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Abstract - This paper presents a newly developed resonance self-shielding method based on Tone’s method
in APOLLO3 R© for fast reactor calculations. The new method is based on the simplified models, the narrow
resonance approximation for the slowing down source and Tone’s approximation for group collision probability
matrix. It utilizes the mathematical probability tables as quadrature formulas in calculating the effective cross
sections. Numerical results for the ZPPR drawer calculations show that, in case of the double column fuel
drawer, Tone’s method gives equivalent precision to the subgroup method while reducing largely the total
number of the collision probability matrix calculations hence the CPU time. In case of the single column fuel
drawer with presence of a uranium metal material, Tone’s method obtains less precise results than those of the
subgroup method due to less precise heterogeneous-homogeneous equivalence.

I. INTRODUCTION

In reactor lattice analysis, the aim of resonance self-
shielding calculation is to estimate the group-averaged cross
sections for solution of the multigroup transport equation. The
accuracy of the resulting group parameters determines the
precision of multigroup calculation.

For the fast reactor analysis with the APOLLO3 R© [1, 2]
code, a subgroup (SG) method based on the ECCO formalism
was implemented [3, 4]. This method utilizes the mathemati-
cal probability tables based on the CALENDF formalism [5]
provided by the GALILEE project [6]. Different from the other
self-shielding methods which make simplified assumptions on
the source term, this subgroup method directly employs the
multigroup neutron sources in self-shielding procedure, hence
no assumption is made on the source term. This is achieved by
embedding the self-shielding calculation in multigroup flux
calculation. The numerical tests showed the accuracy of the
subgroup method with a 1968-group energy mesh in sodium-
cooled fast reactor analysis [4] compared to TRIPOLI-4 R©

Monte Carlo continuous-energy reference [7]. However it was
also showed that the APOLLO3 R© subgroup method consumed
important CPU time. This method deals with the resonant
interference effects approximately using Bondarenko iteration.
The effects of a temperature distribution are approximately
calculated by assuming that all isotopes of the same type are
at the same temperature than those in the region being treated.

In this work, a new resonance self-shielding method based
on Tone’s method [8] has been developed in APOLLO3 R©, in
order to reduce the running time while keeping similar calcu-
lation precision. This method has been traditionally applied
to fast reactor analysis [9] with fine or ultrafine group energy
mesh. It is based on the heterogeneous-homogeneous equiv-
alence. However, unlike the traditional equivalence theory,
Tone’s method determines the equivalent cross sections using
a set of group collision probabilities [8], or by the solution
of two fixed-source transport equations [10, 11]. By employ-
ing the transport solvers available in APOLLO3 R©, such as
the collision probability (CP) method, the finite difference
and finite element methods, or the short and long method of
characteristics (MOC), which can be applied to structured

or unstructured geometries, Tone’s method is available for
all geometries supported by the solvers. This lifts the limita-
tion of the traditional equivalence theory, which is based on
Wigner’s rational approximation of the fuel-to-fuel collision
probability [12] and limited to fuel cell or regular lattice of
fuel cells. Dancoff factors [13] and Bell corrections can be
utilized to extend the method to more general systems, but
they are difficult to calculate for arbitrary geometries.

When the equivalent cross sections have been determined,
the mathematical probability tables [5] are utilized as quadra-
ture formulas to compute the effective cross sections. This is
different from the precedent studies [14, 10, 11], where the
self-shielded cross sections were determined either by inter-
polation from the pretabulated effective cross sections for the
infinite homogeneous medium (IHM), or by employing the
ultrafine group cross sections (∼400,000 groups). We believe
that the utilization of probability tables offers an important
advantage over preceding practices: the calculation with prob-
ability tables is precise and fast; the probability tables use very
little memory; there is no need to pretabulate IHM effective
cross sections. In unresolved resonance range, the probability
tables are suitable for describing the statistical behavior of
the resonances. In resolved resonance range, the probability
tables with a fine or ultrafine mesh are capable to preserve
the original cross sections with a high precision. The first
numerical results showed that Tone’s method has nearly the
same precision as the subgroup method for typical sodium fast
reactor (SFR) calculations, while the CPU time is dramatically
reduced [4]. In this paper, the new Tone’s method is applied
to the ZPPR benchmark calculations [15]. The numerical re-
sults are compared to those of the TRIPOLI-4 R© Monte Carlo
continuous-energy calculations and to those of the subgroup
method.

The rest of paper is organized as follows. In Section II
we present the theory of Tone’s method and its implementa-
tion. In Section III we present numerical results of the ZPPR
benchmark calculations using Tone’s method and the subgroup
method, by taking the continuous energy TRIPOLI-4 R© Monte
Carlo calculations as references. Conclusions are drawn in the
final section.
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II. TONE’S METHOD

In this work, interference effects introduced by mixtures
of resonant isotopes are treated by Bondarenko iterations. The
resonant isotope is treated individually by using the group
cross sections for the other resonant isotopes.

In situation of an infinite homogeneous medium consist-
ing of a resonant isotope x and other isotopes considered as
moderators, the neutron flux is written as follows

Φ(u) =
S (u)

Nxσx(u) +
∑

y,x Nyσy(u)
, (1)

where S is the neutron source, N is the number density, σ
is the microscopic total cross-section and u = ln(E0/E) is
the lethargy. In fast spectrum reactor calculations, a fine or
ultrafine energy meshes is conventionally employed. In this
case, the narrow resonance (NR) approximation, S (u) ≈ Σp,
can be applied to all isotopes. The upper equation can be
re-written as follows

Φ(u) ≈
C

σx(u) + σ
g
bx

, (2)

where C is a constant and σg
bx = 1

Nx

∑
y,x Nyσ

g
y is the back-

ground cross-section for isotope x.
We consider next the heterogeneous situation. The CP

formalism for a region i is written as follows

ViΣi(u)Φi(u) =
∑

j

Pi j(u)S j(u)V j, (3)

where V stands for region volume, Pi j is the collision probabil-
ity for a neutron born in region j to undergo its first collision
in region i and S is the source term. Tone’s approximation [8],
which supposes that the collision probability Pi j as a function
of lethargy depends only on the arrival region i, is written here
as follows

Pi j(u) = f g
i (u)Pg

i j. (4)

Applying the reciprocity and conservation relations [16]
for the collision probabilities,

ViΣi(u)P ji(u) = V jΣ j(u)Pi j(u), (5)∑
j

P ji(u) = 1, (6)

together with Tone’s approximation and the NR approxima-
tion, we obtain

Φi(u) ≈
D∑

j Pg
i jΣ j(u)V j

, (7)

where D is a constant.
When we carry out the self shielding of resonant isotope

x, by writing the total cross section in region j as

Σ j(u) = Nx jσx(u) +
∑
y,x

Ny jσ
g
y j, (8)

Eq. (7) can be written as follows

Φxi(u) ≈
E

σx(u) + σ
g
0xi

, (9)

where E is a constant and

σ
g
0xi =

∑
j Pg

i jV j
∑

y,x Ny jσ
g
y j∑

j Pg
i jV jNx j

(10)

is the equivalent cross section for isotope x in region i.
The formula shows that the equivalent cross section is the

ratio of two region averaged scalar fluxes,

σ
g
0xi =

Φ
g
1i

Φ
g
2i

, (11)

which can be obtained from two fixed-source equations in
purely absorbing media

ViΣ
g
i Φ

g
1i =
∑

j

Pg
i jV j

∑
y,x

Ny jσ
g
y j, (12a)

ViΣ
g
i Φ

g
2i =
∑

j

Pg
i jV jNx j. (12b)

The analogy between Eq. (9) and Eq. (2) is the basis for
heterogeneous-homogeneous equivalence. One region in a
heterogeneous system can be considered as an infinite ho-
mogeneous medium with a characterizing background cross
section defined by Eq. (10). In traditional equivalence the-
ory [17], Eq. (9) is written as

Φxi(u) =
E

σx(u) + σ
g
bxi + σ

g
exi

, (13)

where σg
bxi = 1

Nx

∑
y,x Nyσ

g
yi is the background cross section

in region i, and σg
exi = σ

g
0xi − σ

g
bxi is the escape cross section

which accounts for neutrons streaming through the region
surface.

In preceding studies of Tone’s method, the self-shielded
cross-sections were computed by interpolating the IHM effec-
tive cross sections [14, 10] or by utilizing the ultrafine group
cross sections (∼400,000 groups) [11]. In our realization, the
effective cross-sections are calculated by taking the mathe-
matical probability table as quadrature formulas [5] and the
flux in Eq. (9) as weighting spectrum. The probability tables
are supplied by GALILEE project [6]. For a reaction ρ, the
self-shielded cross-section is given by the formula

σ
g
ρxi =

∫
g

σρx(u)
σx(u) + σ

g
0xi

du∫
g

1
σx(u) + σ

g
0xi

du
≈

∑
k

pg
x,kσ

g
ρx,k

σ
g
x,k + σ

g
0xi∑

k

pg
x,k

σ
g
x,k + σ

g
0xi

, (14)

where
{pg

x,k, σ
g
x,k, σ

g
ρx,k, k = 1,Kg} (15)

is the probability table for isotope x in group g, with σ
g
x,k

and pg
x,k as abscissas and weights respectively, and k is the
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subgroup index and Kg is the total number of subgroups. σg
ρx,k

is the cross section for reaction ρ associated to σg
x,k.

The self-shielded cross section depends on the equiva-
lent cross section σ

g
0xi, which is in turn determined by the

solution of the fixed-source Eqs. (12a) and (12b), where the
self-shielded total cross sections are utilized to compute the
group collision probabilities. Therefore iterations are neces-
sary until convergence of the self-shielded cross sections for
all resonant isotopes in mixture. In present implementation,
the CP solver was employed in APOLLO3 R©, although cou-
pling to other APOLLO3 R© solvers are also scheduled. Since
the CP matrix computation is the most time-consuming part in
self-shielding calculation, a Jacobi iteration was implemented
to converge the self-shielded cross sections independently of
the order of the resonant isotopes being treated.

For a given group, the iterations begin with the CP ma-
trices calculation using the self-shielded cross sections from
the last iteration. Then the equivalent cross sections σg

0xi are
determined by using Eq. (10) for each resonant isotope and
region. Finally the new self-shielded cross sections σg

ρxi are
computed by Eq. (14) using the newly obtained σg

0xi. The iter-
ations continue until the desired convergence is achieved. The
initial values for the microscopic self-shielded cross sections
are often those corresponding to infinite dilution.

Consequently, the total number of collision probability
calculations in one group is independent of the number of
resonant isotopes being self-shielded, and equals the number
of iterations.

III. RESULTS AND ANALYSIS

The new Tone’s method was first tested using the typical
sodium-cooled fast reactor (SFR) fuel cell and assembly [4].
The numerical results showed Tone’s method, compared to the
subgroup method, gave equivalent precision for the effective
multiplication factor and the reaction rates.

In this work, Tone’s method was applied to the drawer
calculations of the ZPPR benchmarks [15]. The ZPPR reactor
is conceived as a matrix of steel plate drawers, which are com-
posed of plates of different materials. The principal materials
are plutonium alloys, uranium metal, uranium oxide, sodium
and control rod absorbers. One of the particularities of ZPPR
reactor is the ZPPR-Pu fuel composed of Pu-U-Mo alloy. Two
types of fuel drawers, single column fuel (SCF) drawer and
double column fuel (DCF) drawer, contain respectively one
and two ZPPR-Pu plates. The inner core and outer core of
ZPPR are mainly filled with the SCF and DCF drawers. The
simplified geometry models of the SCF and DCF drawers are
given in Fig. 1 and Fig. 2. One can find more details in [15].

The APOLLO3 R© calculations employed the ECCO 1968-
group energy mesh [3] and use the CEA2005 V5.1 library.
The translation boundary condition was adopted for both SCF
and DCF drawers. The calculations were carried out without
considering the leakage. The results of the newly developed
Tone’s method and the subgroup method are compared to
those of TRIPOLI-4 R© Monte Carlo continuous energy refer-
ences, which are obtained by using TRIPOLI-4 R© Version 4.9.0
code with the CEA2005 V5.1.2 library. In these calculations,
both Tone’s method and subgroup method are based on one-

2 3 5 8 11 141617

1 Matrix & Drawer
side wall 0.22225

2 U3O8 plate 0.635
3 Depleted uranium 0.3175
4 Can wall 0.0381
5 Sodium 1.1938
6 Can wall 0.0381
7 Can wall 0.0381
8 ZPPR-Pu fuel 0.5588
9 Can wall 0.0381
10 Can wall 0.0381
11 Sodium 0.5588
12 Can wall 0.0381
13 Can wall 0.0381
14 Na2CO3 0.5588
15 Can wall 0.0381
16 Fe2O3 0.3175
17 U3O8 plate 0.635
18 Matrix & Drawer

side wall 0.22225

Fig. 1: 1D model of the SCF drawer. The widths of plates are
given in cm. Numbering for can walls and structure materials
are omitted.

2 4 7 9 11 14 1719

1 Matrix & Drawer
side wall 0.22225

2 Fe2O3 plate 0.3175
3 Can wall 0.0381
4 ZPPR-Pu fuel 0.5588
5 Can wall 0.0381
6 Can wall 0.0381
7 Sodium 1.1938
8 Can wall 0.0381
9 U3O8 plate 0.635
10 Can wall 0.0381
11 Na2CO3 0.5588
12 Can wall 0.0381
13 Can wall 0.0381
14 Sodium 0.5588
15 Can wall 0.0381
16 Can wall 0.0381
17 ZPPR-Pu fuel 0.5588
18 Can wall 0.0381
19 Fe2O3 plate 0.3175
20 Matrix & Drawer

side wall 0.22225

Fig. 2: 1D model of the DCF drawer. The widths of plates are
given in cm. Numbering for can walls and structure materials
are omitted.

dimensional collision probability solver. The flux solver is
one-dimensional IDT flux calculator based on the method of
characteristics with linear flux expansion [18, 19].

Table I shows the multiplication factors in the SCF drawer
calculations by the two self-shielding methods. Both subgroup
and Tone’s method agree well with TRIPOLI-4 R© with error
in ke f f smaller than 50 pcm. The difference in ke f f between
the two methods is 64 pcm. We remark that the difference
between the two methods in the SCF drawer calculation is
more important than those in the SFR fuel-cell and assembly
calculations [4]: they are respectively 9 pcm and 25 pcm
for these two cases. The number of CP matrix calculations
required in self-shielding calculation is also given in Table I.
As expected, Tone’s method reduces largely the number of CP
matrix calculations and therefore the CPU time. The subgroup
method requires ∼ 43 times more CP calculations and ∼ 10
times more CPU time than Tone’s method.

Table II shows the multiplication factors in the DCF
drawer calculations. Both subgroup and Tone’s method agree
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TABLE I: SCF drawer calculations: ke f f and CPU time

Options k(a)
e f f ∆k(b)

e f f ∆ρ(b) CPU(c) CPs(d)

SG 1.13630 22 17 64 204936
Tone 1.13566 -42 -32 6 4662

(a) TRIPOLI-4 R© reference for ke f f is 1.13608 ± 4 pcm;
(b) discrepancy in pcm;
(c) CPU time in flux and self-shielding calculations (sec);
(d) total number of the CP calculations.

TABLE II: DCF drawer calculations: ke f f and CPU time

Options k(a)
e f f ∆k(b)

e f f ∆ρ(b) CPU(c) CPs(d)

SG 1.62178 -16 -7 65 193462
Tone 1.62140 -54 -21 6 4625

(a) TRIPOLI-4 R© reference for ke f f is 1.62194 ± 7 pcm;
(b) discrepancy in pcm;
(c) CPU time in flux and self-shielding calculations (sec);
(d) total number of the CP calculations.

well with TRIPOLI-4 R© with error in ke f f smaller than 60 pcm.
The difference in ke f f between the two methods is 38 pcm,
which is smaller than that in the SCF calculations. Similar
to the SCF calculations, the subgroup method requires ∼ 41
times more CP calculations and ∼ 10 times more CPU time
than Tone’s method.

Figures 3 and 4 present the discrepancies in 238U absorp-
tion rates of the SCF calculations respectively in pcm and in
percentage. The results were computed in 1968 groups and
showed in 33 group mesh, see APPENDIX for the description
of the 33-group energy mesh. We observe that the subgroup
method agrees very well with TRIPOLI-4 R© with error in ab-
sorption rates smaller than 6 pcm or less than 5% in energy
groups the contributions of which are significant. With Tone’s
method, the spectrum is similar to that of the subgroup method
for groups 1 to 15. However, for groups 16 to 25, there are
cancellations of errors in plates 2, 3 and 17. The maximum
error in absorption rates can reach 30 pcm or 8% in plate 3,
which consists of uranium metal.

Our explication is that Tone’s method is based on
heterogeneous-homogeneous equivalence through an equiv-
alent cross section. In a region containing pure metal mate-
rial without moderators, the background cross section σ

g
bxi

in Eq. (13) is close to zero, and the equivalent cross section
is dominated by the escape cross section σg

exi. For example,
group 20 in the 33-group mesh contains the groups from 1168
to 1228 of the 1968-group mesh. For 238U in plate 3, the aver-
aged σg

bxi is 0.056 barns and the averaged σg
exi is 17.891 barns.

The averaged equivalent cross section σg
0xi changes from 0.056

barns for IHM situation to 17.948 barns for heterogeneous sys-
tem, the second value is 318 times of the first value. As a com-
parison, for 238U in plate 17 where the material is U3O8, the
averaged σg

bxi is 10.304 barns and the averaged σg
exi is 23.116

barns. The averaged value of σg
0xi changes from 10.304 barns

for IHM situation to 33.421 barns for heterogeneous system,
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Fig. 3: 238U absorption rate discrepancies in pcm in SCF
drawer calculations.

the second value is 3.24 times of the first value. We see that
in a pure metal material, the equivalent cross section obtained
for the heterogeneous system is far away from the homoge-
neous background cross section; in a material with moderators,
the equivalent cross section obtained for the heterogeneous
system is relatively close to the homogeneous background
cross section. That is why the heterogeneous-homogeneous
equivalence is less precise for a pure metal material than that
for a material with moderators. Since the self-shielded cross
sections are determined by iterations until the desired conver-
gence is achieved. The less precise equivalence of 238U in
plate 3 can have influences on the other regions, such as plates
2 and 17.

Figures 5, 6 and 7 show respectively the discrepancies
in 238U production rates, 239Pu absorption rates and 239Pu
production rates with respect to the Monte Carlo reference in
the SCF calculations. These figures show that Tone’s method
gives equivalent results to the subgroup method.

Figures 8 and 9 present the discrepancies in 238U absorp-
tion rates of the DCF drawer calculations respectively in pcm
and in percentage. We see that both subgroup and Tone’s
method agree well with TRIPOLI-4 R©. With the subgroup
method, the error in absorption rates is smaller than 4 pcm or
less than 5% in energy groups whose contributions are signif-
icant. As to Tone’s method, the error in absorption rates is
smaller than 8 pcm or less than 8% in energy groups whose
contributions are significant. Tone’s method gives slightly less
precise results in groups 16 to 24 compared to the subgroup
method. This may result from the use of the NR approxima-
tion in Tone’s method. In DCF drawer, the plates are thin and
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Fig. 4: 238U absorption rate discrepancies in percentage in
SCF drawer calculations.

closely coupled. Hence the actual multigroup sources may
be influenced by the other plates in the drawer, and the NR
approximation is less precise in this case. But one has to admit
that Tone’s method, with its use of the NR approximation
and Tone’s approximation, gives equivalent precision to the
subgroup method, which uses the real multigroup sources and
the collision probability matrix per subgroup.

Figures 10, 11 and 12 show respectively the discrepancies
in 238U production rates, 239Pu absorption rates and 239Pu
production rates with respect to the Monte Carlo reference in
the DCF calculations. These figures show that Tone’s method
gives equivalent results to the subgroup method.

IV. CONCLUSIONS

In this paper we have presented a new resonance self-
shielding method based on Tone’s method. This method dis-
tinguishes from the Tone’s methods of the previous studies
by utilizing the mathematical probability tables as quadrature
formulas in calculating the effective cross sections. The new
method has been applied to the ZPPR drawer calculations. The
numerical results show that, in the DCF drawer calculations,
Tone’s method obtains similar precision than the subgroup
method, even though the simplified assumptions have been
adopted. In the SCF drawer calculation, Tone’s method is less
precise than the subgroup method due to the pure metal mate-
rial in plate 3. The heterogeneous-homogeneous equivalence
is less precise in case of the pure metal material, because the
equivalent cross section is rather different from the homoge-
neous background cross section.
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Fig. 5: 238U production rate discrepancies in SCF drawer
calculations.

The numerical results also show the superior efficiency
of Tone’s method compared to the subgroup method. Thanks
to the adoption of the simplified models, the NR approxima-
tion for the slowing down source and Tone’s approximation
for the group collision probabilities, Tone’s method largely
reduces the required number of CP computations, resulting in
an important gain in the CPU time.
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Fig. 6: 239Pu absorption rate discrepancies in SCF drawer
calculations.
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Fig. 7: 239Pu production rate discrepancies in SCF drawer
calculations.
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Fig. 8: 238U absorption rate discrepancies in pcm in DCF
drawer calculations.
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Fig. 9: 238U absorption rate discrepancies in percentage in
DCF drawer calculations.
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Fig. 10: 238U production rate discrepancies in DCF drawer
calculations with the average fission spectrum.
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Fig. 11: 239Pu absorption rate discrepancies in DCF drawer
calculations with the average fission spectrum.
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Fig. 12: 239Pu production rate discrepancies in DCF drawer
calculations with the average fission spectrum.
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APPENDIX: THE 33-GROUP ENERGY MESH

The 33-group energy mesh

Group Upper bound (eV) Group Upper bound (eV)

1 1.964033 × 10+7 18 3.354626 × 10+3

2 1.000000 × 10+6 19 2.034684 × 10+3

3 6.065307 × 10+6 20 1.234098 × 10+3

4 3.678794 × 10+6 21 7.485183 × 10+2

5 2.231302 × 10+6 22 4.539993 × 10+2

6 1.353353 × 10+6 23 3.043248 × 10+2

7 8.208500 × 10+5 24 1.486254 × 10+2

8 4.978707 × 10+5 25 9.166088 × 10+1

9 3.019738 × 10+5 26 6.790405 × 10+1

10 1.831564 × 10+5 27 4.016900 × 10+1

11 1.110900 × 10+5 28 2.260329 × 10+1

12 6.737947 × 10+4 29 1.370959 × 10+1

13 4.086771 × 10+4 30 8.315287 × 10+0

14 2.478752 × 10+4 31 4.000000 × 10+0

15 1.503439 × 10+4 32 5.400000 × 10−1

16 9.118820 × 10+3 33 1.000000 × 10−1

17 5.530844 × 10+3 1.000010 × 10−5
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