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ABSTRACT: A simple group theory approach is proposed to predict
the charge distribution of low order localized surface plasmon
resonances (LSPRs) of finite metallic particles of basic geometries.
As an illustration, the case of randomly oriented Au colloidal particles
of cubic C4v symmetry excited at dipolar resonance is presented. The
symmetry approach is confirmed by numerical simulations carried out
by the boundary element method. Experimental validation is achieved by
high-resolution subwavelength near-field mapping conducted by
photoemission electron microscopy.

■ INTRODUCTION

Light−matter interaction at the ultimate scale can exhibit a
physical behavior at variance with what is commonly
encountered at the macroscopic scale. Localized surface
plasmon resonances (LSPRs), collective oscillations of the
conduction electrons at a metallic/dielectric interface, are
behind the remarkable optical properties of nanosized metallic
particles.1 Plasmonics, a major part of nanophotonics, holds
great promise for a broad range of application domains
including artificial photosynthesis,2,3 biosensing,4−6 cancer
therapy,7 energy harvesting,8 imaging,9 plasmon laser,10 and
surface-enhanced spectrometries.11 By contrast, only a few
applications have appeared on the market, dealing mainly with
sensing applications.12 Among the milestone steps likely to
focus on technological interests, the precise manipulation of
light at the nanometer scale is certainly at the top of the list. So
far, two main routes have been cleared for the precise light
manipulation at the scale of a nanostructure, namely, the
coherent control and the polarization addressing of plasmonic
eigenstates.
Coherent control constitutes one method of choice for

subwavelength light manipulation. Relying on an interference
phenomenon, it makes use of two main mechanisms: the
manipulation of the near-field temporal evolution via the
spectral phase shaping of a linearly polarized incident light13

and the constructive/destructive interference of near-field
modes excited by a set of two orthogonally cross-polarized
light components.14 The first mechanism implies an adaptive
polarization pulse shaping, a complex many-parameter process,
whereas the second one, more flexible, employs an open loop
control scheme based on the relative phase of the two delayed
incident laser pulses.
The second route exploits the selective addressing of

plasmonic eigenstates of individual nanostructures of interest

by specific choice of the incident light polarization.15−17 This
method is simple to implement and possesses a predictive
character in nature. Indeed the polarization-dependent
eigenstates of an object of simple geometry (prism, cube,
rectangle) can be easily analytically determined.
Following this latter approach, we present an experimental

and theoretical polarization investigation of the LSPRs of
individual metallic nanocubes randomly deposited on a
substrate. Near-field imaging at subwavelength spatial reso-
lution is performed using multiphoton photoemission electron
microscopy (PEEM). The LSPR eigenstates are predicted within
a comprehensive group theory description. Experimental and
analytical results are confirmed numerically with the help of the
boundary element method (BEM).18−20

This work confirms the general character of the group theory
approach previously applied to the specific case of a two-
dimensional nano-object of trigonal symmetry.15 Here, the
cubic symmetry class is considered, illustrating the physically
richer case of a three-dimensional object exhibiting numerous
LSPR eigenvectors, either degenerated or not. Depending on
the possible resonance spectral overlaps and the polarization of
the incident light, distinct final near-field distributions can be
predicted.

■ MATERIALS AND METHODS

Sample Preparation. Regular cubes with edge sizes {40,
45, 75, 115, and 165 nm} were prepared by colloidal chemistry
in water using cetyltrimethylammonium bromide (CTAB) as the
capping agent. Cubes of edge lengths {40, 45, and 75 nm (±3
nm)} were first obtained according to an already published
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method.21−23 Larger cubes {115 and 165 nm (±5 nm)} were
obtained according to a procedure reported by Eguchi et al.24

by adding various amounts (110 μL and 60 μL) of the 40 nm
cube solution, used as seed, to a growth solution (5 mL)
containing HAuCl4 (2.0 × 10−4 M), ascorbic acid (1.1 × 10−3

M), and CTAB (1.6 × 10−2 M). Small cubes are obtained in a
high yield (>90%), and larger ones are synthesized with a
moderate yield (<50%). See scanning electron microscopy (SEM)
images in the Supporting Information.
Prior to photoemission investigation, colloidal objects are

randomly dispersed by deposition of a liquid drop on the
surface of a transparent conductive substrate. The substrate
consists of a commercial polished high quality float glass coated
with a 40 nm indium tin oxide ITO layer.25 The concentration
of the solution is adapted to yield an object density of about
0.25 object/μm2. So, the corresponding averaged distance
between objects amounts to 2.1 ± 0.7 μm, and no significant
object field coupling is expected. Figure 1 shows a typical SEM
image of such a concentrated solution of gold nanoparticles.
Experiment. Photoelectron emission microscopy measure-

ments were carried out on a previously described setup.26 In
short, the photoemission process is strongly enhanced upon
excitation of LSPRs, and the acquired multiphoton photo-
emission electron maps reflect the actual distribution of the
optical near field at the surface of the metallic object under
investigation.26−31 Au cubes are excited under grazing incidence
(angle α = 72.5° between k-vector and surface normal) with the
pulsed output of an optical parametric oscillator (Chameleon
OPO, Coherent Inc.) pumped by a mode-locked Ti:sapphire
oscillator (Chameleon Ultra II, Coherent Inc., repetition rate
80 MHz, pulse width 140 fs). The wavelength range in the
visible is λ = 520−640 nm (2.38−1.94 eV). Peak power
densities at the sample surface are in the range 145−300 MW/
cm2. The polarization of the laser beam can be adjusted from p-
to s-polarization with a half-wave plate. Fundamental
parameters of the illuminating beam, in particular, intensity,
pulse width, and focus position, are maintained constant during
the experiment, allowing point by point acquisition of
wavelength- (wavelength step 5 nm) and polarization-depend-
ence (polarization step 5°) curves. The photoemission
microscope (PEEM/LEEM III, Elmitec GmbH) operates
under ultrahigh vacuum conditions and routinely achieves a
spatial resolution down to 20 nm in PEEM imaging mode. In
addition to PEEM imaging, the instrument can be operated in
low-energy electron microscopy (LEEM) mode where the
backscattered electrons are used to create an image reflecting
the topography of the sample. In LEEM mode routine spatial
resolution is close to 10 nm, and topography images can be
spatially correlated to the PEEM signature. For image
processing LEEM and PEEM images are background corrected,

and intensities are determined via signal integration over
regions of interest.
Prior to polarization-dependent near-field mapping, PEEM

absorption spectra (image integration) of a representative set of
individual Au cubes of specific edge sizes are acquired to
determine their resonance wavelengths. Upon increase of its
edge dimension, the maximum absorption wavelength of a cube
first red shifts and then goes in the reverse direction (blue shift)
above a characteristic size threshold. This spectral behavior at
variance with what is observed with scattering32−34 limits the
number of low order LSP resonances one can excite when
working with an absorption based technique. Indeed, due to the
limited visible wavelength range of the OPO pulsed light source
(>520 nm), only one full plasmon resonance is accessible. So
the present investigation is limited to the cubic objects of 165
nm in edge size, the dipolar resonance of which (at absorption
maximum) peaks at a wavelength of 533 ± 1 nm (see Figure
1c).

■ GROUP THEORY

The plasmonic resonances of a nanoparticle can be
quantitatively determined by various numerical methods, such
as f inite dif ferences in time domain (FDTD),35−37 f inite element
(FE),38 volume integral equation (VIE),39,40 or surface integral
equation (SIE) methods.18,41,42 These methods rely on
numerical resolutions of the classical electrodynamics equations
and exploit various processes of discretization allowing the use
of locally appropriate analytical equations. They are efficient in
handling a large variety of physical problems in nano-
photonics,43 in particular the electric field distribution, and
the absorption and scattering cross sections of individual
particle of any shape can be precisely determined. Outside
these recognized strengths, numerical methods present also
accepted weaknesses associated with their ease of implementa-
tion or required large computational memory and calculation
time.
In complement to numerical methods, the present work

illustrates the use of a simple group theory approach to address
the plasmonics of subwavelength objects. The strengths of the
method are 2-fold: (i) it gives access to the symmetry elements
of the plasmonic eigenstates of an individual regular particle as
a function of the symmetry of both the particle and the incident
field. These charge eigenstates allow direct determination of the
electric field distribution at the object surface given the
polarization of the incident light. So, beyond its usefulness for
field map interpretation, predictive manipulation of light
through selective addressing of pure or combined charge
eigenstates is also made possible, and (ii) it is an easy and quick
analytic method. A full determination of charge eigenstates is
obtained within a few-minutes handwork. Limitations are

Figure 1. (a) Schematic representation of the PEEM experimental setup. (b) SEM image of Au colloidal cubes (concentrated solution). Cube edge
size amounts to 165 ± 5 nm. (c) Average experimental light absorption of a set of 12 individual cubes. PEEM signal acquisition under p-polarization
at grazing incidence.
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mainly associated with the discrete character of the plasmonic
charges and some arbitrariness in the choice of the initial basis
set. Indeed, as mentioned in the following paragraphs, charges
are rendered by s orbital like distributions attached to angular
points of the object surface. In addition, no direct
determinations of the LSP resonance absolute frequencies (at
cross-section maxima) are possible.
In more detail, as recently demonstrated, the plasmonic

response of a finite metallic structure can be predicted by
analyzing the symmetry of both the object under investigation
and the external incident field. Zhang et al.44 extended the
selection rules established for a scalar field (a wave function) to
the case of a vector field. This vectorial selection rule states that

if the ith component (i = x, y, z) of the electric field
⎯→
En of a

LSPR mode indexed n, respectively, of an external field,
⎯→⎯
Eext,

transforms as the irreducible representation (irrep) Γn,i,
respectively, Γext,i, then the excitation strength of the resonance
mode n ⟨En|Eext⟩ vanishes unless there is a product Γn,i ⊗ Γext,i
transforming as the totally symmetric irrep A.
In what follows, the case of a cubic particle illuminated by an

incident plane wave is investigated, and to conform with
experiment only the dipolar plasmon resonance ( = 1) is
considered. A cube sitting on a substrate plane exhibits
structural symmetries corresponding to the C4v point group
(see Supporting Information). Note that throughout the
manuscript standard conventions are followed; in particular,
the principal order rotation axis is taken as the normal z axis of
the Cartesian reference coordinate system (Ox, Oy, Oz).
According to the C4v character table (Table 1), the irreps of the
dipolar resonance modes are of symmetry E and A1. The 2-
dimensional (2D) irrep E corresponds to an electric dipole
within the xy plane and the 1D irrep A1 to a mode with its

dipole aligned to the principal axis z (normal to the substrate
plane). On the other hand, the external field is vectorial in

nature
⎯→⎯
Eext = (Eext,x; Eext,y; Eext,z) and transforms like the

translation vectors (x, y, z). So, according to the stated selection
rules, the E or A1 dipolar mode is optically active if excited by
an electric field possessing a component, within the xy plane or
aligned along the z axis, respectively (see Supporting
Information for details). Both in-plane E modes are
degenerated in frequency; furthermore taking into account
the regular dimensions of the cubic particle in all three
directions, E and A1 modes should present close dipolar
resonance frequencies and spectral overlap between LSPRs are
to be expected.
Beyond pure symmetry considerations, group theory can also

be used to obtain the charge distribution pattern associated
with a specific resonance. Indeed, one LSP resonance
corresponds to the accumulation of surface charges at specific
angular points of the object: corners, edges, or faces. Either
positive or negative, these induced charges can be described by
virtual s-atomic orbitals attached to specific sites of the object
surface. One plasmon resonance can thus be later on described
within a linear combination of atomic orbitals approach (LCAO),
and the subsequent determination of the symmetry adapted
linear combinations (SALC) of orbitals does provide a direct
insight regarding the charge distribution of the LSPR modes of
the object under interest.
Figure 2 illustrates such an approach in the case of the

dipolar resonance of a cube. As known from previous
theoretical and experimental subwavelength imaging inves-
tigations, in a cube, the dipolar LSPR charges accumulate at the
corner sites.17,21,22,45−51 We first consider the optically active
dipolar LSPR of irreducible representation E. Its degeneracy is
2-fold, meaning that the physical charge distribution of the
resonance corresponds to linear combinations of a pair of two-
eigenvector basis. The latter is obtained by application of the
projector operator (van Vleck operator) to a basis function
set.52,53 As a result two orthogonal SALC polarization states are
obtained. In more details, starting with a set of s-type orbitals
mimicking either positive or negative charges at cube corners,
the SALC eigenvector basis for the E mode is constituted of the
two charge combinations (0, 1, 0, −1, 0, 1, 0, −1) and (1, 0, −1,

Table 1. Character Table for the C4v Point Group

E 2C4(z) C2 2σv 2σd linear, rotations quadratic

A1 1 1 1 1 1 z x2 + y2, z2

A2 1 1 1 −1 −1 Rz

B1 1 −1 1 1 −1 x2 − y2

B2 1 −1 1 −1 1 xy
E 2 0 −2 0 0 (x, y) (Rx, Ry) (xz, yz)

Figure 2. SALC eigenvector basis for the two E and A1 dipolar LSPR modes of a cube as determined by group theory for, respectively, in-plane
⎯→⎯
Eext

= (Eext,x;Eext,y; 0) (left) and out-of-plane
⎯→⎯
Eext (0;0;Eext,z) (right) incident light. For simplicity, top and bottom charges are represented by similar

sphere symbols.
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0, 1, 0, −1, 0), where the number sequences represent the top
and bottom corner positions (Figure 2, inset). These
orthogonal eigenvectors correspond to the diagonals of the
top and bottom faces (see Figure 2a). For the A1 dipolar mode,
the same route can be followed. This time its degeneracy is of
value 1, and the dipolar A1 resonance corresponds to a unique
eigenstate vector described in Figure 2b. Its polarization is
aligned along the z vertical axis and can be described by the
charged corner sequence (1, 1, 1, 1, −1, −1, −1, −1). All these
resonance states can be selectively excited via a proper choice of
the polarization of the incident light field. Note that the C4v
point group does not contain any inversion symmetry with
respect to the substrate plane (normal to z axis), so top and
bottom charges are to be expected of different values as found
in digital simulations.47

Photoemission experiments on nanocubes can be easily
interpreted as combinations of the E and A1 LSPR resonances
as displayed in Figure 3. Indeed, any incident electrical field can
be decomposed onto the SALC eigenstate vector basis. In the
case of a dipolar resonance, the in-plane components determine
the relative weights of the modes of E symmetry; equivalently
the z component determines the A1 mode contribution. Linear
combinations of the weighed SALC contributions then yield
the expected total charge distributions at resonance. As stated
above, linear combinations of E and A1 modes are made
possible thanks to the closeness of their respective resonance
wavelengths (spectral overlap). Figure 3 sums up the predicted
charge distributions for simple geometrical configurations of
interest for the case of a dipolar resonance. Under grazing
incidence and for electric field in p-polarization, two limiting
cases can be predicted depending on the relative direction of
the k// wavevector. Case I, with the k// in-plane vector aligned
on the cube diagonal corresponds to the simultaneous
excitations of two SALC eigenvectors, namely, one of the in-
plane E modes and the vertical A1 mode. The obtained charge
distribution exhibits surface charges at corner positions
according to the sequence (+2, +1, 0, +1, 0, −1, −2, −1).
Considering only the top corners, it corresponds to the
transverse diagonal ones (corners n° 2, 4) and the ones aligned
along the beam direction and situated at the opposite edge with
respect to the incident illuminating light (corner n° 1). The

corner at the leading position (corner 3) is systematically
extinguished (reversed case for the bottom positions). In case
II, the in-plane beam wavevector k// is perpendicular to two of
the cube faces, and charge summation then yields a charged
corner sequence (+2, +2, 0, 0, 0, 0, −2, −2) corresponding to a
systematic extinction of the two top leading corners (corners n°
3, 4) and strong signals at the opposite ones (corners n° 1, 2);
the bottom cube face adopts a reversed charge distribution.
Note that the systematic extinctions predicted by the group
theory approach do correspond to the retardation field effects
encountered in previous investigations.17 The charge schemes
predicted for s-polarization are reported in Figure 3, lines 2 and
4.

■ BOUNDARY ELEMENT METHOD

The group theory analysis is complemented by numerical
simulations based on the boundary element method (BEM) via
its implementation in the multiple nanoparticles BEM
MNPBEM toolbox.54,55 The BEM approach provides solutions
of Maxwell’s equations in the case of arbitrarily shaped abrupt
dielectric interfaces. The solutions are expressed in terms of
surface charges and currents, so that only surfaces between the
different materials have to be discretized, providing fast
simulations. The BEM method is related to the surface integral
equation method.43 For more details, see refs 18−20.
The Au nanocubes are modeled on an infinite ITO layer

whose refractive index is fixed at nITO = 2. The refractive index
of Au is taken from Johnson and Christy.56 Simulations are
carried out in a geometry corresponding to the one used in the
PEEM experiment, namely, a light beam illuminating the
sample at a grazing incidence of 72.5° off the normal axis. In a
photoemission experiment, the electron yield scales as an even
power of the surface electric field, more precisely its normal
component to the interface taken on the metal side.27,57−59 The
nonlinearity order n corresponds to the minimum number of
photon absorption events necessary for one electron to
overcome the material work function. For wavelength in the
visible range below 545 nm, the experimentally determined
nonlinearity order for Au (work function 4.5−4.7 eV60) is 2.
Further on, in connection to the limited acceptance angle of the
PEEM imaging column, electrons photoemitted from lateral

Figure 3. Dipolar resonances of a cube for simple illuminating geometries, grazing incidence 72.5° off normal axis, and p- and s-polarizations. Left:
charge distributions as predicted by group theory. Middle and right columns: BEM numerical simulations, charge distributions, and |Etot| field maps
at the top cube face. Cube edge dimensions 60 nm (<165 nm to minimize scattering contribution). Linear color scale.
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faces do not contribute significantly to the final photoelectric
signal. So, in the numerical simulations only photoelectrons
emitted from the top face of the cube particles are taken into
account, and the PEEM electron maps are calculated as the
time-averaged version of the quantity ∫ ⃗ ⃗E r r( ( )) dzTop face int.,

4 ,

where ⃗ ⃗E r( )zint., designs the vertical z component of the internal
electric field at the object surface (metal side). The wavelength
used in the simulations corresponds to the wavelength at the
calculated absorption cross-section maximum. These simula-
tions allowed us to map the electric field at the vicinity of the
particle surface and to calculate the absorption and scattering
spectra of the particle under interest.
Simulated charge distributions and near-field maps for the

illumination geometries corresponding to the ones considered
above are displayed in Figure 3, in the two right columns.
Whatever the respective orientations of the light beam
wavevector and electrical field polarization, simulated charge
and |E| field maps do reproduce the predicted surface charge
distributions obtained within the group theory approach.
Beyond symmetry considerations, a qualitative agreement is
also visible; i.e., relative surface charges do qualitatively scale
with simulated nonlinear field intensities.

■ RESULTS AND DISCUSSION
Figure 4 sums up a representative sequence of the experimental
photoemission signatures of one peculiar cube particle upon
polarization change under grazing incidence. The exciting
wavelength of 541 nm is close to its dipolar resonance
wavelength (green light). Note that cubes are randomly
oriented at the surface, and the one retained object does
simply offer a geometry of interest with the in-plane wavevector
component k// aligned along its diagonal. For completeness,

simulated BEM |Etot|
4
field maps taking into consideration the

exact illumination geometries are also presented. Additional
sequences acquired on other cube particles can be found in the
Supporting Information.
Image 4.1 figures out the response of the cube when

illuminated in s-polarization. Alignment of the in-plane
polarization along one of the cube diagonals allows for the
direct excitation of one well-defined E symmetry eigenstate.
Correspondingly, the two aligned and diagonally opposed
corners are fully excited.
At polarization angle θ = −33° and more specifically +47°

polarization angles (Figure 4.3 and 4.5), the in-plane exciting
field orients itself gradually toward the face normal direction.
Accordingly the two opposite face corners light up due to
simultaneous excitations of all three resonance eigenstates (E,
E, A1).
Polarization angles θ = (−63°, +77°) (Figure 4.2 and 4.6)

correspond to intermediate exciting geometries between the s-
polarization and the normal to face cases. Three of the four
cube top corners exhibit a significant photoemission signal, in
full agreement with BEM simulation and the group theory.
Further rotation of the polarization angle yields illumination

in the p-polarization state (Figure 4.4. Visual inspection shows
one strong unique near-field hot spot at the corner opposite the
incident light beam in apparent contradiction with both group
theory prediction and BEM simulation where three spots are
expected. As a matter of fact, the missing of the two transverse
spots in the experimental picture comes from an insufficient
dynamics of the PEEM detection line. Indeed, being nonlinear
in nature, the photoemission signal exhibits a large dynamics
challenging the detector capabilities. Slight off detuning from
the p-polarization, case θ = −33° (Figure 4.3), allows for a
more favorable balance of the relative hot spot intensities and

Figure 4. Dipolar resonances of a cube as investigated by PEEM. Cube edge dimension 165 nm. Green visible light, wavelength 541 nm. Illumination
at grazing incidence 72.5° off normal axis. Top sequence: 2-hv PEEM signature under θ polarization angles {−90°(S), −63°, −33°, 0°(P), +47°,
+77°}. Middle sequence: BEM numerical simulations, |Etot|

4
field maps, log color scale. Bottom sequence: group theory charge predictions. θ

polarization angles, exciting field components along the directions of the resonance eigenstates (E, E, A1) = ([110], [−110], [001]), reported in-
plane exciting field take into account Fresnel coefficients (Supporting Information).
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full agreement between experiment and BEM simulation, and
group theory prediction is recovered.

■ CONCLUSIONS
In conclusion, a simple group theory approach is proposed to
interpret and predict the low-order localized surface plasmon
resonances of finite particles of basic geometries. As an
illustration, the case of randomly oriented Au colloidal particles
of cubic C4v symmetry excited at dipolar resonance is presented.
The symmetry approach is confirmed by numerical simulations
carried out by the boundary element method. Experimental
validation is achieved by high-resolution (subwavelength) near-
field mapping conducted by two-photon photoemission
electron microscopy. This investigation confirms the general
character of the group theory approach previously applied to
the specific case of planar objects of trigonal symmetry.15 On a
wider perspective, this work opens the way to a simple light
manipulation at a subwavelength scale by direct and easy
polarization addressing of one or combined particle resonance
eigenstates.
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