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Abstract: We show that there exist supersymmetric solutions of five-dimensional, pure, N = 1

Supergravity such that the norm of the supersymmetric Killing vector, built out of the Killing
spinor, is a real not-everywhere analytic function such that all its derivatives vanish at a point
where the Killing vector field becomes null. The norm of the Killing vector field then is not an
analytic function on a neighborhood around this point. We explicitly construct such solutions by
using a multi-center Gibbons-Hawking base. Although many of these solutions have infinite charges,
we find explicit examples with finite charges that asymptote to AdS3×S2 and discuss their physical
interpretation.

ar
X

iv
:1

51
2.

02
21

1v
2 

 [
he

p-
th

] 
 2

3 
Fe

b 
20

16

mailto:giulio.pasini@cea.fr, carlos.shabazi-alonso@cea.fr


Contents

1 Introduction 1

2 The supersymmetric solutions of N = 1 five-dimensional Supergravity 3

3 Five-dimensional N = 1 smooth solutions asymptotic to AdS3 × S2 6
3.1 Review 6
3.2 From time-like to null Killing vector 9

4 Our construction 10

5 Analysis of the solutions in the limit of infinite centers 12

6 Conclusions and outlook 15

A Proof of convergence of the vi’s for N →∞ 16

B An alternative construction 17

1 Introduction

Supersymmetric solutions of minimal Supergravity in five dimensions play an essential role in var-
ious areas of String Theory. For instance, they are fundamental to understand String Theory
compactifications as well as the microscopic properties of black hole solutions. In addition, they are
usually good toy models to understand the key properties and features of more complicated higher
dimensional solutions. In fact, five-dimensional, pure, N = 1 Supergravity is the perfect framework
where to explore the geometry and topology of M-theory supersymmetric solutions [1].

The supersymmetric solutions of five-dimensional, pure, N = 1 Supergravity were classified
in [2] up to local isometries, while the local classification in the complete, matter-coupled, five-
dimensional Supergravity was found in [3–5]. Locally, these solutions can be divided into two
classes according to the causal character of the supersymmetric Killing vector field, namely the
vector field given as a bilinear in terms of the Killing spinor1. The time-like class is characterized
by a time-like Killing vector, while the null class is characterized by a null Killing vector2. In the
time-like class, supersymmetry constrains the metric in such a way that it can be formally written
in terms of a local Hyper-Kähler four-dimensional base space.

It is well-known that in the time-like class the Killing vector can become null at some loci of the
four-dimensional Hyper-Kähler base manifold. Indeed, this is precisely what happens at the horizon
of a black hole solution, or in the smooth five-dimensional solutions of [6] which will be considered
in this letter. A change in the causal character of the Killing vector is paralleled by a change of the
supersymmetry conditions that the spinor satisfies. However, in all the solutions constructed so far
this can happen only in some regions of codimension at most one of the space-time manifold, that
are typically surfaces.

1To save unnecessary words, we will refer to the supersymmetric Killing vector as simply the Killing vector.
2It can be shown that the Killing vector cannot be spacelike.
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Our goal in this letter is to construct five-dimensional solutions in minimal Supergravity whose
Killing vector, which is generically time-like, becomes null at a point of the space-time manifold
where all the derivatives of its norm vanish. The null condition is a closed condition, so if the norm
of the spinor is a continuous function then the spinor can become null only on a closed subset of the
manifold3. Since all the derivatives of the norm vanish at the point where the Killing vector field
becomes null, we conclude that the norm is not an analytic real function at this point, otherwise
the Killing vector field would vanish on an open set, contradicting the fact that the null condition
on the norm is a closed condition. Therefore, if we are able to construct a solution where the
norm of the Killing vector field and all its derivatives vanish at some locus, we will know that
the norm is not a real analytic function at those points. In either case, having a Killing vector
whose norm has an infinite number of derivatives vanishing at a point is the closest scenario to
having a null-spinor on an open set. These would be solutions that may mix, in a non-trivial
way, the local classification that distinguishes between the time-like and the null classes. In this
respect we consider smooth Supergravity solutions with a multi-center Gibbons-Hawking (GH)
base manifold that asymptote to AdS3 × S2. These can be generated from the compactification
of eleven-dimensional Supergravity solutions on three tori with stabilized moduli. The conditions
that ensure smoothness were found in [7, 8] as these solutions represent microstate geometries for
five-dimensional black holes. These solutions are uniquely determined once one fixes the poles and
the residues of two harmonic functions V and K in the GH space. In particular, it is well known [6]
that the related Killing vector is time-like almost everywhere, except for the loci where V is zero.

It is easy to give a physical interpretation for this phenomenon in the eleven-dimensional for-
malism: in the regions where the Killing vector is time-like the supersymmetry conditions are
compatible with those of M2 branes wrapping one of the three tori. At the same time, on the
surfaces where the Killing vector becomes null, the supersymmetry conditions become those re-
quired by M5 branes wrapping two of the three tori and the Gibbons-Hawking fiber. The transition
between M2 brane-like supersymmetry and the M5-brane one can be of utmost importance for the
construction of new microstate geometries for five-dimensional black holes that are not electrically
charged. This can be achieved by means of a new class of physical objects, the magnetubes, intro-
duced in [6]. A magnetube has an M5 charge, which is magnetic in five dimensions, together with
positive and negative M2 charges. The M2 charge density is allowed to smoothly vary along the
M5-P common direction so that the net M2 charge is zero. The supersymmetry conditions are those
for M5 branes along this direction and hence the positive and negative M2 charges do not interact
and the whole magnetube is supersymmetric. This can lead to the construction of microstates for
five-dimensional black holes with zero electric charges [9], such as the Schwarzschild ones. Finding
a solution where the Killing vector becomes null at a point where its norm has an infinite number of
vanishing derivatives can be relevant in this respect. Indeed, this solution would allow to construct
new types of magnetubes, as the M5 brane charge is no longer constrained in the standard way. In
addition, one could add different types of magnetubes in the same null region and study whether
the counting of these types of configuration can partially reproduce the expectations from the black
hole entropy.

Another motivation for studying global properties of five-dimensional Supergravity solutions
comes from the analysis on the global geometry and topology of AdS3×M8 supersymmetric solutions
of eleven-dimensional Supergravity [10–13]. Indeed, the structure of this class of supersymmetric
solutions is extremely rich and heavily depends on the properties of the Killing spinor field on the
space-time manifold. Since the study of the topology and geometry of this class of solutions is
very involved, it is natural to first explore their five-dimensional counterparts as toy models for the
eleven-dimensional scenario.

3We thank Jos’e Figueroa-O’Farrill for clarifications about this point.
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To reach our goal it is hence necessary to construct a five-dimensional solution that asymptotes
to AdS3 × S2 where the harmonic function V vanishes at a point together with all its derivatives.
This operation is in general impossible, unless one allows the number of poles to become infinite.
We then adopt the following strategy. We arrange 2N poles on the same line in the GH space so
that the function V and all its derivatives up to order 2N − 2 vanish at the origin of the GH space.
This constrains the residues of V at the poles to be determined by the distances di’s between the
poles and the origin. In the limit where N becomes infinite V and all its derivatives vanish at the
origin, where the Killing vector becomes null.

The choice of the distances di’s of the poles from the origin is the only degree of freedom left
by our construction and the physical relevance of the solution given by the limit heavily depends
on this. Indeed, a general requirement to determine whether the solution in the limit is physically
meaningful is to demand it to asymptote to AdS3 × S2, so that it still belongs to the original class
of five-dimensional solutions. We give numerical evidence that there exists a distance distribution
for the poles so that this condition is satisfied. At the same time, the residues of V remain finite in
the limit, while all the poles collapse on two different points. This result motivates a future analysis
about the behavior of the metric and the warp factor in the proximity of these two would-be essential
singularities, that in fact might not be singularities at all. Indeed, considering the full backreaction
what appears to be an essential singularity from the point of view of the three-dimensional base of
the GH space will in fact give rise to smooth solutions [14, 15].

This paper is organized as follows. In Section 2 we present a general review about the su-
persymmetric structure of N = 1 five-dimensional Supergravity solutions, with emphasis on the
distinction between time-like and null classes. In Section 3 we recall the construction of smooth
five-dimensional solutions with a Gibbons-Hawking base that asymptote to AdS3 × S2 and prove
that the associated Killing vector becomes null when V vanishes. In Section 4 we show that by
suitably arranging 2N GH centers on a line it is possible to have V as well as all its derivatives up
to order 2N − 2 vanish at the origin. In Section 5 we consider the limit where N becomes infinite,
so that all the derivatives of the norm of the Killing vector vanish at the origin. In particular, we
numerically show that it is possible to arrange the distances between the GH centers so that the
limit solution still asymptotes to AdS3 × S2. In Section 6 we underline the physical properties of
the limit solution and state some future work. Additional details are presented in the Appendix. In
particular, in Appendix A we prove that the residues of V attain a finite value in the limit, while
in Appendix B we briefly describe an alternative construction that does not lead to a physically
relevant limit solution.

2 The supersymmetric solutions of N = 1 five-dimensional Supergravity

In this section we review the structure of the supersymmetric solutions of five-dimensional N = 1

pure Supergravity. Although the theory under scrutiny here seems to be relatively simple, the
structure of its supersymmetric solutions is remarkably rich. This fact can be traced back to
the particular form of the Killing spinor equation, which is relatively involved4 but also to the
quaternionic structure of the spinor bundle of the solutions.

We will focus exclusively on bosonic solutions. The bosonic matter content of five-dimensional,
pure, N = 1 Supergravity consists of a Lorentzian, oriented, spin manifold (M5, g5) together with
a connection A on principal U(1)-bundle P →M5 over M5. The bosonic part of the action is given
by:

S =

∫
M5

{
R− 1

4
|F |2 +

1

12
√

3
F ∧ F ∧A

}
(2.1)

4In particular, it is not the lift to the spin bundle of a metric connection.
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The equations of motion of the theory are given by:

g(u, v) +
1

2

(
< F (u), F (v) > −1

4
g(u, v) < F,F >

)
= 0 u, v ∈ X(M5)

d ∗ F +
1

4
√

3
F ∧ F = 0 α ∈ R∗ (2.2)

where F is the curvature associated to A and < ·, · > denotes the inner product on forms induced
by g. A pair (g5, A) satisfying equations (2.2) is said to be a bosonic solution of the theory.

Let Cl(M5, g5) denote the bundle of real Clifford algebras over (M5, g5), isomorphic as a bundle
of, unital, associative algebras to the Kähler-Atiyah bundle (ΛT ∗M5, �), see references [16–18] for
a detailed account of this formalism. Let us assume in addition that there exists a bundle of real
Clifford modules S over M5 with representation homomorphism denoted by:

γ : (ΛT ∗M5, �)→ (End(S), ◦) (2.3)

where (End(S), ◦) denotes the unital, associative, algebra of endormophisms of S. In Lorentzian
signature in five dimensions, γ is neither surjective nor injective [18], and S is a rank-eight bundle of
real Clifford modules, which remains irreducible as a spinor bundle for Spin(1, 4). The commutant
subbundle Σ of the Kähler-Atiyah bundle inside the endomorphisms of S is of quaternionic type.
This implies that on every open set U ⊂ M5 there exists a local triplet J i, i = 1, 2, 3, of almost
complex structures satsifying the algebra of the imaginary quaternions. Notice however that these
almost-complex structures do not exist globally and thus Σγ is in general not topologically trivial.
This is already a hints that the supersymmetric solutions of the theory may have very subtle non-
trivial properties at the global level.

Since Cl(M5, g5) is non-simple, there are two inequivalent Clifford modules S, distinguished by
the value of the volume element γ(ν) inside End(S):

γ(ν) = sγ Id sγ ∈ {1,−1} (2.4)

We will take the sγ = 1 in the following. The bundle of Clifford modules S can be endowed with
a symmetric admissible bilinear B, that is of utmost importance in order to write a spinor as a
polyform. A bosonic solution (g5, A) is said to be supersymmetric if there exists a globally defined
spinor5 ε ∈ Γ(S) satisfying:

∇uε−
1

8
√

3
u[ ∧ F · ε+

1

2
√

3
ιu F · ε = 0 ∀u ∈ X(M5) (2.5)

A pair (g5, A) for which there exists a globally defined spinor ε ∈ Γ(S) satisfying (2.5) is said to be
a supersymmetric configuration. Using the results of references [18, 19], we conclude that a pinor
in five Lorentzian dimensions is equivalent a polyform:

E ∈ Ω•(M5) (2.6)

satisfying the generalized Fierz relations6. The polyform E can be written in terms of a function Z,
the supersymmetric Killing vector p and a triplet of two-forms Φs depending only on the coordinates
of the base space. In turn, these can be locally written in terms of the admissible bilinear form

5Strictly speaking, this is a pinor, namely a module for the Clifford algebra. This fact may have important
consequences, since the topological obstruction for the existence of pinors is weaker than the topological obstruction
for the existence of spinors. In particular, the manifold may no be orientable and still admit pinors.

6These relations are not always equivalent to the standard Fierz relations appearing in the physics literature. See
reference [20] for more details.
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B and the local triplet of almost-complex structures J i, local sections of Σ which exist precisely
because Σ is of quaternionic type. The local expressions of Z, p and Φs in terms of a local frame
are:

Z−1 = B0(ε, ε) pa = B0(ε, γaε) Φiab = B(ε, J i ◦ γabε) (2.7)

The Killing spinor equation (2.5) translates into a set of differential conditions for Z, p and Φi.
In reference [2] the most general local form of a supersymmetric solution of five-dimensional pure,
N = 1 Supergravity was obtained7. The supersymmetric solutions can be divided in two classes: the
time-like class is characterized by a time-like Killing vector p, while the null class is characterized
by a null Killing vector. Notice that this classification is local and that the two classes can overlap.
From the Fierz algebra one gets:

g5(p, p) = −Z−2 (2.8)

and hence p cannot be space-like. The local form of the solution in each class is as follows:

• Null class. There exist local coordinates u, v, xs with s = 1, 2, 3 such that the metric can be
written as:

ds2 = −Z−1du(dv +H du+ ω) + Z2δrsdx
rdxs (2.9)

where Z, H are v-independent functions and ω is a v-independent one-form, all of them
satisfying particular differential equations on the transverse three-dimensional space.

• Time-like class There exist local coordinates t, xi, i = 1, . . . , 4, such that the metric can be
written as:

ds2 = −Z−2(dt+ ω)2 + Z−1gijdx
idxj (2.10)

where Z is t-independent and ω is a t-independent one-form. The symbol gij denotes a four-
dimensional euclidean metric, which has to be Hyper-Kähler. In fact, it can be shown that
the triplet Φs of two forms is the corresponding Hyper-Kähler structure. Therefore, time-
like solutions are amenable to be locally written in terms of a four-dimensional Riemannian
manifold, making the problem of obtaining these solutions a problem in Riemannian geometry
and suggesting that the moduli-space problem of time-like solutions is well-defined.

Once the local form of the solution has been found, in principle one can obtain the global solution
by a maximally analytic extension of the space-time, which is a very non-trivial procedure that
has to be done on a case by case basis. In the analytic extension, the fields of the solution can
potentially change some of their properties which were holding on the original local set.

As an example of this global phenomenon, one can analyze the chirality of supersymmetry
spinor ε as one moves on the space-time manifold. There is no notion of chirality in five dimensions,
an it has to be imported from the four-dimensional language. Given the structure of the time-like
class of supersymmetric solutions, amenable to be written in terms of a four-dimensional, transverse
space, together with the fact that the spinor does not depend on the time coordinate, one can study
ε as a Clifford module in four euclidean dimensions. Notice that ε remains irreducible as a Cl(4)

module, but is not irreducible anymore as a representation of Spin(4). The Clifford module is still
of quaternionic type, and seeing ε as a Clifford-module for Cl(4) it can be decomposed as follows:

7See also reference [4] for the most general local form of the supersymmetric solutions of N = 1 five-dimensional
Supergravity coupled to vectors and hypers.
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ε = ε+ ⊕ ε− (2.11)

where ε± are Spin(4) spinors of positive and negative chirality, namely inequivalent irreps. of
Spin(4). Now, ε is parallel under a generalized connection on the spinor bundle S given by the
Killing spinor equation. In other words, the Killing spinor equation (2.5) can be rewritten as:

Dvε = 0 , ∀ v ∈ X(M5) (2.12)

where D : Γ(S)→ Γ(S)⊗ Ω1(M5) is a connection on the spinor bundle. Therefore, if ε is non-zero
at one point it will be non-zero everywhere. However, this does not imply that the individual
components ε± must remain non-zero at every point: they can indeed vanish at a locus in M5,
as long as they do not vanish simultaneously. This fact was observed in [10–13, 21] for the case
of M-theory compactifications on eight-manifolds. In these references it was proven that the fact
that ε can become chiral at some loci has crucial and remarkable consequences on the geometry
of the internal space, which in turn implies that it is equipped with a particular singular foliation
and a stratified G-structure. In particular, in [10–13, 22] it was shown that the standard theory of
G-structures is not enough to describe general String/M-Theory compactifications, but that a more
general mathematical theory is needed. It seems that this more general theory is then the theory
of stratified G-structures and foliations.

On a similar vein, one can consider the global properties of the Killing vector field p, which
concern the main analysis of this note. Supersymmetric solutions of five-dimensional, pure, N = 1

Supergravity are characterized in terms of a polyform E satisfying some differential equations that
can be succinctly written as follows:

DAdE = 0 (2.13)

where DAd is the connection on the Kähler-Atiyah bundle induced by the supersymmetric connec-
tion [16]:

Du ≡ ∇u −
1

8
√

3
u[ ∧ F +

1

2
√

3
ιu F ∀u ∈ X(M5) (2.14)

We then see that E is parallel under the connection DAd, and therefore if it is non-zero at one point
(which holds by assumption), it will be non-zero everywhere. However, this does not imply that
the vector field p or its norm is parallel under any connection. Therefore, it is in principle possible
that the norm of p becomes null at some locus in M5.

Inspired then by these results, we want to explore if the following phenomenon may happen in
five-dimensional, pure N = 1 Supergravity: we want to check if there are supersymmetric solutions
of this theory having a Killing vector whose norm has an infinite number of vanishing derivatives at
its null locus inM5, and is generically time-like on its complement. In the next sections we explicitly
construct a family of these solutions, which motivates a formal study of their global geometry and
topology that will be presented elsewhere [20].

3 Five-dimensional N = 1 smooth solutions asymptotic to AdS3 × S2

3.1 Review

In this section we review the class of five-dimensional solutions in minimal Supergravity we will
be concerned with. These are smooth N = 1 solutions that asymptote to AdS3 × S2 and have a
Gibbons-Hawking (GH) space as four-dimensional Hyper-Kähler base. As we will show at the end
of this section, these solutions admit a Killing vector that is time-like almost everywhere, except for
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some codimension one loci where it becomes null. This fact is crucial for the construction described
in the following sections that leads to a solution where the norm of the Killing vector vanishes at a
point of the GH space together with an infinite number of derivatives.

The conditions that ensure the smoothness of the class of N = 1 five-dimensional solutions
we review here were first found in [8, 23], while we follow the conventions of [24, 25] to impose
the solutions to asymptote to AdS3 × S2. As the Killing vector is time-like almost everywhere the
metric can be written in the standard form of the time-like class (2.10):

ds25 = −Z−2(dt+ ω)2 + Z gijdx
idxj (3.1)

A = −Z−1(dt+ ω) + V −1K (dψ + ω0) + ξ (3.2)

where A is the potential one-form and gijdxidxj is a Gibbons Hawking metric:

gijdx
idxj = V −1(dψ + ω0)2 + V δabdx

adxb (3.3)

with a, b = 1, 2, 3 and the GH fiber ψ has period 4π. The functions in (3.1), (3.2) and (3.3) are
defined on the three-dimensional space spanned by x = (x1, x2, x3) in the GH space. In particular,
V in (3.2) and (3.3) is a harmonic function

V =

N∑
i=1

vi
ri

ri = |x− gi| (3.4)

where gi is the location of the i-th pole (GH center). The one-form ω0 in (3.3) is related to V
via dω0 = ?dV , where the Hodge star is constructed using the euclidean R3 metric. By imposing
vi ∈ Z, the poles of V become orbifold singularities for the metric (3.3) (which are benign in String
Theory) of the form S3/Z|vi|. One has to impose also

∑
i vi = 0 so that the metric asymptotes to

AdS3 × S2
8.

The function Z in (3.1) and (3.2) is expressed as a combination of V together with two additional
harmonic functions K and L:

Z = L+
K2

V
(3.5)

Requiring Z to be smooth everywhere constrains K and L to have the same poles as V in (3.4) and
uniquely fixes the residues of L once those of K have been specified9:

K =

N∑
i=1

ki
ri

L = −
N∑
j=1

k2j
vj

1

rj
(3.6)

The one-form ξ in (3.2) is then defined by dξ = −?dK, where the Hodge star is again defined using
a flat R3 metric. The BPS solution for the angular momentum one-form ω in (3.1) is written as

ω = S(dψ + ω0) + ζ (3.7)

with S given by

S =
K3

V 2
+

3KL

2V
+M (3.8)

where M is another harmonic function that has the same poles as V in (3.4). Its residues are fixed
by those of V and K so that S is finite and smooth everywhere:

M = m0 +
1

2

N∑
i=1

k3i
v2i

1

ri
(3.9)

8In [8, 23] these solutions are built to be microstates for a class of five-dimensional three-charge black holes, and
hence they asymptote to flat space. This is achieved by requiring

∑
i vi =1.

9In [8, 23] it was necessary to add a constant +1 to L so that Z is nicely behaved at infinity for an asymptotically-
flat metric. As our solutions are asymptotic to AdS3 × S2 there is no such requirement for Z.
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The nonzero constantm0 in (3.9) determines the radius of the asymptotically AdS3×S2 metric (3.1).
Finally, ζ in (3.7) is given given by

?dζ = V dM −MdV +
3

2
(KdL− LdK) (3.10)

Some constraints have to be satisfied to prevent the existence of closed time-like curves. First
of all, from (3.1) it easy to see that one has to require S in (3.8) to vanish at each GH center. This
imposes N − 1 independent conditions known as bubble equations that involve the residues vi and
ki together with the inter-center distances rij :

N∑
j=1
j 6=i

(
kj
vj
− ki
vi

)3
vivj
rij

+ vim0 = 0 i = 1, ..., N − 1 (3.11)

Secondly, to avoid closed time-like curves the following inequalities must hold everywhere in the
GH base space:

Z3V − S2V 2 > 0 ZV > 0 (3.12)

Therefore, to completely determine one of these solutions one has to fix m0 in (3.9) and the number
of GH centers N . Secondly, one specifies the residues vi, ki and the inter-center distances rij so
that (3.11) are satisfied. There is no general prescription known to satisfy (3.12) and these two
conditions have to be checked a posteriori.

It is useful to show that the metric (3.1) asymptotes to AdS3 × S2. We parameterize the R3

base of the GH space with spherical coordinates r, θ, φ and define the following quantities:

Q =

N∑
i=1

ki J =

∣∣∣∣∣
N∑
i=1

vi· gi
∣∣∣∣∣ P =

N∑
j=1

k2j
vj

(3.13)

By introducing the coordinates [24]:

η = Q log
r

Q
τ = t σ = 2m0ψ − t (3.14)

the metric (3.1) and potential (3.2) asymptotically become

ds2 ' dη2 +
1

4m0
e
η
Q (−dτ2 + dσ2) +Q2

(
dθ2 + sin2 θ(dφ+ ω̃0)2

)
(3.15)

A ' Q cos θ (dφ+ ω̃0) +− 3P

2Qm0
(dσ + dτ) (3.16)

where we have defined

ω̃0 =
J

2Q3
(dτ − dσ) (3.17)

Equation (3.15) shows that the metric of these solutions asymptotes to AdS3×S2
10. In addition,

from (3.15) it is clear that one should impose Q in (3.13) to be positive.
Note that the asymptotic behavior of these solution (3.15) and (3.16) is uniquely determined

once the quantities in (3.13) have been fixed.

10The first part of the metric (3.15) is written as a Poincaré-AdS space, as the coordinate change to AdS becomes
involved for solutions with more that two centers, where the GH metric coincides with a Eguchi-Hanson metric [25].
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3.2 From time-like to null Killing vector

The N = 1 five-dimensional Supergravity solutions reviewed in Section 3 have a Killing vector p
that is time-like almost everywhere and that in the coordinates of (3.1) is simply written as ∂

∂t . As
recalled in Section 2, it is locally defined by the Killing spinor through a bilinear form B, which for
the metric (3.1) simply becomes:

pa = B0(ε, γaε) = ε̄ γaε (3.18)

while (3.12) allows to rewrite (2.8) as follows:

g5(p, p) = −Z−2 = −(ZV )−2 V 2 (3.19)

Therefore in our class of solutions the Killing vector is time-like everywhere except for the V = 0

loci, where it becomes null. This peculiarity belongs to the class of solution reviewed in Section 3
and the reason why the time-like Killing vector can become null at some loci lies in the fact that
the GH metric (3.3) is ambipolar. Indeed, its signature can pass from (−,−,−,−) to (+,+,+,+)

and the surfaces V = 0 mark the borders between the two signatures. This does not affect neither
the physical validity of the Supergravity solutions of Section 3 nor their smoothness, as it can be
shown [26] that the full metric (3.1) has lorentzian signature everywhere.

To better understand how these solutions can switch from the time-like class to the null one it
is useful to analyze what happens to the Killing spinor ε as one approaches the V = 0 loci [6]. The
standard frames for the metric (3.1) are given by:

e0 = Z−1(dt+ ω) e1 = (ZV )
1
2V −1(dψ + ω0) ei+1 = (ZV )

1
2 dxi (3.20)

and it was shown in [2] that if e0 is written as in (3.20) then the Killing spinor satisfies

γ0ε = ε (3.21)

in the frame indices defined by (3.20). This is indeed the prototypical spinor equation for time-like
solutions. However, the frames e0 and e1 in (3.20) become singular as V approaches zero and (3.21)
does not hold in these regions. In particular, one can see from (3.19) that

ε†ε = ε̄γ0ε = Z−1 = (ZV )−1V (3.22)

which shows that the norm of ε vanishes in the V = 0 loci. To understand what happens in these
regions one has to define a completely regular set of frames, which is made possible by simply
replacing e0 and e1 in (3.20) with:

ê0 =
1

2
(V + V −1) e0 +

1

2
(V − V −1) e1

ê1 =
1

2
(V − V −1) e0 +

1

2
(V + V −1) e1 (3.23)

Note that the regular set of frames is related to the original one (3.20) simply by a boost, with
boost parameter χ defined by

coshχ =
1

2
(|V |+ |V |−1) sinhχ =

1

2
(|V | − |V |−1) (3.24)

and clearly the boost parameter becomes infinite when V = 0. The Killing spinor in the regular
set of frames ε̂ is hence related to the original one ε by

ε̂ = e
χ
2 γ

01

ε =
1

2
|V | 12 (1 + γ01)ε+

1

2
|V |− 1

2 (1− γ01)ε (3.25)
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where the frame indices are again defined by (3.20). From (3.22) one can see that the magnitude
of ε in the original frame vanishes as |V 1

2 | and then from (3.25) one concludes that on the V = 0

loci the spinor ε satisfies
γ01ε = −ε (3.26)

which is nothing but the prototypical spinor equation for the null class of five-dimensional solutions.
As V in (3.4) is a harmonic function, these loci are two-dimensional surfaces in the GH space [6],

hence the Killing vector cannot become null on an open set of the five-dimensional space-time
manifold. The closest condition to having a null Killing vector on an open set is to have it vanish at
a point together with all its derivatives. This result can be achieved if one compromises to consider
a solution of the kind reviewed in Section 3 with an infinite number of GH centers. Indeed, in
the next section we show that by suitably arranging a solution with 2N GH centers V and all its
derivatives up to order 2N − 2 can be set to zero at a point. In the limit where N becomes infinite
V and all its derivatives vanish at a point of the GH space. Consequently, all derivatives of the
norm of the Killing vector of the limit solution vanish at the origin. Since the null condition is a
closed condition, we conclude that:

• The norm of the Killing vector field is not a real analytic function at the origin.

4 Our construction

In this section we show how to arrange a smooth solution of the class reviewed in Section 3 with
2N GH centers so that all the derivatives of V up to order 2N − 2 vanish at a point, which we fix
to be the origin of the GH space.

We consider a solution with 2N GH centers located on the same axis, parameterized by the
coordinate x in the GH base space. The full solution (3.1) then has cylindrical symmetry with
respect to this axis and the angular coordinate can be ignored. Focusing on a plane containing the
axis, the orthogonal direction is parameterized with y. We dispose N GH centers on the semi-axis
x ≥ 0, labeled by i = 1, ...N , while the remaining N centers are arranged on x < 0 and labeled by
i = −1,−2, ...−N . Denoting the distance of the i−th center from the origin with di, we constrain
the residues vi’s and ki’s of (3.4), (3.6) and the di’s to satisfy the following conditions:

v−i = −vi k−i = ki d−i = di i = 1, ...N (4.1)

In addition, for the semi-axis x > 0 we require the sign of the vi’s to be alternating:

vi = (−1)i+1|vi| i = 1, ...N (4.2)

As a consequence of (4.1) the quantity P defined in (3.13) is identically zero. In addition, because
of (4.1) and (4.2), only N equations (3.11) among the initial 2N − 1 remain independent, as the
equation for i is equivalent to that for −i.

This configuration ensures that V in (3.4) and some of its derivatives vanish at the origin
x = y = 0. In particular, by introducing the notation

(m,n) ≡ ∂m+nV

∂xm∂yn

∣∣∣∣
x=y=0

(4.3)

one can observe the following simplifications:

• (2s, n) = 0 ∀s, n,

• (2s+ 1, 2p+ 1) = 0 ∀s, p,
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• (m,n) and (s, p) are multiples of each other provided that m+ n = s+ p.

Therefore, after fixing the number of GH centers to be 2N and requiring (4.1) and (4.2) to hold, one
can annihilate the N − 1 nonzero derivatives at the origin of the form (1, 2s) with s = 0, ...N − 2.
Indeed, defining the ratios ξi = vi/v1 and δi = di/d1, these N − 1 constraints completely fix the
N − 1 ξi’s as functions of the δi’s, so that all the derivatives up to order 2N − 2 are zero at the
origin. For instance, in a solution with 2N = 8 GH centers one is free to assign the three ratios of
the distances δi’s and then the three ξi’s are determined to annihilate the derivatives (1, 0), (1, 2)

and (1, 4). As a result, V and all its derivatives up to order six are zero at the origin.
Without loss of generality we fix

v1 = 1 d1 = 1 (4.4)

so that the vi’s can be directly expressed as functions of the di’s. There are two such expressions,
depending on whether the GH centers gi with |i| > 1 are added externally with respect to g1 and
g−1, namely choosing di > dj for i > j, or internally, satisfying dj < di for j > i. We adopt this
second convention, as the numerical investigations for the limit N → ∞ give evidence that this is
the physically sensible option, presenting the formula we got from the first option in Appendix B.

Therefore, after fixing N , one arranges the first two centers g±1 on the line by means of (4.4).
Then the remaining centers are progressively added in the intervals ]0, 1[ and ] − 1, 0[ according
to (4.1) and (4.2). We are left free to assign the distances subject to the requirement di < dj < 1

for i > j, while the vi’s remain fixed to annihilate all the derivatives of V up to order 2N − 2 at
the origin:

|vi| = d2N−2i

N∏
j=2
j 6=i

1− d2j
|d2i − d2j |

i = 1, ...N (4.5)

and their sign is determined according to (4.2).
To completely determine a five-dimensional solution of the class reviewed in Section 3, also N

parameters ki’s for i = 1, ...N have to be determined. These parameters are fixed by numerically
solving the N remaining independent equations (3.11) while requiring Q > 0 in (3.13).

To summarize, after fixing N , one disposes the centers symmetrically with respect to the origin
according to (4.1) and (4.2) and fixes the N distances di’s subject to 0 < di < dj < 1 for i > j.
The vi’s are determined by (4.5) and the ki’s are determined by solving the N independent bubble
equations (3.11). Once the vi’s and ki’s have been found, the whole five-dimensional solution can
be written according to Section 3.

The N bubble equations have to be solved numerically once m) and the distances di’s have
been fixed. We studied the behavior of these solutions for many different distance distributions di,
progressively increasing N . Our numerical analysis indicates that among the many possible real
solutions for the ki’s, there is always one where the ki’s are all positive. We observed that this is the
only option to systematically satisfy V Z > 0 everywhere in (3.12), as we verified numerically that if
some of the ki’s are negative the function V Z can become negative close to some of the GH centers.
This kind of analysis was repeated for many different distance distributions di using (4.5) and also
adding the GH centers externally with respect to g±1 using (B.1) in Appendix B. As changing the
value of m0 in (3.11) just scales the values for the ki’s, we fix m0 = −1 in our numerical analysis,
keeping in mind that our results are valid for any nonzero m0.

We found that the second constraint in (3.12) is also satisfied if one requires the ki’s to be
positive for different distributions of distances and different N , although we lack a rigorous gener-
alization to arbitrary N .
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5 Analysis of the solutions in the limit of infinite centers

In this section we analyze the limit N →∞ applied to the construction of Section 4. In this limit
all the derivatives of V vanish at the origin. For finite N the construction of Section 4 leads to
valid, smooth Supergravity solutions of the class reviewed in Section 3. However, the situation is
different for N → ∞, as one gets a solution with an infinite numbers of poles. Depending on the
chosen distribution for the di’s, the GH centers can accumulate towards single points or in finite
intervals, but one cannot say a priori whether this invalidates the smoothness of the solution in the
limit without a thorough analysis of the metric (3.1) in the limit N →∞.

Two more general issues can compromise the physical relevance of the limit solution for N →∞.
First of all, the constraint Z3V − S2V 2 > 0 should be checked for every N . We verified that for
a wide range of distributions of the di’s and for different values of N this condition is valid and it
seems reasonable to assume that it still holds in the infinite limit. Secondly, it is natural to require
that the limit solution still asymptotes to AdS3×S2, and hence that its metric and potential can be
rewritten as in (3.15) and (3.16) at infinity. In particular, this means that J and Q in (3.13) have
to remain finite for N →∞11. As the sign of the vi’s is alternating according to (4.1) and (4.2) and
as we are accumulating the poles within finite intervals, it is easy to find a distance distribution for
the poles such that J in (3.13) goes to zero in the limit.

On the other hand, it is tricky to find a distribution for the di’s so that the parameter Q
in (3.13) does not grow indefinitely with N . As remarked at the end of Section 4, for each finite
N the ki’s are determined by numerically solving N bubble equations (3.11) and selecting the only
solution where they all have the same sign. For this reason Q in (3.13) can easily grow to become
infinite with growing N .

For N large enough there seems to be a correlation between how the vi’s -determined via (4.5)-
and the ki’s behave with N . We observed that an exponential growth for the vi’s is paralleled by
an exponential growth of Q in (3.13), which we want to avoid.

We found a distribution for the di’s so that the vi’s attain a finite limit for N → ∞ that can
lead to a finite Q as well. For fixed N we assign the distances di’s according to:

di = 1− (i− 1)α

Nβ
i = 1, ...N (5.1)

with 0 < α < β. In Appendix A we show that for each fixed i, |vi| given by (4.5) with (5.1) is
finite in the limit provided that β > 1. Note that (5.1) satisfies 0 < di < dj ≤ 1 for i > j and that
in the limit N → ∞ all the GH centers collapse on the fixed g1 and g−1 at unitary distance from
the origin. This does not automatically imply that the limit solution become singular without a
thorough analysis of the full metric (3.1) in the limit.

It is important to stress that with the distribution (5.1) the GH centers do not accumulate at
the origin and hence the function V in (3.4) becomes constant and in fact it has an infinite number
of vanishing derivatives in the limit. The configuration for the GH centers obtained with a distance
distribution of the kind (5.1) is represented in Figure 1.

We analyzed the behavior of Q and J in (3.13) as a function of N for different values of α and
β in (5.1), up to N = 30012. The quantity J in (3.13) rapidly goes to zero as N increases, while
the behavior of Q is more subtle. We noted that for β − α > 1 in (5.1) the bigger β − α is the
faster Q(N) goes to zero for N →∞. For β −α < 1 we have not found a clear connection between
this quantity and the behavior of Q(N) at infinity. For instance, Q(N) goes to infinity for β = 2.05

and α = 1.9, while it goes to zero for β = 2.05 and α = 2 - see Figure 2. This indicates that there

11We remind the reader that because of (4.1) P in (3.13) is identically zero in our construction.
12Note the solution obtained for N = 300 has 600 GH centers in total. The related value of Q is hence determined

by numerically solving 300 bubble equations (3.11), each of them consisting of 600 terms.
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Figure 1. The configuration of GH centers obtained with the distance distribution (5.1). The blue dots
represent the centers g±1, whose position has been fixed in (4.4). The red dots represent the other GH
centers, whose positions and vi’s are determined by (4.1) and (4.2).

exists some value α̃ with 1.99 < α̃ < 2 such that Q(N) asymptotes to a constant. The related
solution hence asymptotes to AdS3 × S2 and the norm of the Killing vector has an infinite number
of vanishing derivatives at the origin.
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Figure 2. Numerical analysis for Q(N) up to N = 300 for two different regimes. The red dots were
obtained choosing β = 2.05 and α = 1.99 in (5.1) and Q(N) is divergent. The blue dots were obtained for
β = 2.05 and α = 2 and Q(N) asymptotes to zero.

The asymptotic behavior of Q(N) for 150 ≤ N ≤ 300 for the two distance distributions studied
in Figure 2 is modeled by

Q(N) ∼ Na

cN b + d
(5.2)

where the parameters a, b, c, d can be estimated numerically. The fact thatQ(N) for largeN behaves
as in (5.2) is a general feature of the distance distribution (5.1). In particular, for the values of α
and β of Figure 2 we find the following values for a, b, c, d in (5.2):

a b c d a− b
α = 1.99 1.83 1.79 3.51 -724.011 0.04
α = 2 1.59 1.64 2.35 -44.12 -0.05
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It is interesting to study how the vi’s determined by (4.5) with the distance distribution (5.1)
evolve with N . From Figure 3 we see that for fixed N the vi’s of the last GH centers are small
compared to the vi’s to the first one. In addition, each vi slowly grows with N but remains finite
in the limit, as proved in Appendix A for the distance distribution (5.1).

A similar analysis can be performed to study the trend of the ki’s, numerically determined by
solving the bubble equations (3.11) - see Figure 4. For a given N the ki’s of the last centers -namely
the ones closest to the origin- are small compared to those of the most external centers. Each ki
decreases with N and limits to zero for N →∞ so that the conserved charge Q in (3.13) can remain
finite in the limit.
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Figure 3. Numerical analysis for the vi’s determined with (5.1) and (4.5) for α = 1.99, β = 2.05 (red) and
for α = 2, β = 2.05 (blue). a) Representation of the vi’s for the solutions with N = 300. b) Trend of |v2|
as a function of N up to N = 300. The trends of all the other vi’s for fixed i are similar. c) Trend of |vN |
for the last-added GH center, as a function of N up to N = 300.
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Figure 4. Numerical analysis for the ki’s determined by solving the bubble equations (3.11) computed
with the distance distribution (5.1) for α = 1.99, β = 2.05 (red) and for α = 2, β = 2.05 (blue). a)
Representation of the ki’s for the solutions with N = 300. b) Trend of |k2| as a function of N up to
N = 300. The trends of all the other ki’s for fixed i are similar. c) Trend of kN for the last-added GH
center, as a function of N up to N = 300.

6 Conclusions and outlook

We have shown the existence of five-dimensional Supergravity solutions such that the Killing vector
together with an infinite number of derivatives vanish at a point in the base space. Since the null
condition is a closed condition, this implies that the norm of the Killing vector is not a real analytic
function at this point. This was achieved by considering the infinite limit for the number of centers
in a class of smooth solutions with a Gibbons-Hawking base that asymptote to AdS3 × S2. By
suitably tuning the distances of the poles before taking the limit, we gave evidence that the limit
solution still asymptotes to AdS3 × S2 and that its charges are finite.

It is important to stress that while our construction is valid in Supergravity, it is not necessarily
so in String Theory. Indeed, in Section 4 we stressed that the residues of V should be integers,
so that the Gibbons-Hawking space looks like an S3/Z|vi| close to a center. In addition, also
the residues of K in (3.6) should be constrained to be integers. This is because one can define
numerous two-cycles by fibering the coordinate ψ in (3.3) between two centers and the differential
of A + Z−1(dt + ω) in (3.2) measures fluxes on these cycles that depend on the ratios ki/vi. The
usual quantization conditions require these fluxes to be semi-integers. In the infinite limit analyzed
in Section 5 one a priori cannot say that the vi’s and the ki’s are integers, although this does not
seem impossible. It would be interesting to study whether there exist other distance distributions
different from (5.1) so that also this requirement is satisfied.

It is also useful to analyze what happens in this class of solutions when the GH centers collide,
as for the infinite limit with the distance distribution (5.1). In [26] a physical interpretation for this
phenomenon was given seeing these five-dimensional solutions as black hole microstates. Indeed,
one can compute the metric distance between the most external GH center and a suitable cutoff far
away in the Gibbons-Hawking space, which can be seen as the length of the would-be black hole
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throat in this language. This quantity is always finite for the solutions of Section 3, but can grow
indefinitely once one moves the GH centers close together. As in the limit solution of Section 5 all
the centers collapse on two points, this fact can be interpreted as the would-be black hole throat
becoming infinite.

Finally, the collapse of all the centers to two points does not automatically give rise to singular-
ities in the metric. Indeed it was shown in [14, 15] that what appears to be an essential singularity
from the point of view of the three-dimensional base of the GH space can in fact give rise to a
smooth solution once the full backreaction is taken into account. To verify the validity of this
statement for our solutions it would be necessary to analyze the behavior of the function Z in (3.1)
close to g±1 in the infinite limit. This operation is highly nontrivial and we suspect that it might
also not be well defined, as the limit for N → ∞ might not commute with the limit r → g±1. We
plan to carry a full mathematical analysis of the properties of the limit solution in future work.
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A Proof of convergence of the vi’s for N →∞
In this section we prove that each vi determined with (4.5) with distance distribution di given
by (5.1) with 0 < α < β is finite in the N →∞ limit, namely that

lim
N→∞

|vi| = lim
N→∞

d2N−2i

N∏
j=2
j 6=i

1− d2j
|d2i − d2j |

with ds = 1− (s− 1)α

Nβ
(A.1)

is finite for each fixed i.
As the logarithm is a monotonic bijection between R+ and R, the |vi|’s are finite if and only if

log |vi| remains finite, namely if

lim
N→∞

log |vi| = lim
N→∞

(2N − 2) log di +

N∑
j=2
j 6=i

log

(
1− d2j
|d2i − d2j |

)
(A.2)

is finite. The first term on the rhs of (A.2) for sufficiently large N becomes:

(2N − 2) log di = (2N − 2) log

(
1− (i− 1)α

Nβ

)
∼ −2(i− 1)αN1−β (A.3)

and hence goes to zero provided that β > 1. The sum in (A.2) for large N can be rewritten as:
N∑
j=2
j 6=i

log(j − 1)α − log |(j − 1)α − (i− 1)α| = −
N∑
j=2
j 6=i

log

∣∣∣∣1− (i− 1)α

(j − 1)α

∣∣∣∣ (A.4)

and then for j >> i the asymptotic part of this sum becomes

(i− 1)α
N∑

j>>i

(j − 1)−α ∼ (i− 1)α

α
N−α−1 + const (A.5)

which is finite provided that α > −1. Therefore the limit (A.1) with 0 < α < β is finite for each
fixed i provided that β > 1.
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B An alternative construction

The distance distribution (5.1) is the only one we have found that gives rise to a physically sensible
solution in the limit N → ∞ for the construction of Section 4. As mentioned in Section 4, after
fixing the centers g±1 with (4.4) one can add the other centers externally with respect to these two,
namely choosing di > dj > 1 for i > j > 1. Then arranging the 2N centers on a line imposing (4.1)
and (4.2) and requiring the derivatives of V up to order 2N − 2 to vanish at the origin uniquely
fixes the vi’s as functions of the di’s:

|vi| = (1 + di)
2N−2

N∏
j=1
j 6=i

dj(2 + dj)

|di(2 + di)− dj(2 + dj)|
(B.1)

and the sign of each vi is determined according to (4.2). We studied the solution in the limit for
N →∞ using different distance distributions di’s. For instance, one can arrange the centers to be
equally spaced on the axis, to accumulate close to a point or within an interval or to reach infinite
distance with different spacings. We always find that Q → ∞ for N → ∞. The same happens
inserting the GH centers internally using (4.5) with distance distributions different from (5.1). We
believe that the reason for this lies on the fact that each |vi| grows exponentially when one adds
more and more centers. The distance distribution (5.1) with (4.5) is the only we have found that
keeps the vi’s finite in the limit, as shown in Figure 3.
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