ()} (2.2)
equipped with the graph norm
o1, = 1ol ) + v (87 V0) [[Fa g - (2.3)
We assume that
(T, T') € L(H? (), H % (%)), (2.4)
so that classical trace theorems ensure that
Bj e L(H;, H 2 (%)). (2.5)

Noticing that —u=10,, +ikT = =By + ik (T +T') and —pu~18,, +ikT* = —By + ik (T + T"), the transmission
conditions (1.9) read

Blul = —BQ’U,Q + ’Lk (T + T/)'LLQ, BQUQ = —81U1 + Zk? (T + T’)ul . (26)

By definition, the left hand side quantities of (1.9) are respectively the incoming traces of u; and us through ¥,
while the right hand side quantities are the outgoing traces of us and uy. In other words, (1.9) expresses that
on X, the incoming trace of uy (or ug) is equal to the outgoing trace of us (or uq). In the iterative procedure,
for decoupling the computation of (uf,u%), that satisfy (1.6), (1.7) , the simplest way is to apply the simple
fixed point procedure (1.10) of Section (1.3), that gives with the new notation

Biul = —Boul ™t ik (T +Tuy™t, Boulh = —Biuf ™t ik (T +Tu} ™!, (2.7)

which amounts to impose that, in each domain, the incoming trace of the solution at step n is equal to the
outgoing trace of the solution at step m — 1 in the neighboring domain. We shall use in fact a slightly more
sophisticated (or relaxed) version of this algorithm by imposing that the incoming trace of the solution at step
n is a linear convex combination of the same quantity at step n — 1 and of the outgoing trace of the solution at
step n — 1 in the neighboring domain. More precisely, introducing r € ]0, 1] a relaxation parameter, we write

Biuf = (1 —7)Buf ™" +r( = Bouy ™' + ik (T + T')us ™), (2.8)
Bouy = (1 —1)Bouly ™' + (= Biuf ™' +ik (T + T )uf ™). (2.9)

Of course, (2.8) will be used as a boundary condition on ¥ for (1.6), and (2.9) as a boundary condition on X
for (1.7). It means that, the problems to solve in each subdomain are

div (p='Vup) + k2eul = f, in 4,
uf =0, on T'g, (2.10)
Biuf = (1 —7)Byuf ™" +r(—Bouy ' +ik (T +T")uy~ "), on %,
div (= 'Vug) + k?eu} = f, in Qy,
pto,ul +ikn~tul =0, on T, (2.11)

Bouh = (1 —7r)Bouy ' +7( = Biul ™' +ik (T +T")uy™ '), on .
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2.1.2. Choice for the operators T and T’ and convergence of the algorithm

In the spirit of [5] of which the present paper is a continuation and a generalization, our aim is to reconsider

the issue of impedance transmission conditions, by focusing on the robustness criterion (iii).
1

Given an operator T € /J(H% (X),H = (E)), we denote by Tr and T the two operators, belonging to that

same space,

T+7T*
Tp = +

T-T*
S —,
2 24
where T* denotes the adjoint operator of T'. By construction Tr and 77 are symmetric, and we have T' = Tr+1T17,
T =Tg — T7.

In this paper, we will take T" = T*, and we make the following assumption on Tg

(2.12)

Tr (or equivalently T + T*) is positive and injective. (2.13)

According to what we said in Section 1.3, and under this assumption, the transmission conditions (2.6) are
equivalent to the original conditions (1.5).
We can state the convergence theorem, which is the main result of this Section 2.

Theorem 2.1. Using T' = T* and under assumption (2.13), then given any initial guess (u,u3) € Hy x Ha,
the iterative process (2.10), (2.11) with r €10, 1] defines a unique sequence

(ut,uld) € H1 x Ha, Yn>0, (2.14)
and the sequence converges towards (uy,us) in Hy X Ha. Moreover, under the additional assumption:

T+T*
Tr = J; is an isomorphism from H? (3) onto H = (), (2.15)

the iterative method converges exponentially fast if r €]0,1], i.e. there exists a positive constant C and a real
number 7, €10, 1[ such that

[uf — wnllyy, + lJug — ually, <C 7 (2.16)

Remark 2.2. As indicat ed in the above theorem, assumption (2.15) is not required for the convergence of
the algorithm, but only for the exponential convergence (see [5]). When considering the natural extension of
(1.6), (1.7) to many subdomains, it is also to ensure the exponential convergence that crossing points must be
excluded.

Remark 2.3. Note that Padé-like operators do not verify (2.15), and we will see in Section 4 that the expo-
nential convergence cannot be achieved with such operators.

Remark 2.4. Let us note that any operator Tx satisfying (2.13), (2.15) can be written (in a non unique way)
as

Tr = A*A  where A is an isomorphism from H?2 () onto L? (). (2.17)

1

and A* € L(L? (X),H = (X)) is the adjoint of A. Reciprocally, any operator T satisfying (2.17) fulfills (2.13)
and (2.15). Note that, according to Banach’s theorem, (2.13), (2.15) imply the existence of g, > 0 such that

1
VeeH?(S), (Trp o)n=Apllizm > as ||<P||2%(Z) ; (2.18)

where (-,-)s; denotes the duality product between H? (X) and H™2 (3).
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2.2. Proof of Theorem 2.1

2.2.1. Well-posedness of the local problems
The objective here is to show that the process (2.10), (2.11) defines a unique sequence

(u?,u?) € Hi X Hs.

Obviously, this results from the well-posedness, for any given data f € L?(Q) and 1,20 € H —3 (X), of the
following problems in H! () or H! ()

div (,u_1Vv1) +k%v; = f,in O div (u’1Vv2) + Ek%cvy = f, in Qs
(P1) v1 =0,0n Y , (P2) wo,v +iknlvy=0,0onT
Bivy =xz1onX Bovg = x5 on X

Indeed, according to (2.8), (2.9), u} (resp. u¥) is the solution of Py (resp. Pa) with 1 (resp. z3) given by

xp=at:=(1-r) Blurf_l + r( — Bng‘l + QikTRug_l),

xo =% = (1 — 1) Bouy " +r( — Byu} ™" + 2ikTrui ™). (2.19)

Lemma 2.5. [Well-posedness of the local problems] Assume that f € L? () and x1,z5 € H™2 (X), problem
(P1) (respectively (P2)) has a solution in Hy (respectively Hs).

Proof. Note that it is sufficient to prove that (P;) and (P2) are well-posed in H' (Q;) and H! (£3) because
(u1,u2) € H1 X Ho then results from the first equation of (P1) and (P2). We will give a proof for problem (Pz)
only, since the proof for (P;) follows along the same lines.

First, it is clear that (Ps) is equivalent to the following variational problem (for simplicity, we will drop index
2: Qo =0, vy = v, k2 = x, ... and we use the superscript ¢ for indicating test functions)

Find v € H' (Q) such that Vo' € H' (Q), b(v,0") = (v"), (2.20)

where the bilinear form b is given by, (again, (-, ). is the duality product between Hz () and H~ 2 (X))
b(v,v") = /Q (/fle Vo — kzevﬁt) dx + ik /F n tvttdo + ik (Tw, vt>2 (2.21)
and the linear form ¢(-) is defined by
(o) = /Qfﬁt dz + (z,v")x. (2.22)

From the properties of operator T' and the standard trace theorem, it is obvious that b(-,-) and £ (-) are contin-
uous in H! (). To show existence and uniqueness, we use Fredholm’s alternative. To this end, we decompose
the bilinear form b(-, ) as follows

b(v,v") = by (v,v") + be(v, ")
b.(v,0") = / (n™'Vo - V' +evd') da + ik (T, v'),, (2.23)

be(v,v) = —(1—&-k‘z)evﬁtdx—&—ik/n_lvﬁtda
Q r

In view of Riesz theorem, we introduce three continuous linear operators in H! (2) namely B, B,, B, such that

b(v,v") = (BU,Ut)Hl(Q), bi(v,v") = (B*'U,'Ut)Hl(Q), be(v,v") = (BCU,'Ut)Hl(Q). (2.24)
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Of course, the well-posedness of (P3) is equivalent to show that B = B, + B, is an isomorphism in H! (Q). This
is proved by showing successively that operator B, is an isomorphism, operator B, is compact and operator B
is injective (i.e. the solution of (Pz) is unique).

i) The operator B, is an isomorphism. This will result, by using Lax-Milgram theorem, from the coercivit
Y g g y
of the bilinear b,, namely
by (0,0)] = ol gy Vv e H (Q) (2.25)

Setting b, ,(v,v) := Re by (v,v) and b, ;(v,v) := Imb.(v,v), it suffices to find (\,7) € R x R} such that

bur(V,0) + Abei(0,0) = Y l[V] gy, Ve H (Q) (2.26)

Indeed, since b (v,v) + Abs;(v,v) < V1 + A2 |b.(v,v)], (2.26) yields (2.25) with a =~y (1 + /\2)_%.
To prove (2.26), we observe that

bar (0, 0) + Abyi(v,0) = / (7 190 + € o) d — k (Tr0, 0}, + kA (Tho, v)s (2.27)
Q
Then, using (2.18) (coercivity of Tg) and (Tu, u)s < M; Hu”i{%(z) (continuity of T7), we get
bir(V,0) + Abs i (v,0) > / (,u_l IVol® + € |v|2) de+kMNas — M) |v]? 1 . (2.28)
s ’ Q H2 (%)

Thus, it suffices to take A larger than ag' M; to obtain (2.26).
(ii) The operator B. is compact. This results directly from the following compactness property of the
bilinear form b,

Ly = (v,0') weakly in H' (Q)> = b.(v,, 0!

(vn, vy, P) — be(v, ") (2.29)

which obviously results from the compactness of the embeddings H' (Q) € L2 (Q) and H? () C L2 (%).
(iii) The operator B is injective. If v is in the kernel of B, this means that

div (p~'Vv) + k?ev=0,in Q (a) (2.30)
ptov+ikT*v=00n % (b) '
and, in particular, that b(v,v) = 0. Therefore
12 2 12
Imb(v,v) :=k(Tgrv,v)s + k||n 2v||L2(F) =k [ Av][z2(x) +k||n 2v||L2(F) =0, (2.31)

that implies v = 0 on ¥. Using (2.30)b, we also deduce that g=d,v = 0 on . Thanks to (2.30)a, we can then
conclude that v = 0 in € by using a unique continuation argument (see [2]) and the connectiveness of €. ]

Note that Lemma 2.5 defines implicitly four continuous linear operators
Ry L(I*(%), M), Byel(HE(®),1), j=172 (2.32)
such that the solution v; of (P;) satisfies

v; = Rj f + Ej Zj. (233)
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2.2.2. Convergence analysis

Our analysis first relies on a reformulation on the interface of the problem for the error.
Let us define the error at iteration n as well as their incoming traces

e" = (ef,ey) € Hi X Ha, €} =uj —uj, j=1,2, (2.34)

e = (ef,e8) = (Biel, Boeh) € X = H 3 (D) x H % (%), (2.35)

Obviously, these errors satisfy the interior homogeneous equations

div (= 'Vel) + k%eef =0 in O
{ e =0 only’ (2.36)
div (p™'Ves) + k%cey =0 in Qy
{ pwto,ed +ikntey =0 onT (2.37)
in such a way that, according to the definition of the operators Eq and Es in (2.33), we can write
el = F el ey = Fyel. (2.38)

This shows that to prove e® — 0 in H; X Hs amounts to prove that €” — 0 in X. In the following, we
reinterpret the iterative algorithm (1.6)—(2.8) and (1.7)—(2.9) as an abstract iterative process for the ™. Indeed,
the transmission conditions for (e, e}) reads

Biel =r(— B> en ™t 4 2ikTReg_1) + (1 —7)Bref!
{Bzeg = r( - B e’ll_l + 2ikTReT_1) +(1-r7) Bzeg_l ’ (2:39)
We introducing the operators S and IT in £(X):
S(z1,x2) = (S121,S222) := (— 21 + 2ik Tr(Era1), —22 + 2ik Tr (Eax2)), (2.40)
I(xq,z) = (xQ, :1:1). (2.41)

Note that S is diagonal and decouples the two components of any element of X, while the exchange operator 11
recouples them. The action of the operator S; is obtained through the solution of the local problem in ©; and
transforms the incoming trace into an outgoing trace: it is called the scattering operator of €);. Setting

A=1I58 < A(:L‘l,xg) = (—.’L’z—l—?ikTR (Egmg),—l'l +2i/€TR(E1l‘1))7 (242)
it is readily seen that (2.39) becomes
"=1—-r)e" P HrAc"t = A" A= (1) +7A, (2.43)

from which it is clear that the convergence of the algorithm will follow from the properties of the operator A,.,
or equivalently the operator A. The first important property is the object of the following lemma.

Lemma 2.6. Under assumption (2.13), (2.15), the operator I — A is an isomorphism in X.

Proof. Given any y = (y1,y2) € X, we wish to exhibit z = (21, 22) € X such that (I — A)x = y which, according
to definition (2.42) of A can be rewritten as

{zl - E@ +2ik Tp(Exx2)) = 41 (2.44)
2y — (=1 + 2ik Tr(E121)) = yo .
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Setting u; := F; xz; € H;, we know, by definition of E}, that «; = B;u;. As a consequence, finding (z1,z2), is
equivalent to finding (uq,u2). By definition of E; again, u; and ug satisfy

div (p='Vuy) + k2eu; = 0, in Q;, j=1,2
up =0, 0n Iy . (2.45)
pt0us +ikn~tuy; =0,onT

We want to deduce (ug,us) only from (y1,ys2). To do so, we are going to write transmission conditions across ¥
deduced from (2.44). For instance, the first equality in (2.44) gives

y1 = Biug + Boug — 21k Trus = u_la,,lul + ,u_lal,zug + 1k Tuy + ik T ug — 21k Truo. (2.46)
That is to say, using the definition of B; and 2Tr =T 4+ T
Y1 = ,uflal,lul + ;fla,jqu + ik Tr(ur — uz). (2.47)
In the same way, from the second equality in (2.44), we deduce
Yo = p Oy, ur 4+ p Oy un — ik Tr(uy — us). (2.48)

If we see (2.47), (2.48) as a linear system in p~10,,u1 + p~'0,,us and u; — ug, using the fact — this is the key
point — that Tk is an isomorphism between Hz (X) and H~2 (X), we obtain

1 —
up—uy = — T L2 (e g3 (3))

ik 2
’ Y1+ Y2

B B (2.49)
WO U A Opyun =

i TR 2 ;yQ (e H% (%))
In other words, if z is solution of (2.44), then (u1, uz2) is solution of the transmission problem (2.45), (2.49).
The principle of the proof is then natural

(1) Given y = (y1,y2) € X, we solve the transmission problem (2.45), (2.49). Because the right-hand sides of
(2.49) have the adequate regularity, this problem is well-posed and admits a unique solution u = (u1, ug) :
this is a consequence of a classical result for transmission problems: i.e. Lemma 2.7, applied with

1 - _
va= T (V2 2) cgi(s), o, =092 i (M) cpiy), (2.50)
ik 2 2 2
(2) From (u1,usz), we consider z = (z1,x2) := (Biuy, Biui) and prove that x solves. This is pure algebra: it

suffices to repeat the calculations that led from (2.44) to (2.49) in the reverse order.
g

Lemma 2.7. Given a couple of boundary data (04,0,) € H2 () x H™2 (X), the transmission problem; find
v = (v1,v2) € H1 X Ha such that

div (p=*Vv;) 4+ k?*ev; =0, in Q;, j=1,2
v; =0, 0n [y
wto,v +ikn tva=0,0nT (2.51)
[v] =04 0n %
[;fl@yv] =0, 0n Y%

where, by definition [v] = V1) — V2, and [/flal,v] = u‘l&,lvlm + u‘layzvglz, admits a unique solution.
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Proof. 1t is quite classical. We first construct a lifting operator Ry € [,(H%(E),Hl(Qg)), namely such that
(R2(04q))z = 0q. For instance, we define
RQ(Ud) = Ug, € HQ,

where u,, is the unique solution of the elliptic boundary value problem (note that with respect to the original
problem, we change k2 into —k?)

div (,u_1VuUd) — k:26ugd =0, in Q9
;fl@,,ugd + ik nfl Uy, =0, on T . (2.52)
Uy, = 04, ON X

Let Ry(cg) € L2(€2) be the extension by 0 of Ry(cg) in €. Let us introduce the affine space
H(oa) = H'(Q) + Ra(04) C Hi % Ha.

By construction, all functions of H satisfies the jump condition [v] = o4 ans we easily see that v € H(og) is

solution of (2.51) if and only if the new unknown u := u = v — Ra(0g4) € H*(Q) is solution of the variational
problem
Find v € H*(Q) such that for any u! € H{(Q)
) (2.53)

p v - vat — k? euﬂt—ik/n_luﬂt = (on, ut>E —L,,(u
Q Q r

where L, is the antilinear form on H(2) defined by

Egd(ﬂt) :/ ,LL71VR2(Jd)Vﬂt7k2/
Q2

€ Ry(0q) 0" — ik / N ' Ry(og) @’ (2.54)
Q T

Note that the right hand side of (2.53) defines a continuous linear form on H'(Q) (and thus an element
f € H Y(Q)). Therefore, (2.53) is nothing but the weak formulation of (1.1) with this particular f. One
concludes then from the well-posedness of (1.1). O

Thanks to (2.13), (2.15) and Remark 2.4, T = A* A with A an isomorphism from Hz (X) onto L2 (X). As a
consequence, we can equip H~ 2 (3) with the particular norm

lel® s = (e, T @) = 1(A%) ' 2wy, (2.55)
and accordingly X with the Hilbert space norm
lall? = lle1 2 + sl - (2.56)
The second important property of A is given by the following Lemma.
Lemma 2.8. Provided (2.13), (2.15), the operator A is contracting in X for the norm ||-|| defined by (2.56).

Proof. As II is unitary, the result will be a consequence of

_1
Voe HH(D).0#0, [Siel y=lel_y. IS0l

s <loll_y- (2:57)
We shall prove the result concerning Ss, the proof for S; being almost the same.

By definition of Ey (see Sect. 2.2.1) and Sy (see (2.40)), the function vy = Es ¢ € Hy satisfies

div (p*va) +k%ecvy =0, in Qo
wto,vs +ikntvy=0,onl (2.58)
pt0,,v0 + ik T*vg = @ on &
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and Sy o = —p + 2ik Trua. From ||—¢ + 2ikTrus||” = |||” + 4k | Trva||* — 4kTm(p, Trvs), and we thus have

15260117 3 = [l 3 = 4k (Troz, Troa) _, — 4k Im(p, Trea) _, - (2.59)
By definition of the scalar product (-,)_1 (see (2.55)), this turns into
12112, — lpll® y = 4k (Tirv, va)s: — 4k Tm(ip, va)s: (2.60)
Now, we note that vy satisfies to
k2/ elva|® _/ [ Vvaf? +ik/ N ool + ik (Tvz, va)s = (p, va)s, (2.61)
Qo Qo T
remembering that T' = Tg + ¢ T7 with T7 symmetric, so that (T ve, ve)s is always real, we get
T vals =k [ 0 ool 4 b (Tieos, v, (262)
r
and finally,
e e A (2.63)
r

The last inequality is strict because vy cannot vanish on I'. If it were the case, by the boundary condition on I"
in (2.58) and unique continuation, ve would vanish in Qq, contradicting the boundary condition on X for ¢ # 0.
The proof for S; follows the same lines. The only difference is that there is no contribution of the other boundary
Ty because of the Dirichlet Boundary condition: (2.63) becomes an equality and S; is an isometry. (I

Remark 2.9. It is important to note that we have implicitly used the fact the operators on each side of the
interface T and T” (see (1.9)) are adjoint, namely 77 = T*. The proof would not be valid otherwise, as the
operator T appearing in (2.60) would be replaced by T + T” and one could not use (2.62) to conclude.

The proof of the exponential convergence then follows from the estimate (proven below)
7= ||A]| = ||(1 = )] + 74| < 1. (2.64)
To prove (2.64), we apply the well-known Hilbert space identity:
V(wy) € X2 [(L=r)a+ryl® =1 —r)llz|*+rly|* = r( —r) |z - y|* (2.65)
with y = Az, we deduce from (2.43)

2 2 2 2
[Ar z]|” = (L =7) [[=]]" +r[[Az|” —r(1 —r) [(I = A)z[]”. (2.66)
Using Lemma 3, we deduce that
1Ar 2|* < fl|* = r(1 =) (I - A) x| (2.67)
while, from Lemma 2.6, there exists a constant § > 0 such that
VeeX, |[(I-Az|>§|=| (2.68)
with, moreover, § < 2 given that A is a contraction (Lemma 2.8). Therefore, we infer that
1Ar 2|* < [l]* = r(1 = r)6? ||z]*. (2.69)

This means that ||A,.| < /1 —7r(1—7)d% < 1.
By (2.38) and (2.43), u1,n —u1 = Ey (A% €1,0) and ug,, —us = Eo (A" €2 ). Using the inequality ||A”| < ||4.]",
we obtain (2.16) with C' = max{| E1||, || E2]}-

This concludes the proof of Theorem 2.1. First let us note that this proof can be extended to many subdomains
at the price of heavier notations, provided that the interfaces do not cross. One can wonder why this proof cannot
be extended directly to the case of many non strip subdomains. If one look carefully at the proof, the blocking
point is Lemma 2.7, and more precisely the lifting operator does not exist when crossing points are present.
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3. CONSTRUCTION OF APPROPRIATE OPERATORS T

In this paper, we shall restrict ourselves to the case where the operator 77 is proportional to Tr
Ty =~Tgr, v € R which is equivalent to T = 2Tg, with z =1+ . (3.1)

Our main concern here will be to construct an operator Tx satisfying the properties namely (2.13) and (2.15),
required for the theory of Section 2 to be applicable. Above these theoretical considerations, its construction
is also guided by practical considerations: the ease of the numerical approximations of such operator as well as
the low cost of its evaluation.

In the sequel, we propose several solutions that all rely on integral operators (of convolution type) with a
singular kernel (at the origin), the key point being that the singularity is imposed by condition (2.15) : roughly
speaking, Tr must be a pseudo-differential operator of order 1. We shall consider two strategies which are more
or less equivalent from the theoretical point of view, but will lead to different options when the numerical
approximation will be concerned.

3.1. Strategy 1: Direct definition of the operator Tg
3.1.1. Strategy 1 (i): Constructing Tr from Gagliardo’s semi-norms

We shall define the operator T through the corresponding bilinear form in H2 () that is moreover well-
suited for finite element approximation. One of the most natural choice (proposed by Xavier Claeys) is related
to the integral representation of H 3 (3) semi-norms known, depending on the authors, as the Gagliardo’s semi-
norms (see for instance [1], [8], [6]) or as the Sobolev-Slobodetskii semi-norms ([16] or [12]). Given « and
positive numbers, a first choice for the operator Ty is

Tup, 005 =a [ @) dote) + 5o [ [ AD=ADEDZ00) 401000, (32

=

1
where we have chosen to put the T factor so that a and 3 are dimensionless quantities.

This operator is non local and its evaluation is thus computationally heavy. That is why we propose a quasi
local version through the introduction of a characteristic length L, and a given cut-off function x(p) € L (R™)
satisfying typically

0<x(p) <1, x(p)=1lforp< x(p) =0 for p > 1. (3.3)

1
2 b
We consider

. 1z im [ o) oo [ [ () O SEO T 100, 5

b

The quasi locality of such Tg ’s appears when L < diam (X) through the following property

dist (Supp ©, Supp w) >L = {Irry, ¥)s=0, (3.5)

which implies
supp ¢ C B(zo,R) == supp Tr, v C B(zo,R+ L). (3.6)

Note that this operator still satisfies the desired theoretical properties (2.13) and (2.15). Indeed, the symmetry
of T 1, is obvious from (3.4) while the injectivity and the continuity are consequences of the double inequality

allelZzm) < (TrLe, @)z < (Tre, ¢)s. (3.7)
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One can then conclude thanks to the following theorem

Theorem 3.1. The positive and symmetric operator Tr 1, defined by (3.4) is an isomorphism from H? (%)
onto H=2 (3).

Proof. Writing
Trp = {I — (Tr = Tr.1) Tgl} T, (3.8)

since T is an isomorphism from H? (X) onto H 2 (X), it suffices to show that
the operator I — (TR — TR7L) Tgl is an isomorphism in H 2 (%).

Since its injectivity is deduced from the one of Tg, it suffices to show that

K, := (Tr — Tr,1) Ty " is compact in H™ (%), (3.9)
and to conclude via Fredholm’s alternative. Since the function
(2.9) — (1= x(Jz = 9 /L)) |z —y =D (3.10)
is bounded on ¥ x ¥ by C(L) > 0, we have
|((Tr — Tr,L) ¢, V)| < C(L) (measX) ¢l L2(s) el (3.11)

which means that the operator Tr — T, 1, is continuous in L?(X)
Vo e HE(), |(Tr—Tao)elliam < C(L) (meas) @] ). (3.12)

Next, let 1, be a bounded sequence in H~ % (%), then ¢, := Tx ', is bounded in H? (3). By compactness of
the embedding of H 3 (¥) in L3(X), we can assume that, up to the extraction of a subsequence, ¢, is strongly
convergent in L2(€). Thus, (Tg — Tr..)¢n = K, b, converges strongly in L2(X), a fortiori in H~2 (X). This
concludes the proof. O

3.1.2. Strategy 1 (ii): Constructing Tr from potential theory

We can also use an approach which is more familiar to specialists of boundary integral equations which is a
priori effective in the cases of practical interest, namely when d = 1,2. More precisely, for (p, ¥) € Wh(X)
we can define

_ 1. o e 8 o _ z) 0.1 o(z)do
d=15 (Trp, W)= [ o) dota)+ 2 [ [ 1o (1) 0rele) 05) dotohiot), (313)

b

— B rotsp(x) - rotsy(y)
o(x)(z) do(z) + e /E/E @ do(z)do(y), (3.14)

d=2: <TR90a ’l/}>2 2:04/ _y|

P

where, when d = 2, roty, is the usual surfacic curl-operator. From potential theory, we know that these operators
are positive and self adjoint, as soon as o and [ are positive. More precisely, Tr = o + %77 where the operator
7T is defined by

Voe H: (R), Typ=uyls, (3.15)

where u,, is the unique solution in W (R?\ X) (see [17]) of the jump problem

—Au, =0, in R?
(3.16)

[ug] =, [0, uy] =0,0n% '
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Indeed, using Green’s formula, one easily establishes that
<7¢ﬂMg::/n Ve Vi, dz. (3.17)
R4\

From the above property and trace theorem, it is immediate to prove the

Theorem 3.2. The positive and symmetric operator Tr defined by (3.13) if d = 1, or (3.14) if d = 2, is an
. . 1 1
isomorphism from H?z (X) onto H™2 (X).

One practical advantage to use this operator Tr defined by (3.13) or (3.14), is that it has already been
implemented in many codes for boundary integral equations. One disadvantage is that it is difficult to propose
a truncation process analogous to the one proposed previously in (3.4) that preserves the positivity of the
operator. This is one of the motivation for proposing the second strategy.

3.2. Strategy 2: Definition of operator T through an operator A with Tp = A* A

We do not have to take care of the positivity of Tr, which is automatic, and only need to construct A as an
isomorphism from Hz (X) in L2(X), that is to say a pseudo-differential operator of order 1/2.

3.2.1. Strategy 2 (i): Constructing A from Gagliardo’s semi-norms

According to the first strategy for the direct construction of Tx, the most natural idea if to take

_ ) (¥(z) — ¥(y))
(Ap, )y = o / P (w) do(a) + - / / do(x) do(y), (3.18)

> M—w”2

with @ € R} and # € C\R~. From the definition of the H'/4-norm, this defines an operator with the property
A€ L(HYY (), H YY(®)). (3.19)

In some sense, A is a pseudo-differential operator of order 1/2 and one can expect that it maps continuously
H? (3) into L2(X). (3.20)
We did not succeed if finding explicitly such a result in the literature but have been able to prove it when d = 1.

Lemma 3.3. Assume thatd=1, a >0 and 8 € C\ R~ and let ¥ be smooth enough, then A defined by (3.18)
is an isomorphism from Hz2 (X) into L2().

Proof. See Appendix 1 where we are more precise about the regularity of X. O

In order to construct an operator A which is quasi-local in the sense defined in Section 3.1.1, we introduce
again the cut-off function y, see (3.3), a length L and consider

oo s = [ ot dow+ [ (1) HDZDD =000 400400, (321

> |z —y|*t2

With the same compact perturbation technique than for the operator T ;, defined by (3.4), we can prove the

Theorem 3.4. If A is an isomorphism from Hz (X) into L2(X), the operator Ay defined by (3.21) is an
isomorphism from H= () onto L2(%).

Remark 3.5. By comparing (3.4) and (3.21), the reader will notice that, passing from the definition of Tx 1,
in the first strategy to the construction of Aj, here, we replace L by L/2. The reason is that, with this choice,
the “locality property” (3.6) still holds for Tg 1 := A} ApL.



EXPONENTIALLY CONVERGENT NON OVERLAPPING DDM 791

3.2.2. Strategy 2 (ii): Constructing A from potential theory
For (¢, 1) € W1°(%) we can define

(¢ )5 1= [ p(@ila) do / / rotep(e) TVW) 45 1940 (y) (3.22)

3 |z —yld=2

where, when d = 2, roty, is the usual surfacic curl-operator (see [17] for instance) while, when d = 1, one has to
understand roty;, = d; where 9; is the 1D-tangential derivative.

Remark 3.6. It is easy to explain where (3.22) comes from in the case where ¥ = R%. Noting $(€) the Fourier
transform of ¢(x), then using the definition of Sobolev norms via Fourier transforms, a typical isomorphism
from Hz () into L2(X) is

Ap(€) =1+ €2 =1+ €] 2¢[%, (3.23)

then denoting K the inverse Fourier transform of || ~3, which is nothing but a weakly singular kernel in L! ().
More precisely this is the so-called Riesz kernel defined by

Kg=Cqlz|®3, (3.24)

for some positive constant Cyy. Then, using the property of the Fourier transform with respect to the convolution,
the operator A can be formally written as (see [20])

A=T+Ky*A. (3.25)
It is readily seen that the bilinear form associated to A is of the form (3.22) with & = 1 and 8 = Cy4. The

operator A(®) defined by (3.22) is thus a generalization of (3.25). Let us emphasis here that it is the singularity
of the kernel that determines the order of the operator A (as pseudo-differential operator).

In the sequel, we shall restrict ourselves to parameters « and (8 verifying
a#0, Beik (3.26)
Under this assumption, we can state the equivalent of Lemma 3.3 for A defined by (3.22).

Lemma 3.7. Assume that d = 1, ¥ is smooth enough, and that (3.26) holds, then A defined by (3.22) is an
isomorphism from Hz2 (X) into L*(X).

Proof. The proof is similar to the one of Lemma 3.3 (or even easier) and will be omitted here. Let us emphasize
here that (3.26) is used to ensure the injectivity of A.

Indeed, since / / mtET’ |r;>tzw( Y) do(x)do(y) € R and 8 € iR, Re(Ap, ) = [y ol O
z—y

Analogously to what we did in Section 3.1, we can propose the following truncated operator

=« 2)Y(z) do(x ﬂ |z —y|\ rotzp(z) - rotsi(y) o(z)do
g s = [ pT) dof >+¢E/2/2x( m) S dom)arty). (327

Again, Theorem 3.4 is still valid for the operators A and Ay, defined by (3.22) and (3.27).
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TABLE 1. Summary of the different strategies.

Strategy 1: direct construction of Tr Strategy 2: construction of Tr via A
via Sobolev norms via Potential theory via Sobolev norms via Potential theory
Fully non local (3.2) (3.13) or (3.14) (3.18) (3.22)
With localization (3.4) No truncation process with guaranteed positivity (3.21) (3.27)

3.3. Summary of the section and practical aspects

In this section, we have presented several options regarding the construction of appropriate operators for our
domain decomposition method, all based on integral operators. These options are summarized in Table 1.

On the theoretical point of view, they all are very similar. However, if one keeps the numerical point of view
in mind, a few differences appear.

— Some choices allow for a truncation process with guaranteed convergence (that is to say, preserving the
properties of positivity of Tg 1) which is quite valuable since the discretization of the transmission operator
would then lead to sparse matrices, with a much reduced cost (of storage first, but also of CPU time). This
will be discussed in more details, in our particular case, in Section 5.4.

— Constructing T" or A. The operators A are more regular than the operators T', as they are pseudo-differential
operators of order 1. The corresponding kernels are less singular and thus they are easier to evaluate

2
numerically, but they require the use of additional unknowns ¢ = Awu, to take into account that Tu =

Ao =A"Au.
4. MODAL ANALYSIS WITH CIRCULAR SYMMETRY: THEORETICAL RESULTS

The model problem is presented in Figure 2. It represents the scattering by a perfectly conducting circular
obstacle of radius R;. The computational domain €2 is bounded by a first order absorbing boundary condition
at r = Ry. We assume that the medium is homogeneous with ¢ = u = 1. The domain 2 is split into two
subdomains by a circular interface ¥ of radius R. Our objective in this section is to illustrate and quantify the
convergence Theorem 2.1 in the case where the operator T is supposed to be diagonalized in the Fourier basis.
This is the object of Section 4.1. With this analysis, we can explain in Section 4.2 why one cannot achieve
exponential convergence with Padé-like operators. Finally, in Section 4.3 we consider the particular case of the
non local operators introduced in Section 3, when we do not apply any truncation process, in other words, when
we consider the operators T' = (1 + i) Tg, where Tg is given by (3.2) or (3.13 or 3.14), or T' = (1 + i) A*A,
where A is given by (3.18) or (3.22).

4.1. Quantitative error analysis

4.1.1. Reduction of the operator A, to a countable family of 2 x 2 matrices

Using Fourier series theory, we can represent the space X as an hilbertian sum

X = @ Xm, Xm= {xmeima, T = (T1,m, Tam) € (CQ}. (4.1)
meZ

The operator T is assumed to be diagonalizable in the basis {},,cz
Teimd — tmeimO’ with  |t,,| < C|m| and TRe(t,) > 0. (4.2)

Note that the properties on t,, follows from (2.13). We shall also assume that
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FIGURE 2. Geometry of the problem for the modal analysis. The dotted circle of radius R is
the transmission interface splitting the domain.

We shall see later that the properties (4.2), (4.3) are shared by all the operators introduced in section 3. This
allows for separation of variable in polar coordinates and shows that each space X,, is invariant by the operators
S and II, whose restrictions to X,,, are represented 2 x 2 matrices, namely

o 01 _ |S1m 0
Hﬂ’l - |:1 0:| ) Sﬂ’l - |: O :| 7 (4'4)

S2,m
where one computes that (we omit details that are classical)

dim =it _ _Gam —itm

’ m — ) 4.5
Ay + it 52, gy + i (45)

S1,m =

where the complex numbers d; ,,, and dz ., are actually associated to the Dirichlet-to-Neumann operator (on
Y)) respectively for the interior domain Q; and the exterior domain €. They are given by

d Jm(le)an(kR)me(le)J;n(kR)
Im = J (kR Y, (kR)— Y (kR1)Jm (KR)

(J1y (kR2)+i T (kR2)) Y (kR)—(

m m

dam = T (T (kR2)¥i Jm (ER2)) Yy (kR)—(

(4.6)

Y, (kR2)+iYin (kR2)) J;, (kR)
Y/ (kR2)+i Yy (kR2))Jm (kR)

m

where (Jp,(2),Y;(2)) are the usual first and second kind Bessel functions. It is worth mentioning the following
properties of the numbers s1 ,,, S2.1m, which simply are a particular case of (2.57) for our geometry and ¢ = em.

|817m| =1, |82,m| < 1. (47)

Since di , is real, |s1,,| = 1 is obvious and s3,, < 1 can be shown from the positiveness of the Wronksian of
Bessel functions (see details in [15]). As a consequence of the above properties, we deduce that the operator
A, is block diagonal with respect to the hilbertian sum (4.1) and thus completely represented by a countable
family of two by two matrices

Arm=1—-r)I+rA,, with A, =IL,5,. (4.8)

4.1.2. Estimation of the convergence rate of the method

The convergence of the method is governed by the norm in X, of the nth power of the operator A,. A
first naive estimate of the error is obtained by proceeding as in the abstract proof (see Sect. 2.2.2) using the
inequality

AT < A" (4.9)
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and then by computing || A,||. However, the resulting estimate would not be optimal because of the inequality
(4.9), which is not an equality because the matrix A, is not normal. That is why a more accurate approach
consists in directly estimating the norm ||A”|| given by

| A7l = sup |A},, o |A7Tf’m|2 = lstllp AT 2, (4.10)
m z|=1
where | - |, is the matrix norm subordinate to the euclidian norm | - | in C2. In order to use (4.10), we should
use the well-known fact that )
A7 ]y = [Amax (A7) (A7) 7 (4.11)

where for a positive hermitian matrix B, Apnax(B) is the largest eigenvalue of B. However, such a computation
appears to be heavy and hardly tractable, and we shall restrict ourselves to propose an upper bound for |A, |,
which however appears to be optimal in some sense in view of the lower bound (4.15). This estimate, as can be
expected, involves the two eigenvalues of the matrix A, ,,, which are nothing but

Trym,£ = (1 - T) + Tv/51,m52,m; Re VS1,mS2m > 0. (412)

Let us set

Tr,m = INaX {|Tr,m7+|7 |Tr,mﬁ‘} = ‘Tnm,Jr‘v (4.13)

(the verification of max {|7m,+!, |Tr.m,—| } = |7r,m,+| comes form the choice of the determination of the complex
square root). Due to assumption (4.3), Formulas (4.5), (4.6) and Property (4.7), we see immediately that

VmeZ, 0<7.,<l, and 7, _pm=Trm. (4.14)
We have an obvious lower bound for |A7’}7m| ,» namely
ATy = 7o (4.15)
The upper bound is provided by the
Lemma 4.1. We have the estimate
Vn >0, |Af’m|2 < (Tom +rn) 70 (4.16)

Proof. The proof is technical and can be skipped in a first read. By continuity of A, ,, with respect to s ;,, it
suffices to prove Lemma 4.1 for s, # 0. When s3,, # 0 the two eigenvalues (4.12) of A,.,,, are distinct. Thus
Ay is diagonalizable (indices m and r are omitted in 74 )

n o _ 7—1 0 -1 _ |VS1m 7\/%
A'r‘,m_Pm|:0 TTL:l Pm Y P’Vn_|:\/% m:l' (4.17)

From that, we easily compute that (setting o, = \/s1,m/S2,m and noting that |a,,| > 1)

n s D e 0 am
Ar,m = = 9 |:0 1:| u 2 Bm, Bm = |:O[1 0 :| (418)
We deduce a bound for the L? norm of A7, as follows
n ™ + 7" T — 7" T + 7" A
Al < | | 1Bl = | 5 |+ |25 . (1.19)
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where we have used that B}, B,, is diagonal with eigenvalues |ay,|> > |a,,|™2 so that |Bp|2 = |am,|. Since
n—1
=1t =(ry — 1) ZTET:_L_l_k and |74| > |7—|, we have
k=0
Ty —T- _
| A7, < ™ + 0o — 5| " (4.20)

The conclusion follows from 74 — 7— = 27, /51 m52.m, Qm = \/S1,m/S2,m and |s1,m| = 1. |

To go further, we are going to take into account the isomorphism property (2.15), which is equivalent to
imposing
1 1
c1 (1+m?)2 < Re(tm) < co (14+m?)2. (4.21)

For simplicity, we use a slightly more restrictive assumption, namely that

tm ~ (¢ %, |m| large, with Re({) >0, (4.22)
which can be shown (see Sect. 4.3) to be shared by any of the non local operators introduced in Section 3. Our
main result is

Theorem 4.2. Assume 0 < r < 1 and assumption (4.22) to hold, then the T, ,,’s defined in (4.13)-(4.12) via

(4.5)-(4.6) satisfies T := sup Tp.m < 1 and we have for the nth power of the operator A,,
mEZ

A"|| = sup sup |A", x| < (7. +rn)7nL 4.23
r o=1 r,m T
m xT|l=

Proof. Due to Lemma 4.1, it remains to show that 7,. is strictly smaller than 1. Using large order asymptotics
for Bessel functions and their derivatives, one shows after tedious but straightforward calculations that

[m

dim ~dom~—, |m|large. (4.24)
R
Thus, using (4.5), (4.6) and assumption (4.22)
m it \ (e,
VS1,mS2,m ~ m . m — - L(C), when |m| - +OO> (425)
e T itm e T itm

with

_ 1= ¢]? = 2iRe (¢)
L@)¢1—KP+%RMO' (4.26)

Obviously, |L(¢)| = 1 and since Re (¢) > 0, it comes that L(¢) # 1, i.e. L(¢) = €' with o € [~7/2,7/2], ¥ # 0.
As a consequence of (4.25), (4.12) and (4.13),

Troo = lim 7wy =|(1—1) +rL(C)] (4.27)

|m|—+o0

and a simple calculation for L(¢) = €' leads to

72 1 —4r(1—r)sin? % <1, since ¥ #0 and r(l1—r)>0. (4.28)

r,o0



796 F. COLLINO ET AL.

FIGURE 3. Effect of the relaxation on the eigenvalues of the unrelaxed problem (representation
for r = %) Blue dots represent the unrelaxed eigenvalues, in red are the relaxed ones.

To conclude, we note that for any € > 0, there exists M () such that

Trm < Troo + € VIm| < M(e). (4.29)

On the other end, thanks to (103),
VM eN, 7.(M):= max 7, <1 (4.30)

|m|<M
and we have
]- - Ir.oco

7, < max {Thoo,f'r (M(e))} <1 for & small enough (a.e. €= 2T> . (4.31)
O
Remark 4.3. The number 7, = sup,,cy 7r.m differs from 7, = ||A,||. It is obvious that 7, < 7,. In our case,

one can even check that 7, < 7., reason why the estimate (4.23) is asymptotically better than (4.9).
Remark 4.4 (On a lower bound of the convergence rate). From (4.28), since |%\ < T and r €]0, 1], it comes

1
Troo = —=. 4.32
2 7 (4.32)
This shows that for this particular problem, the convergence rate of the method cannot be smaller that ~ 0.707,
and this limitation is due to the highest modes of the problem.

Remark 4.5 (On the effect of the relaxation). As one can see from (4.12), the eigenvalues of A, ,,, are a convex
linear combination between 1 and the unrelaxed eigenvalues +, /51,52 m. We define in the complex plane the
function f,.(z) = (1 —r) +rz. Since f.(z) —1 = r(z — 1), the C-mapping f, is a homothety of factor r, centered
at z = 1. Then, if D denotes the open unit disk, the image of D by f, is another open disk D’ centered at
f+(0) =1 —1r and of radius r. Note that D’ C D (see Fig. 3), and the inclusion is almost strict, in the sense that
the closure of D’ is also included in the open unit disk D at the notable exception of the point z = 1.

4.2. On the necessity of the isomorphism assumption (2.15)

In Sections 2 (Thm. 2.1) and 4.1.2 (Thm. 4.2), we have shown that the assumption (2.15) (or equivalently
the double inequality (4.21)) is a sufficient condition for achieving exponential convergence. We now show that
this is more or less a necessary condition. It is the object of the following theorem.
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Theorem 4.6 (A case of non-exponential convergence). Assume that

| . [tml
liminf 22 — o b) 1 Tl _ 4, 4.33
(@) liminf == =0, or (b) imsup =% = +00 (4.33)
then, there cannot exist C > 0 and 7 €0, 1[ such that
Az < Cr (4.34)

Proof. We can assume that, up to the extraction of a subsequence, the liminf or limsup in (4.33) are true
limits. From (4.5), we can rewrite

1— it /dim 1—itm/dam
o i, . m\ 4.35
oLme (1 +ztm/dz,m> <1 +Z’5m/dlvm) -

Then, as soon as [t,,|/m — 0 or |t,,|/m — 400, using (4.24),

lim S1,mS2,m = 1, (436)
m—0o0
which obviously implies that
mliinOO Trm+ = n}i_l}rloo(l — 1)+ 7/51,mS2,m = 1. (4.37)
Let zp . + € C? be the eigenvector (|zrm,+| = 1) of A, ., associated to the eigenvalue 7, ,, + and let g =
Tyom.+ €™ € X. We have obviously
1A gll = |7 m.+ " gl - (4.38)
If (4.34) were true, with 7 < 1, we would have
ITomt|” < C oy e |Tpma| <Crr. (4.39)
By letting n go to +oo0, we would get |7y m +| < 7 for all m, which contradicts (4.37). O

Remark 4.7. The fact that the contradiction in the proof is obtained by making m — 400 shows that the
lack of exponential convergence is due to the most oscillatory modes on the interface.

Corollary 1. As a consequence, exponential convergence cannot be achieve with the algorithm (2.10) and
(2.11), if the impedance operator is searched as a Padé-like operator of the form

-1
T=P(-As)Q(—Ax) , (4.40)
where P and Q are polynomials and Ay, is the Laplace-Beltrami operator.

Proof. With the choice (4.40), we have

b = (4.41)

so that either t,, as a finite limit when m — 400, leading to (4.33a) or t,, is equivalent to m?* for some integer
k > 1 leading to (4.33b). O
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4.3. Application to the non local operators of Section 3

We have seen the importance of condition (4.22), we will now see that the several solutions proposed in
Section 3 satisfy this condition. The invariance of the problem by any rotation allows us to show that the
functions €™’ m € 7 diagonalize these operators; the explicit computation of the eigenvalues associated to
the operators reduces to the evaluation of known integrals. For more details on these computations, see [15]
Chapters 4 and 5, as well as Appendix A.2.

Operators issued from Strategy 1. The two operators T from strategy 1 ((3.2) and (3.13)), coincide on
this geometry and it can be proven that the eigenvalues of the operator T' = (1 + i) Tr are

tm = (1 + i'}/) (a + ﬂ%)v (442)

which means in particular that (4.22) holds with ¢ = (1 + iv) 5.

Operators issued from Strategy 2. For the operators A defined via (3.18) or (3.22), the eigenvalues of
T = (1+ivy) A*A are t,,, = (1 + i) |\ |? with, for (3.18)

or (T (Im|+2) T (3)
A =+ 2084/ — I (4.43)
kR (F(ImI +3) TI'(3)
and for (3.22)
B [2nr m2T (Im|— 1)
Am=a+ —\| — ————=, 4.44
2V ER T (jm|+3) .
+oo
where T" is the usual gamma function I'(z) = / t*~te~t dt. Then using the asymptotics
0
r
W ~a, x> oo, (4.45)

the property (4.22) holds with ¢ = 87 (1 +4v) |3]? for (4.43) and ¢ = (1 +iv) 7|B]?/2 for (4.44).

5. MODAL ANALYSIS WITH CIRCULAR SYMMETRY: QUANTITATIVE RESULTS

In this section we restrict ourselves to the operator Tr given by (3.2). Note that all these operators are
modally very similar anyway. According to Formulas (2.42) and (2.43), our method depends on the relaxation
parameter r, on the real parameter v in T' = (1 + i) Tg, cf (3.1), and on the two real coefficients « > 0 and
(> 0 in the definition of the operator Tr. One of the goals of this section is to show that, by playing on these
parameters, it is possible to improve the convergence of the method. For simplicity, we shall restrict ourselves
to v = 0, in other words the operator T is identically zero. With this choice, the eigenvalues of T' are purely
real and given by

_ [m|
tm = tm(a, B) .—a—i—ﬁkR. (5.1)
But we shall show that, even in this case, it is useful to look for optimal parameters «, 8 and r (Sect. 5.1). In
Section 5.3, we shall analyze the influence of the frequency on the convergence rate, and finally in Section 5.4
the influence of the truncation process, consisting in replacing Tx (given by (3.2)) by T, 1, given (3.4).
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5.1. Optimization of the convergence rate for non local operators

According to Section 4, we wish to minimize the function 7,.(r, a, 3) given by

dl,m - Z%m(aaﬂ) dQ,m - itm(aaﬁ)
dl,m +Ztm(a7ﬂ) d27m +me(aa6)

TT"(Ta CY,/B) = Su% |TT,m,+(ra aaﬂ)|? Tr,m7i('f‘70[7ﬂ) = (1 - T‘) :I: T\/

me

where dy ,, and dg ,, are given by (4.6). It is worth mentioning that

— Since a = to(a, 8), « essentially governs the convergence of the projection of the boundary error &, (see
(2.34) and (2.35)) on the lower order modes (small values of m/kR). In particular, for large values of kR,
one computes that limgp_.o0 d1,0 = cot k(R — Ry) and limgp—.oc d2,o = @ so that

l1—a cotk(R— Ry) —ix
li - ,B)=1- . —, 5.3
dm Tro.4(rya, B) = r+r\/1+a ot h(R— ) T in (5.3)
which is easily shown to be minimum (and equal to 0!) for
a=1, r=1. (5.4)

With no surprise, one recovers the Després transmission conditions without relaxation.

— On the other hand, 8 governs the behaviour of ¢, («a, 3) for large values of m/kR so that 3 essentially governs
the convergence of the projection of the boundary error €, on the higher order modes. In particular, for
m — oo, we know that (see Sect. 4)

Tr,oo(ra «, ﬁ) = nlgnoo Tr,m7+(ra «, ﬁ) = F(T, w(ﬁ))a F(’I“, d)) = |(1 - T) + re“/’ (55)
where () is defined by
1
_ A2 _9:8\ 2
(B — M ) (5.6)
1—p32+2i3
When 3 describes R, one shows that 1(3) describes | — %, %]. On the other hand, by simple geometrical
reasoning, one shows that
min ( ) . (5.7)
(T,w)E[OJ]X]—%,%J
Since 1) = 7 corresponds to 3 = 1 we deduce that 7, o (r, o, 3) is minimum for
_ 1 osaa (5.8)
r=5 =1. .

Let us now describe our numerical procedure for minimizing 7..(r, o, 3). In what follows, and for the simplicity
of writing, we omit the explicit dependency (r, o, 3) of 7. and 7y +.

First, note that in practice, it is not easy to numerically evaluate the objective function 7, since it involves
suprema of an infinity of real numbers. However, the eigenvalue 7, ,, + has a finite limit 7, . when m tends to
infinity (see (4.27)), so that the supremum is either reached for a finite value of m or equal to 7, . This means
that there exists an integer M such that

Ty = SUP |Tpm 4| = max ( sup  |Trmo+|, |Tr7oo|>, (5.9)
meZ |m|<M ER
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FIGURE 4. Representation in the complex plane of the unrelaxed (left) and relaxed (right
eigenvalues of A, ., when Després transmission conditions are used. We used r = % as a
relaxation parameter (right). The red dots denote the limits of the eigenvalues for m — oo.

(A) t, = 1 without relaxation (B) t,, = 1 with relaxation r = 3.

which reduces to the supremum over finitly many real numbers. Of course we do not know M a priori, in
practise we used M = 10 and this appeared to be widely sufficient.

Due to the complexity of the function 7,.(r, v, 3), it is not possible to solve this constrained minimization problem
analytically, even for very simplified cases. To approximate the solution, we have developed a Matlab code, using
the fminimax function of the Optimization toolbox. This function allows the minimization under constrains of
the maximum of the absolute value of a function. It uses Sequential Quadratic Programming iterative approach.
For more information on this issue, we refer the reader to [13] and [19] for instance. For the initial guess, it is
rather natural to use as a mix between (5.4) and (5.8)

(5.10)

5.2. An illustrative example

For this example, we took Ry = 1, Ro = 2 and R = 1.5. When the wavenumber is k = 27, the length of the
interface X is about 10 times larger that the wavelength.

As areference, let us illustrate the modal convergence of the algorithm for the Després operator, corresponding
to a =1 and § = 0. We depict in Figure 4 the eigenvalues of the operator A, in the complex plane for r = 1
(no relaxation) and r = 0.6. The eigenvalues corresponds to the blue dots. These plots illustrate the different
properties described in the previous sections. One observes that, as expected, the eigenvalues are inside the
unit disk, which insures convergence, and accumulate at two points 1 — 2r and 1 (the red dots), which prevents
exponential convergence. Figure 4b is obtained from Figure 4a by applying the mapping z — 1 + r(z — 1), an
homothety of center z = 1 and ratio r.

In Figure 5a and 5b, we show the eigenvalues of A, for &« = § = 1 and two values of r: » = 1 which
corresponds to the unrelaxed case, and r = %7 which corresponds to the initial guess of the optimization process
of Section 5.1. With r» = 1, the eigenvalues do accumulate at two opposite points of the unit circle but not at
+1 (Fig. 5a), so that the homothety z — 1+ r(z — 1) brings them back strictly inside the unit disk. For r = %,
the exponential rate of convergence corresponds to the radius (7, = 0.94) of the green circle (Fig. 5b).
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FIGURE 5. Representation in the complex plane of the unrelaxed (left) and relaxed (right)
eigenvalues of A, ,, for the non local operator: t,,, = a + 37%. For the two plots on the top,
we used o = [ = 1, and for the two plots on the bottom we used a* = 0.31, and §* = 0.21.
Also, r* = 0.6. The red dots denote the limits of the eigenvalues for m — oo. (A) t,,, = 1 + 7%
without relaxation (B) ¢, = 1+ 7% with relaxation (r = 3) (C) t,, = o* + 3*% without
relaxation (D) t,,, = a* + 3* % with relaxation (r = r*).

The optimization process described in Section 5.1, leads to the following values
a*=0.31, p[*=0.21, r*=0.60. (5.11)

In Figure 5¢ and 5d, we show the eigenvalues of A, for a = o* and § = * and two values of r: » = 1 which
corresponds to the unrelaxed case, and r = r*, which corresponds to the optimized parameter. For r = r*, the
optimal rate of convergence, again the radius of the green circle in Figure 5d, is 7,7 = 0.83.

For a better understanding of the optimization process, we represent the modulus of the eigenvalues 7,y +
as a function of m in Figure 6 for the initial guess and the optimized operator. As expected, we observe for the
initial guess that the limit for large m for the initial guess is v/2/2 and that the convergence is penalized by
the values of m of the order of kR (often referred to as grazing modes), where the curve presents a peak. For
the optimized coefficients, the shape of the curve is qualitatively the same and a nice observation, for which
we have no explanation at the moment, is that the optimization process provides equal values of the rate of
convergence for m = 0, for m — +o0o and for m =~ kR.
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Modal convergence rate

‘ -+ -Non optimized modal convergence rate: o] B=1,r= 1/2
051 —e—Optimized modal convergence rate: o= oc B= B r=r
Optimized limit L

1 2 3 4 5 6 7 8 9 10
Mode m/kR

F1GURE 6. Comparison of the modal convergence rate with or without optimization of the non
local operator for the wavenumber k = 27.

Modal convergence rate

g -+ -Non optimized modal convergence rate: oc_B 1 r_1/2

051 —e—Optimized modal convergence rate: o=0. , f= B r=r
Optimized limit T

"0 1 2 3 4 5 6 7 8 9 10
Mode m/kR

F1GURE 7. Comparison of the modal convergence rate with or without optimization of the non
local operator for the wavenumber k£ = 67. The dashed line represents the supremum over all
modes.

5.3. Influence of the frequency on the convergence rate

We now consider the higher wavenumber k = 67, i.e. when the interface is about 30 wavelength long. In this
case, the optimization process leads to the optimized coefficients

o =024, B*=0.19, r*=0.62, (5.12)

and the corresponding optimized convergence rate is 7,7 = 0.87. In Figure 7, we represent the modal convergence
curve for the inital guess values (5.10) and the optimized coefficients (5.12). The shape of the modal convergence
curve which is a little bit more chaotic and oscillates more than for the case k = 27, presents the same qualitative
behaviour as before, in particular they present a peak, and again the optimization process tends to provide the
same convergence rate for low order modes, high order modes and grazing modes.

Since 7;(67) = 0.87 is slightly larger than 7,7(27) = 0.83, one could expect that the optimal convergence
rate deteriorates when the frequency increases. In order to verify and quantify this fact, we have computed the
optimized rate 7,(k) when the dimensionless variable kR varies from 1 to 1000. The corresponding curve is
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Convergence rate
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F1GURE 8. Evolution of the optimized convergence rate versus the wavenumber. kR varies from
1 to 1000.
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FIGURE 9. Evolution of the optimized coefficients o*(k), 5*(k) and r*(k) versus the wavenum-
ber. kR varies from 1 to 1000.

depicted in Figure 8. This rate does deteriorate with the wavenumber but its increase is moderate. It seems
that it tends to 1 when k tends to infinity but very slowly and a linearisation suggest that the convergence rate
behaves as

7.(kR) ~ 1 —0.32(kR) -2, (5.13)

We have also represented in Figure 9 the variations of the optimized coefficients a*(k), 5*(k) and r*(k).
We observe that the value of r*(k) is relatively stable around 0.6, while the value 3*(k) has a rather regular
and decreasing behaviour. However it is difficult at this stage to make a conjecture on its behaviour when
k goes to infinity. Similar observations can be done for a*(k) at the exception that this coefficient presents
many peaks corresponding to local minima that seems to correspond to the resonances of the initial diffraction
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(=8 L -
<0°
% 05 1 15

p

FIGURE 10. Truncation function, given here by x(p) = P(2p — 2), 3 < p < 1 with P(z) =

2
4+ x(—2 +22(5 — 627)).

problem. In particular, for large k, they are located at the poles of cot k(R — Ry) (see (5.3)). This means that
the optimization algorithm adapts itself to the physics of the problem, and the coefficient « is more sensitive
to the resonances than the coefficient (.

5.4. Influence of the truncation on the convergence rate

Finally, we evaluate the influence of the truncation process described in Section 3 for obtaining the operator
Tr, given by, for instance, (3.4) on the convergence rate of the algorithm. Two more parameters enter in
the game: the truncation function x(p) and the truncation length L. Here we shall fix the function x(p) by
imposing that it satisfies (3.3), is globally of class C? and polynomial of degree 5 between % and 1 (see Fig. 10
for the graph of the function). Our goal is to measure the influence of the truncation length L on the optimized
convergence rate 7,5 (k, L). It is easily seen that since, the truncation process is radial, the truncated operator
Tr, 1, is still diagonalizable in the Fourier basis and thus enters the framework of Section 4. Its eigenvalues t,, 1,
can be expressed in terms of integrals involving the function y. More precisely, we have

B [T (R 1 1 — cosmb N
L —tm = iR /_ﬂX(Z(Q 2cos ) ) md& where X(p) =1 — x(p). (5.14)

The reader will observe that the right-hand side is an integral of a smooth function since the integrand is
identically zero in a neighborhood of the origin. It is also clear that computing this integral reduces to computing
Fourier coefficient of a smooth function in [—, 7], which can be done efficiently with a Fast Fourier Transform
algorithm. Moreover, this formula also shows that the behaviour of the difference ¢,,, 1, —t,, for large m is related
to the regularity of .

This allowed us to compute the function 7. (L, k). In Figure 11, we have represented the curves L/\ — 7(L, k)
where A = 27/k is the wavelength, for two values of k: k = 27 and k = 6.

On each curve, we observe that the optimized rate does not depend on L as long as L/ is sufficiently large
and exceeds %. Of course, when L goes to zero, this convergence rate tends to 1, which is expected since the
operator is no longer non local. This observation seems to be relatively independent from the frequency. From
the practical point of view, this means that one could get the effect of our non local operator (exponential
convergence) at the cost of a local operator. Indeed, with standard finite element methods, one is used to fix
the number of grid points per wavelength. Then choosing a truncation length proportional to the wavelength,
the number of grid points in the support of the y — x(|x —y|/L) is approximately constant so that the sparsity
of the matrix corresponding to the non local operator would be in practice independent on the wavelength.

6. CONCLUSION AND PERSPECTIVES

In this paper, we have proposed a novel family of transmission conditions allowing for the construction of
exponentially fast converging iterative domain decomposition methods for the Helmholtz equation in heteroge-
neous media. Even though we restrict ourselves to two subdomains in this paper, the results can be extended to
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FicURE 11. Evolution of the convergence rate versus the length of the truncation L for the
wavenumber k = 2r. L/ varies from 0 to 1.5.

an arbitrary number of subdomains, following the argument in [5], at the condition that there are no crossing
points between interfaces (this corresponds to the situation in Fig. 1). The convergence of the method has been
fully analyzed. Let us point out that, in most papers on DDM for time-harmonic wave propagation problems,
the theoretical study of the problem is often ignored (no proof of convergence, or even no proof of wellposed-
ness of the local subproblems in the general case). We believe that having this theory is one of the strength
of our approach. We have constructed several examples of transmission conditions involving integral operators
with appropriately designed singular kernels. Some strategies allow for the use of a truncation process that
dramatically decreases the computational cost due to the non local operator (has shown in Sect. 5.4).

As already mentioned, we have chosen to concentrate ourselves to the theoretical analysis of our method at
the continuous level. The presentation of the spatial discretization of our method (which is already extensively
developed in [15]) and the corresponding numerical analysis will be the object of a forthcoming paper. To be
honest, at this stage of advancement, even though our algorithm is more efficient at the continuous level, the
method we propose is in practical situations (meaning after space discretization) still usually not competitive
in terms of computational cost with the most sophisticated operators as in [3] at least if we restrict ourselves
to the operators proposed in Section 3.

Fortunately, this is certainly not the end of the story and there is still a lot of room for improvement of
this class of methods. For instance, by combining cleverly several integral operators, one could expect the same
gain that has been achieved with Padé-like operators by passing from (1.16) to (1.17). Another perspective is
to try to combine local operators with non local ones. Indeed, if one look at the model problem of Section 4,
our modal convergence analysis shows that the use of non local operator is necessary and efficient to cope with
higher modes, while it is well known that local operators are well adapted for dealing with low order modes. The
difficulty is then to try to fit in the general theoretical framework of Section 2. Finally, a challenging perspective
is the extension of the ideas developed in this paper to 3D Maxwell’s equation.

APPENDIX A. PROOF OF LEMMA 3.3

Lemma A.1l. Assume that ¥ is smooth enough, « > 0 and § € C\R™, then AO) defined by A = ol + LO

where _ _
<L(0)%w>:/z/z (p(2) = o)) (P(x) = b(y)) do (2)do(y). (A1)

|z —y|?
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is an isomorphism from Hz (X) into L2().

For simplicity, but without any loss of generality, we shall restrict ourselves to the case where X is rectifiable
curve of length 27, parametrized by its curvilinear abscissa t € [0, 27], and has ' regularity (5 > 0), i.e.

Y= {x(t) € CL(0,2m) /o' () = 1} : (A.2)

5 5 .
where we have defined C’;g (0,27) = C’# (0,27)? with

C;‘S(o, 21) = {f € C*(0,27) / £(0) = f(2n), s;ig W < +oo} (A.3)
Here d(s,t) is the “geodesic distance”, defined as
d(s,t) = min (|s — |, 27 — |s — t|) (A.4)
and we equip the space C;f with the norm
eloy = sup (0] + 1 ()) +sup sl (A5)

Due to the regularity, it is clear that there exist 0 < C7 < Cs such that
V(s,t) € [0,27)%, Cyla(t) —x(s)| < d(s,t) < Oy |z(t) — z(s)]. (A.6)

With this parametrization, L?(X) is thus identified to L?(0,27), i.e. for any function ¢ € L?(X) we associate a
function ¢ € L?(0,27) such that $(t) = ¢(x(t)), and by definition of the L?(3) norm,

lellz2cs) = ||‘P||L2(o727r)~ (A7)

and for these reasons, we shall use ¢ and @ independently. Similarly, the operator L(®) is identified to the
operator £(© associated to the bilinear form

<z:<°)<p,w> = /O " /O " (Bl) = 20)( (8)|g_ AG)N (A.8)

We begin with a circle of radius 1 which corresponds to

Y =3, = {z,(t) = (cost,sint), Vt € [0,27]}. (A.9)
Lemma A.2. When ¥ is the circle (A.9), the Lemma A.1 holds true.
Proof. For any « € [0, 27, let R, be the rotation of angle a in R?. Let us set

Vo e LA(%), (Rop)(z) = (Raz) € LA(X). (A.10)

The key point is that, since the kernel in (A.10) depend on the distance |x — y|, the operator L% and R,
commute

(Lﬁo)Ra) o= (RaLﬁo)) @. (A.11)
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As a consequence, the operator £$«0)7 to which LS.O) is identified via (A.8), is diagonalized in the orthonormal

basis e,,(#) = €™? m € Z: one easily computes that

LA - t
L% = Amem,  Am = / TGOS g, (A.12)
—x (2—2cost)2

The eigenvalues A, are then easily shown to satisfy
Ao =0, Am = A_m >0 for m # 0. (A.13)
Moreover, we have the asymptotic for large n
Am ~ 2v27 Im|?  (m — +00). (A.14)

The conclusion of the lemma easily follows from the well-known characterisation of the Sobolev norm on the
circle
H*(Y) = {u = Z U € such that Z(l +m?)* |um|* < +oo}. (A.15)
mEZ meZ

O

The proof for a general curve will rely on a compact perturbation technique and will use the follow technical
lemma that exploits the regularity of the curve 3.

Lemma A.3. There exists a positive constant Cs such that
[o(t) = 2()| 7% = () = 2n(s)| 2 | < Clwp(t) = wp(s)] 727, (A.16)

Proof. Without loss of generality, we can restrict ourselves to (s, t) € [~5, 5] and extend the result by periodicity.
In that case, d(s,t) = |t — s|. First, we write

1) — P _r_gl®
lo(®) —a(o)| % — o —of | = Q2R 2=l (A17)
|2(t) — xz(s)[2 |t — 5|2
Using the property (A.6), we have, for some C' > 0
() —a(s)] 72 — [t —s| 72 | < Clt—s|7> |[a(t) —ax(s)[* — [t —s|? |. (A.18)

Let us introduce the quantity (it will appear later)

D(s,t) = / (@' (1) — 2'(s)) dr. (A.19)

Using the C1" regularity of X, it comes (in the following, Cs denotes a positive constant whose value may vary
from one line to the other, but only depends on §)

/:(Ts)‘;dT

x(t) —x(s) = 2'(s)(t — s) + D(s,t), (A.21)

< G5 g, (A.20)

<
IDs.1)] < Cy <=2

Moreover, we note that we can write
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so that
j2(t) — z(s)]> = (t = 5)* + |D(s, )] +2(t — 5)a’(s) - D(s,1)
(A.22)
= (t—s)*[1 +a(s,1)]
where a(s,t) = ‘Z(é:))i +2 x,(s&i()s’t). Therefore, denoting F(a) = (1 +a)i — 1,
|(t) — 2(s)|2 — |t — 5|2 = F(a(t,s)) |t — s|2. (A.23)
Finally, we note that
— there exists Cr > 0 such that for all a, |F(a)| < Cp |al,
— using (A.20), |a(s,t)| < Cs |t — s|°.
Thus, we deduce from (A.23)
l2(t) — 2(s)|? — [t — 5|2 = Cy |t — 5|30, (A.24)
and finally deduce from (A.18)
|l2(t) — ()| 7% — [t —s| 7% | < Cs [t — |57 (A.25)
In the same way, we have for x,
|2 (8) — 20 (s)| 72 = |t — |72 | < Cs |t — |39, (A.26)
Finally, we get (A.16) from (A.25), (A.26), the triangular inequality and (A.6) for x,. O
Lemma A.4. As an operator from Hz (X) into L*(X), the operator £ — £9 s compact.
Proof. Let K = £(0) — ET(»O). We are going to prove that
1
Vo€ HE(D), K pllpas < Csllol s (A7)
This proves that K extends continuously as an operator in E( (Z) L%(%)). The lemma then follows from
the compactness of the embedding
-5
H?(X)— H7 (). (A.28)
To prove (A.27), we write (for simplicity, we omit the bounds of the integrals)
(K@, ) 2wy = / K(s,t)(¢(s) — @) (¥(s) — v(t))ds dt, (A.29)
where we have set . .
K(s,1) = [o(s) — 2(t) "% = [z(s) — 2 (0] 2. (A.30)

Using Lemma A.3, we deduce that (again in the following, Cs denotes a positive constant whose value may vary
from one line to the other, but only depends on §)

| (K@, ¥) 25y | < Cs / (o) = ﬁg?tfé(—sa) mLLUIFn (A.31)

ertmg S —0= 27 + 1%‘5 and using Cauchy-Schwarz inequality

| (K, %) oy | <05// (=) iis )2 5 le() = e OF 1. // o(s) 0 [v() = vOF (A.32)
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Using the parametrization (A.2) and the property (A.6), we recover that

2
/ 20 St2(6)| dsdt<C2//<p|x_ ‘r;(yé)' do(z)do (y)

(A.33)
< CRllel? 3 o,
On the other hand, since § > 0, by Lebegue’s theorem:
x — Ms(x / T ‘1 —— = € C(%). (A.34)
Therefore, using property (A.6), and (a — b)? < 2a® + 2b?
2 s [ B
<43 [ Ms(a) [0(a) do(o) (4.35)
< ACH || M| oo 5y 1911725
Finally (A.27) follows from (A.32), (A.33) and (A.35) and the proof is complete. O
Proof of Lemma A.1. By definition of K, A(®) = AD + [ K. Thus thanks to Lemma A.2, we can write
A = (I +8 K[AEO)]*) AD. (A.36)
It is then easy to conclude via Fredholm alternative, exactly as in the proof of Theorem 3.1, using the compactness
of K (Lem. A.4) and the injectivity of A(®) which is obvious since a > 0 and 3 > 0. O
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