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The evolution of point defect concentrations under irradiation is controlled by their diffusion
properties, and by their formation and elimination mechanisms. The latter include the mutual
recombination of vacancies and interstitials, and the elimination of point defects at sinks. We
show here that the modelling of this evolution by means of atomistic kinetic Monte Carlo (AKMC)
simulations, necessarily using small system sizes, introduces strong space and time correlations
between the vacancies and interstitials, which may strongly affect the recombination rate and the
point defect concentrations. In such situations, standard rate theory models fail to predict the actual
point defect concentrations. The effect is especially strong when the elimination of point defects
occurs only by recombination, but can still be significant in the presence of sinks. We propose a new
Correlated Pair Theory that fully takes into account the correlations between vacancy and interstitial
pairs and predicts point defect concentrations in good agreement with AKMC simulations, even in
very small systems. The Correlated Pair Theory can be used to modify the elimination rates in
AKMC simulations to yield point defect concentrations as predicted by the standard rate theory,
i.e. representative of large systems, even when using small simulation boxes.

I.

INTRODUCTION

In materials under irradiation, the elastic collisions between the irradiation particles and the
atoms of the material produce vacancies and
self-interstitials. These point defects can migrate by thermally activated diffusion and eliminate by mutual recombination or annihilation at
sinks such as dislocations, grain boundaries, free
surfaces or point defect clusters. The balance
between these competing mechanisms results in
defect concentrations that may exceed the equilibrium values by orders of magnitude.1,2
Since the diffusion coefficients of substitutional atoms are proportional to point defect
concentrations, a direct effect of irradiation is
the acceleration of diffusive phase transformations, such as the precipitation of secondary
phases or the ordering of intermetallic phases.
In addition, fluxes of excess point defects towards sinks lead to other phenomena such as
radiation-induced segregation, void swelling, irradiation creep and growth.2 All these phenomena may have a significant (and usually
deleterious) impact on the material properties.

The reliable prediction of vacancy and interstitial concentrations is therefore a critical part
of the modelling of irradiation effects. Since
the pioneering work of Dienes and Damask,3
and Lomer,4 the most simple way to model the
evolution of point defect concentrations is to
used rate theories that account for the different formation and annihilation mechanisms (see
Refs. 1 and 2 for detailed reviews). These models introduce averaged concentrations that do
not fully take into account the time and space
correlations between point defects. On the
other hand, atomistic models, such as molecular dynamics (MD) and atomistic kinetic Monte
Carlo (AKMC) simulations take fully into account these correlations. Since they are usually limited to relatively small systems (say
Ns ∼ 105 to 107 atoms) and since the point
defect concentrations remain small at a given
time (even when we take into account the increase due to irradiation), the average number
of point defects in the system (vacancies Nv and
self-interstitials Ni ) can be close to or even below one. In such case, finite size effects on the
formation and annihilation reactions of point
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defects become critical.

II.

STANDARD RATE THEORY

In SRT models,1 the evolution of the average
vacancy (v) and self-interstitial (i) concentrations under irradiation, Xv and Xi , are given
by chemical rate equations:
One can consider this situation from two
points of view. If one deals with actual small
systems (defined as Nv , Ni  1), one can use
atomistic simulations to test the rate theory,
and suggest a way to include an explicit treatment of the spatio-temporal correlations between point defects. On the contrary, if one
wants to model big systems (where Nv , Ni 
1) with small simulation boxes (probably the
most frequent case), one may try to modify the atomic diffusion model in order to get
the spatio-temporal correlations – and therefore
point defect concentrations – that are more representative of the real situation. The objective
of this paper is to deal with these issues. We
start with a quick summary of the standard rate
theory (SRT), and of its predictions concerning the steady-state concentrations of point defects (section II). In section III, we present the
AKMC simulations of pure body centered cubic
(bcc) iron under irradiation, first in a system
without sinks (where the elimination of point
defects occurs only by recombination). In this
case, one easily shows that SRT leads to an underestimation of the recombination rate and to
an overestimation of the point defect concentrations that can reach orders of magnitudes for
small system sizes. When sinks are present, we
show that the discrepancy is less spectacular,
but can be significant. In section IV, we propose a revised rate theory (referred to as Correlated Pair Theory, or CPT) that gives a better description of space and time correlations
and yields point defect concentrations in very
good agreement with AKMC results. In section V we discuss how to modify the AKMC algorithm in order to reproduce the correlations
and point defect concentrations of a big system,
in a small simulation box. Finally, we discuss
the relevance of these issues depending on the
properties of the materials and the irradiation
conditions.

X
dXv
2
= G0 − Kiv Xi Xv −
ksv
Dv Xv
dt
s
X
dXi
2
= G0 − Kiv Xv Xi −
ksi
Di Xi
dt
s

(1)

The first term in the RHS of Eqs. (1), G0 , is
an effective production rate. When the kinetic
energy E0 transferred to the primary knockon atom (PKA) exceeds a threshold energy Ed ,
the number of Frenkel pairs initially produced
by elastic collisions is usually estimated by the
standard NRT model:2 n = (E0 − Ei )/(2Ed ),
where Ei is the energy lost in inelastic interactions. The corresponding production rate
G gives the number of displacement per atom
(NRT dpa) per second.
During ion or neutron irradiations (E0 
Ed ), Frenkel pairs are created in localized displacement cascades and many close i − v pairs
will immediately recombine or form point defect clusters, leading to a lower effective production rate G0 = ξG. During electron irradiation,
Frenkel pairs are created more homogeneously.
Nevertheless, the initial distance between the
two defects of a Frenkel pair is sufficiently small
to produce close-pair recombination after a few
point defect jumps. It can be shown that in this
case ξ = 1−Rrec /Rp , where Rrec is the distance
of recombination and Rp the initial average i−v
distance.5
This kind of close-pair correlations – either in
ion, electron or neutron irradiations – are wellknown physical correlations that do not depend
on the size of the system. They lead to the correction of the production rate by a constant factor. They may also affect point defects clustering within the cascades and resistivity recovery
experiments.6,7 It should be noticed that they
are different from the correlations studied in the
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present study, which result from the finite size
of the system used in the simulations.
The second term in Eqs. (1), Kiv Xi Xv , is the
recombination rate, derived from Waite’s theory
of the kinetics of diffusion-limited reactions:8
Kiv = 4πRrec

Di + Dv
,
Vat

(2)

where Di and Dv are the diffusion coefficients
of point defects and Vat the atomic
P 2 volume.
The
last
terms
in
Eqs.
(1),
s ksv Dv Xv and
P 2
s ksi Dv Xv , are the rates of elimination at
point defect sinks. Each kind of sink s is char2
2 9
acterized by its sink strength ksv
and ksi
. If
2
2
one neglects the sink biases (ksv
=ksi
), Eqs. (1)
become
dXv
= G0 − Kiv Xv Xv − Kv Xv ,
dt
(3)
dXi
0
= G − Kiv Xv Xi − Ki Xi ,
dt
P 2
with Kd = s ksd Dd .
One easily shows that at steady-state, without point defect sinks (Kd = 0), the point defect
concentrations are
r
Xvst

=

Xist

=

G0
Kiv

(4)

In the presence of point defect sinks,1 we have

Xvst

Ki
=−
+
2Kiv

Xist

Kv
=−
+
2Kiv

"

"

Ki
2Kiv

Kv
2Kiv

2

2

G0 Ki
+
Kiv Kv

G0 Kv
+
Kiv Ki

#1/2

The expression −Kiv Xvst Xist in Eqs. (1) relies on the assumption that the probability of
finding a pair i − v is proportional to the product of the averaged point defect concentrations
(or atomic fractions). This is a mean-field approximation that neglects the time and spatial
correlations between the two kinds of defect. It
is only justified on a large and homogeneous system, for which Xv = Nv /Ns and Xi = Ni /Ns
are defined over large numbers of vacancies Nv
and self-interstitials Ni in Ns sites. In atomistic simulations, if one deals with realistic point
defect concentrations and limited system sizes,
these conditions are not always met, as shown
in the following sections.

(5)

#1/2
. (6)
III.

We deduce from the steady state point defect concentrations, the ratio of the total point
defect recombination rate divided by the elimination rate of both vacancy and interstitial at
sinks
nerec
Kiv Xist Xvst
=
.
e
nsink
Kv Xvst + Ki Xist

Many theoretical studies have been devoted
to the calculation of sink strengths, and specific
expressions have been established for the annihilation of point defects at grain boundaries,
dislocations, cavities, etc..9 Most of the recombination models focus on the intra-pair reactions. They consider the population of point defects as a sum of isolated Frenkel pairs, and deal
with the bimolecular recombination reaction of
an isolated pair.5,10,11 Authors such as Kotomin
and Kuzovkov, tackled the spatial correlations
of a many-point particle density.12 They rely on
a continuous mean-field approach to investigate
the spatial fluctuations of the particle population. Although they account for pair spatial correlations, their approach does not give access to
the interplay between finite size effects and time
correlations of the point defect distribution on
the probability of recombination reactions.

(7)

MONTE CARLO SIMULATIONS
AND FINITE SIZE EFFECTS

In this section, we compare the steady-state
point defect concentrations predicted by the
SRT with those measured in AKMC simulations, in a simple model of pure bcc iron under
irradiation.

4
A.

Diffusion model and Monte Carlo
simulations

We rely on the AKMC simulations and the
diffusion model developed for the study of segregation and precipitation in Fe-Cr bcc alloys under irradiation.13,14 We use Monte Carlo boxes
from Ns = 2 × 643 to Ns = 2 × 2563 bcc sites
and periodic boundary conditions. The various
events are chosen using a residence time algorithm (RTA). Details can be found in Refs. 13
and 14.

a distance Rp in one of the eight h111i directions, randomly chosen. To illustrate the effect
of close pair recombinations, we have used two
values for Rp , Rp = 20λ and Rp = 7λ.
During ion or neutron irradiations, several
Frenkel pairs are simultaneously created within
small displacement cascades, and small point
defect clusters are also formed – which later act
as point defect sinks – and are not considered
in the present study.

3.
1.

Diffusion

Vacancy diffusion occurs by jumps towards
one of the eight
√ nearest-neighbor sites (jump
distance λ = 3a/2, where a = 0.287 nm is
the bcc-Fe lattice parameter). Self-interstitial
atoms have a h110i-dumbbell configuration and
can jump towards four of the eight nearestneighbor sites with a 60◦ rotation, according to
the Johnson’s mechanism.15
Following
transitions
state
theory,
the v jump frequency in pure Fe is:
Γv = ν0 exp(Svm /kB ) exp(−Hvm /kB T ), with
constant entropy and enthalpy of migration, Svm = 2.1kB and Hvm = 0.690 eV.
Similarly for the i jump frequency:
Γi = ν0 exp(Sim /kB ) exp(−Him /kB T ) with
Sim = 2.1kB and Hvm = 0.343 eV. The attempt
jump frequency is ν0 = 1013 s−1 for both
defects.

2.

Formation

For the sake of simplicity, the mechanism
of formation of vacancies and interstitials used
in the AKMC simulations are representative of
a damage created under electron irradiations.
The Frenkel pairs are introduced individually
within the system, with a frequency G per bcc
site (i.e. with a dose rate G in dpa.s−1 ): one
vacancy v is created by removing a randomly
chosen atom, and one interstitial i is created at

Recombination and Elimination at sinks

After each jump, a point defect immediately recombines with an opposite defect if their
distance is below the recombination distance
Rrec = 3a.
To model the point defect elimination at
sinks, we use two approaches:
- We introduce in the simulation box, a random distribution of point-like sinks, with an
atomic fraction Cs . The corresponding sink
strength can be evaluated by measuring the
steady-state values Xvst and Xist in AKMC simulations with various Cs and no recombination.
For Cs > 1/Ns , one finds that kv2 = ki2 =
8Cs /(1.3a2 ),14 independently of temperature,
dose rates, or point defect properties.
- We do not introduce a static distribution of
sinks, but an annihilation rate given by Kd per
defect for each type of defect that is sampled by
the AKMC in the same way as hopping rates.16
In the simple problem considered here (point
defect concentrations in pure metals), both
methods give very similar results. The main
advantage of the second method is that it does
not introduce finite size effects on the elimination rate at sinks, even when Cs < 1/Ns .
Both methods can be combined to study complex phenomena such as radiation-induced segregation, requiring realistic geometries.13,17

4.

Point defect concentrations

We measure the point defect concentrations
by computing the average values of Nv /Ns and
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Ni /Ns over a sufficient number of Monte Carlo
steps (MCS). We take advantage of the RTA
algorithm by weighting every MC configuration by its residence time. These averaged
concentrations can be directly compared with
the solution of SRT, using Eqs. 5 and 6 with
G0 = (1−Rrec /Rp )G, Dv = a2 Γv , Di = a2 Γi /2,
Vat = a3 /2 and kv2 = ki2 = 8Cs /(1.3a2 ).
Examples for the evolution of Xv (t) and
Xi (t), for different irradiation conditions, are
shown in Figs. 1 and 2. The results obtained
using both models of point defect elimination
at sinks, give similar results. In both cases,
measurements initially show large fluctuations,
because for short times the averaged concentrations must be measured on a limited number of
MCS (each dot corresponds to a value of Xv or
Xi averaged on 105 MCS at the beginning of
the simulation, and on 108 MCS at the end).
The fluctuations become negligible at longer
times. In general, transient regimes are difficult to model with reasonable system sizes (in a
system containing initially no point defect, the
minimum accessible time is tmin = 1/(Ns G),
i.e. ∼ 2 × 10−3 s for Fig. 1 and ∼ 2 × 103 s for
Fig. 2.

(Fig. 1), one may nevertheless observe the end
of the transient regime : the decrease on Xi (t)
when the elimination of interstitials at sinks becomes effective, driving an increase of Xv (t) due
to fewer recombination. The evolution of Xv (t)
and Xi (t) measured in the AKMC simulation is
in good agreement with the predictions of SRT
(obtained by numerical integration of Eqs. 3).

FIG. 2. Evolution of point defect concentrations
at T = 600 K and G = 10−9 dpa.s−1 , ki2 = kv2 =
5 × 1010 cm−2 . AKMC simulations with Rp = 20λ
and Ns = 2 × 643 , green dots: AKMC with a real
distribution of sinks, orange dots: AKMC with an
average elimination rate.

For low dose rates / high temperatures, the
point defects concentrations are much smaller
and have their steady-state values as soon as
they can be measured. The AKMC values are
significantly smaller than the SRT prediction :
this discrepancy is a finite-size effect which will
be discussed in more detail in what follows.

B. Steady-state point defect
concentrations without point defect sinks
FIG. 1. Evolution of point defect concentrations
at T = 300 K and G = 10−3 dpa.s−1 , ki2 = kv2 =
5 × 1010 cm−2 . AKMC simulations with Rp = 20λ
and Ns = 2 × 643 , green dots: AKMC with a real
distribution of sinks, orange dots: AKMC with an
average elimination rate.

At high dose rates / low temperatures

Without point defect sinks (Kv = Ki = 0),
st
the
Xist =
p steady-state solution of SRT is Xv = st
G0 /Kiv . The steady-state values of Xv and
Xist measured in AKMC simulations with different size samples Ns , at T = 300 K and G =
10−3 dpa.s−1 , are shown in Fig. 3. For large systems, the AKMC results are in good agreement
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with the prediction of SRT, and independent
of Ns . As demonstrated in the literature,5 the
effect of close pair recombination results in a decrease in the effective production rate G0 = ξG,
with ξ = 1 − Rrec /Rp ∼ 0.827 and 0.505 for
Rp = 20 and 7λ, respectively. However, below a given size, AKMC simulations give Xvst
and Xist values which depend on the system size
(Xvst = Xist ∝ Ns ) and are significantly smaller
than the SRT results.

FIG. 4. Evolution of the steady-state concentration
of point defects in pure iron at 300 and 573K, as
a function of the production rate, in a system of
Ns = 2 × 2563 bcc sites without sinks. Effect of the
correlated recombination for Rp = 20λ and Rp =
7λ. Comparison between AKMC and the standard
Rate Theory

FIG. 3. Steady-state point defect concentrations in
pure iron at 300K, G = 10−3 dpa.s−1 and no sinks,
as a function of the system size Ns (number of bcc
sites) as given by AKMC simulations and SRT. The
figure also shows the effect of the correlated recombinations for Rp = 20λ and Rp = 7λ.

We observe the same kind of discrepancy at
various temperatures and production rates in
AKMC simulations performed with a simulation box of Ns = 2 × 2563 bcc sites (Fig. 4). At
high dose rate G, the AKMC results are very
close to the SRT results. At low G, the concentrations measured
p in the AKMC simulations are
smaller than G0 /Kiv . One can see that Xvst
and Xist are then proportional to G (or G0 ).
For G = 10−6 dpa.s−1 , the discrepancy reaches
a factor ∼ 5 at 300 K and ∼ 100 at 573 K.
The origin of the discrepancy is easy to understand. When the spatio-temporal average
values Xvst and Xist drop below 1/Ns , there is
either no point defect in the simulation box, or
one vacancy and one interstitial at the same
time. SRT neglects the fact that these two

defects are created together and disappear together. This correlation in time produces vacancy and interstitial pairs correlated in space,
due to the finite size of the simulation box. We
obtain an approximate solution for the concentration of these pairs by considering that in such
conditions, a vacancy with the concentration Xv
may recombine with an interstitial with a concentration 1/Ns . This leads to the steady state
solution Xvst = Xist = G0 Ns /Kiv , in good agreement with the AKMC results (Fig. 3 and 4).
A full description of these correlations will be
given in section 4.

C. Steady-state point defect
concentrations with point defect sinks

An example of evolution of the steady-state
concentration of point defects in the presence of
sinks (sink strength ki2 = 1010 cm−2 ) is given in
Fig. 5. AKMC simulations have been performed
in a simulation box with Ns = 2 × 643 bcc
sites. At high dose rates (> 10−2 dpa.s−1 ), the
concentrations measured in the simulations are
in good agreement with the predictions of SRT
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of the time an interstitial can only recombine
with a vacancy simultaneously present in the
simulation box. In order to account for these
correlated events, we introduce two categories
of point defect populations: (1) InterstitialVacancy correlated pairs Xiv in which i and
v are simultaneously present; and (2) monointerstitial Ximo and mono-vacancy Xvmo populations which are neither correlated in time or
space
Xv =Xv,mo + Xiv
Xi =Xi,mo + Xiv .
FIG. 5. Evolution of the steady-state concentration
of point defects in pure iron at 573K as a function
of the production rate in a system of Ns = 2 × 643
bcc sites with a sink strength of ki2 = 1010 cm−2 .
Effect of the correlated recombination: Rp = 20λ
and Rp = 7λ. Comparison between AKMC and
the SRT.

(Eqs. 5 and 6). Interstitials diffuse and reach
the sinks more rapidly than vacancies, which
leads to Xist = Xvst Dv /Di  Xvst . As in the
previous cases, close pair recombination only affects Xi and Xv by slightly reducing G0 = ξG
(always with ξ ∼ 0.827 and 0.505 for Rp = 20
and 7λ, respectively).
At lower dose rates the SRT overestimates
the point defect concentrations. The discrepancy increases as G decreases and reaches a
constant values of ∼ 20 below approximately
10−5 dpa.s−1 .

IV.

(8)

Note that the concentration of pairs is fixed by
the smallest total concentration of point defects,
between vacancies and self-interstitials. In the
present case, the interstitial concentration is the
smallest one. Thus, when the mobility of interstitial defects is significantly higher than that
of vacancies we can approximate Xiv = Xi and
Xi,mo = 0.
Also notice that we do not explicitly account
for the correlations in space of a close pair because these correlations are already taken into
account within the definition of the effective
production rate G0 . As explained in the previous section, the probability of a mutual recombination between the point defects of a timecorrelated pair is equal to the probability Xiv
of having one of the component of the pair on a
given site multiplied by the probability of finding the other component of the pair on an adjacent site, which is equal to 1/Ns . Hence, we
write for the rate equation of the time correlated
pairs Xiv

CORRELATED PAIR THEORY

The SRT model neglects any correlations in
space and time that may arise due to physical
correlations or finite size effects. We introduce a
correlated pair theory (CPT) accounting for the
correlations in time between defects of a Frenkel
pair and finite size effects on the recombination
reaction probability.
In simulation boxes of reduced size, there is
often a single Frenkel pair in the system. It is
thus essential to account for the fact that most

dXiv
1
= + G0 − Kiv Xiv
− Kiv (Xiv )2
dt
Ns
− Kiv Xiv (Xi,mo + Xv,mo )
− (Ki + Kv )Xiv .

(9)

The third term in the RHS corresponds to recombination reactions between point defects belonging to two different pairs. We write the recombination rate after the standard Waite’s formula because these distinct pairs are not correlated in time. Note that a recombination of two
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pairs leaves one vacancy and one interstitial correlated in time, forming then a new correlated
pair. Therefore, after the reaction, only one cor2
related pair is removed, leading to −Kiv Xiv
.
The new pair is correlated in time, without being necessarily a close pair. Pairs can also be
removed, by recombining with a mono-vacancy
or mono-interstitial leading to the recombination term −Kiv Xiv (Ximo + Xvmo ). Eventually, a
pair may be eliminated because the vacancy or
interstitial forming the correlated pair is annihilated at sinks. This is represented by the last
term in the RHS.
In the same way, we write the rate equations
of the mono-species
dXv,mo
= −Kiv Xv,mo Xi,mo + Ki Xiv
dt
− Kv Xv,mo ,
(10)
and
dXi,mo
= −Kiv Xv,mo Xi,mo + Kv Xiv
dt
− Ki Xi,mo .
(11)
A mono-vacancy (mono-interstitial) is removed
when recombined with a mono-interstitial
(mono-vacancy) or when eliminated at sinks.
A mono-vacancy (mono-interstitial) is formed
after the elimination at sinks of an interstitial
(vacancy) belonging to a correlated pair, leading to a positive reaction term, Ki Xiv (Kv Xiv ).
Note that the recombination of a correlated pair
with a mono-species leads to a zero balance for
the mono-species: for instance, a mono-vacancy
recombining with an interstitial of a correlated
pair leaves a mono-vacancy. The sums of Eqs. 9
and 10 for the vacancy; and Eqs. 9 and 11 for
the interstitial, lead to the system of equations
dXv
1
= + G0 − Kiv Xiv
− Kiv Xi Xv − Kv Xv ,
dt
Ns
(12)
and
dXi
1
= + G0 − Kiv Xiv
− Kiv Xi Xv − Ki Xi .
dt
Ns
(13)

These equations are equivalent to the SRT ones
when there is no size effects (Ns tends to infinity).
In order to derive analytical expressions of
the stationary point defect populations, we distinguish two different kinetic regimes. First, we
ignore the elimination of point defects at sinks
and second, we assume the elimination at sinks
is the dominant mechanism.
A.

Correlated pairs with no elimination at
point-defect sinks

If we ignore the point defect sinks (Kv =
Ki = 0), the stationary condition applied to
Eqs. 10 and 11 implies
st
st
Xv,mo
= Xi,mo
= 0.

(14)

From Eqs. 9 and 14, we obtain the steady
st
state pair concentration Xiv
as a solution of the
second-order polynomial equation
st
G0 − Xiv

1
st 2
− Xiv
= 0.
Ns

The single physical solution writes
s

2
G0
1
1
st
Xiv =
+
−
,
Kiv
2Ns
2Ns

(15)

(16)

The total vacancy and self-interstitial concentrations are equal to the concentration of correlated pairs. As expected, Eq. 16 tends to the
SRT solution when there is no finite size effects.
The finite
psize effects are negligible as long as
1/Ns  G0 /Kiv , which after Eqs. 14 and 16
is similar to the condition 1/Ns  Xvst = Xist .
Therefore, the threshold value of the radiation
dose rate G, at which there is no more finite
size effects depends on temperature through the
variation of Kiv with temperature. As presented in Fig. 6, the CPT results yield an increase with temperature of the radiation dose
rate threshold value in excellent agreement with
the AKMC simulations. Furthermore, as predicted by the CPT, deviations between SRT and
the CPT-AKMC results start when the concentration of point defects is below 1/Ns .
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B.

Correlated pairs with annihilation at
sinks

When point defects eliminate at sinks, the
population of correlated pairs and mono-species
coexist. A stationary condition applied to
Eqs. 10 and 11, leads to the standard relationship between the total concentrations of i and
v
st
st
st
st
Ki (Xiv
+ Xi,mo
) = Kv (Xiv
+ Xv,mo
).

(17)

The concentration of pairs Xiv is either equal to
the total concentration of vacancies Xv or interstitials Xi , depending on their relative amplitudes. In the present case, the diffusion coefficient of interstitials is much higher than the one
of vacancies. Therefore, we have Ki  Kv and
st
st
Xv  Xi , leading to Xiv
≈ Xist and Xi,mo
≈ 0.
By solving Eqs. 12, 13, and 17, we obtain the
steady state total concentrations Xist and Xvst
Xvst



Ki
Kiv
1+
=−
2Kiv
Ki Ns
#1/2
"
2 
2
Ki
Kiv
G0 Ki
,
+
1+
+
2Kiv
K i Ns
Kiv Kv
(18)

and


Kv
Kiv
1+
2Kiv
Ki Ns
"
#1/2
2 
2
Kv
Kiv
G0 Kv
+
1+
+
.
2Kiv
K i Ns
Kiv Ki
(19)

Xist = −

As expected, in the absence of size effects,
Eqs. 18 and 19 are similar to Eqs. 5 and 6,
and the steady state concentrations are the SRT
ones. Size effects systematically reduce the total
concentration of point defects. We deduce the
concentration of mono-vacancies from a steady
state condition applied to Eq. 10
st
Xv,mo
=

Ki st
X .
Kv i

(20)

Note that the partition between monomers and
pairs does not depend on the size of the system, but only on the ratio Kv /Ki . Even in a
large system with no finite size effects, there is a
population of mono-species and time correlated
pairs, whereas the total steady state concentrations of vacancies and interstitials are the ones
predicted by SRT.
We deduce from the steady state point defect
concentrations, the ratio of the total point defect recombination rate divided by the elimination rate of both vacancies and self-interstitials
nerec
Kiv
Kiv
=
(Kv Xv +Ki Xi )+
.
e
nsink
4Ki Kv
2Ns (Ki + Kv )
(21)
This ratio is sensitive to finite size effects. In
cases where size effects are negligible, this ratio corresponds to the one given by SRT. The
smaller the number of sites Ns , the higher the
ratio. Therefore, small systems promote the recombination reactions with respect to the annihilation reactions at sinks. Interestingly, finite
size effects on this ratio depend on the radiation
dose rate G through the variation of point defect
concentration with G. In Fig. 7, we observe an
excellent agreement between the AKMC simulations and the CPT results, both for the concentration of point defects and the recombination/annihilation ratio.

V.

MODIFIED AKMC SIMULATIONS

As it was mentioned above, the AKMC naturally accounts for temporal and spatial correlations. This implies that the results, in terms
of defect concentrations, from simulations using small boxes will deviate from the SRT. Due
to such correlations, the latter underestimates
the recombination probabilities, which leads to
higher concentrations compared to AKMC. In
that respect, the AKMC values of point defect
concentrations are the correct ones. But the
SRT values are inaccurate only because by using small system sizes one introduces correlations that would have a negligible effect in a
real (i.e. large) system.
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In the following we develop expressions for
the probability of recombination (or equivalently rejection probabilities) of a given recombination event, that can be used in the AKMC
to give the concentration evolution that would
be obtained in large samples, i.e. equivalent to
the SRT.

A.

Recombination probability without
sinks

In case there are no sinks in the system, we
can define the recombination probability to obtain the correct defect concentrations as
P (Rec) =

Xvst,CP T
Xvst,SRT

=

Xist,CP T
Xist,SRT

(22)

where Xvst,CP T = Xist,CP T are given in Eq. 8
and Xvst,SRT = Xist,SRT in Eq. 4. Substituting
these expressions into Eq. 22 we obtain
q 0
G
1
1
Kiv + 4Ns2 − 2Ns
q
P (Rec|R ≤ Rrec ) =
G0
Kiv


q 0 2
4G Ns +Kiv
−1
1 
Kiv

q
=
2Ns
G0
Kiv

(23)
which is the recombination probability given
that defects are inside the recombination distance, i.e., the conditional probability that, provided that defects are within the recombination distance, the recombination is actually performed. To sample this distribution, a random number in the range [0 : 1) is drawn
from a uniform distribution. If it is smaller
than P (Rec|R ≤ Rrec ) the recombination takes
place, otherwise the defect that last moved is
placed at a distance Rp following the methodology described in Section III. Results from this
approach are shown in Fig. 6 (using the same
conditions as for Fig. 4), where we see that
the open circles match the SRT results (dotted
line).

FIG. 6. Steady-state point defect concentration in
pure iron at 300 and 573K as a function of the production rate in a system with Ns = 2×2563 bcc sites
without sinks as given by Standard Rate Theory,
Correlated Pair Theory, and AKMC simulations
with and without CPT corrections (Rp = 20λ).

B.

Recombination probability with sinks

In case sinks are present, the methodology is
the same but the equations for the concentration of defects change. We apply the defined
probability to both defect recombination and
annihilation at sinks. The expressions for the
recombination probability depend in this case
on the specific defect that jumped the last before checking for recombination.
Pv (Rec) =

Xvst,CP T
Xvst,SRT

,

Pi (Rec) =

Xist,CP T

Xist,SRT
(24)
where we substitute Eq. 5 for Xvst,SRT and
Eq. 18 for Xvst,CP T for vacancies and Eq. 6
for Xist,SRT and Eq. 19 for Xist,CP T for selfinterstitials.
Figure 7(a) shows AKMC results, with the
rejection probability matching the SRT predictions. Figure 7(a) presents the ratio between
the number of recombinations and annihilations
at sinks. It is worth noting that the proposed
recombination probability does not result in the
same ratio as predicted by SRT, as it retains the
recombinations to annihilations ratio as given
by the standard AKMC. It is also important
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FIG. 7. Evolution of (a) the steady-state concentration of point defects and (b) the ratio of recombination to elimination at sinks, in pure iron at 573K,
as a function of the production rate, in a system
of Ns = 2 × 643 bcc sites with a sink strength of
ki2 = 1010 cm−2 (Rp = 20λ). Standard Rate Theory, Correlated Pair Theory, AKMC simulations
with and without CPT corrections.

to mention that the quantity that controls the
microstructure evolution is the defect concentration, and the gradients of such. Hence, we
conjecture that the main physics will be captured by the proposed correction.

VI.

DISCUSSION AND CONCLUSIONS

It is important to emphasize that the relevance of finite size effects, as shown by the CPT,
strongly depends on the irradiation conditions,

the point defect properties, and (obviously) the
system size. We have chosen the parameters of
Fig. 7 in such a way to maximize the effects of
correlated recombination, by using a relatively
small box (Ns = 2 × 643 ) and introducing a low
sink density ki2 = 1010 cm−2 ). In this extreme
case, the AKMC and SRT concentrations differ by a factor of ∼ 20. Keeping the same size
Ns = 2 × 643 and increasing the sink strength
lead to a significant decrease of the SRT-AKMC
discrepancy (because less point defects recombine): only a factor of ∼ 3 for ki2 = 1011 cm−2 ,
and ∼ 17% for ki2 = 1012 cm−2 . Or maintaining the same sink density (ki2 = 1010 cm−2 ), one
obtains a better SRT-AKMC agreement by increasing the size of the system: the discrepancy
decreases to a factor of ∼ 3 for Ns = 2 × 1283 ,
and to 0.27 for Ns = 2 × 2563 .
In case we introduce point-like sinks explicitly and their corresponding atomic fraction is
smaller than the inverse of the size of the simulation box, we expect finite size effects on the
elimination rate of point defects at sinks as well.
We can extend the CPT theory to account for
the correlations in time between defects of the
Frenkel pairs and point-like sinks. To generalize
our approach to systems featuring large heterogeneities of point defect and/or solute concentration fields, we could choose a reference bulk
region in the system, treat the surrounding as
a continuum from which we extract an effective
point defect sink strength. Then, we could use
the CPT theory to calibrate the point defect
recombination rate of point defects in the reference bulk region. Another perspective will be to
rely on the CPT theory to investigate the irradiation and microstructure conditions for which
finite size effects can be expected.
Also important to note is the fact that the
correction to the AKMC point defect elimination relies on the steady-state defect concentrations. Hence, this approach does not guarantee that the transients are accurate, only that
the steady-state concentrations are in agreement with the SRT. We do not expect the transients to be significantly distinct, but its accurate quantification is still an open problem.
A possible strategy to deal with these finite
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size effects, is to first use the CPT to see if the
correlated recombination affects the results. If
they do, try to increase the size of the simulation
box (which will lead to higher CPU times), and
if the required CPU cost is overwhelming, use
the CPT-modified AKMC method.
In this paper, we have developed an extension of the SRT formalism for systems under irradiation to consider the interplay between the
spatio-temporal correlations between point defects and finite size effects. We demonstrate
that these correlations can lead to significant
discrepancies in the concentration of defects
when the size of the system sizes is small, as it is
usually the case in kinetic Monte Carlo (KMC)
simulations. This novel framework, the socalled Correlated Pair Theory (CPT), is based
on the explicit introduction of the concentration
of correlated Frenkel pairs in the rate theory expressions (see Eqs. 9, 10 and 11). We show how
the CPT theory reproduces remarkably well the
results from AKMC simulations in systems of
reduced size, hence capturing the main effects
of the spatio-temporal correlations. CPT holds
for both regimes, where defect recombination
dominates or defect annihilation at sinks dominates.
We have also developed recombination probability expressions to be used within an AKMC
methodology to recover the SRT results. These
expressions are based on the a priori knowledge
of the steady-state concentrations given by the
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