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(Dated: November 30, 2016)

We consider the Dicke model, describing an ensemble of N quantum spins interacting with a
cavity field, and study how the coupling to a non-Markovian environment with power-law spectrum
changes the physics of superradiant phase transition. Quite remarkably we find that dissipation can
induce, rather than suppress, the ordered phase, a result which is in striking contrast with both
thermal and Markovian quantum baths. We interpret this dissipation-induced superradiance as a
genuine dissipative quantum phase transition that exists even at finite N due to the coupling with
the bath modes and whose nature and critical properties strongly depend on the spectral features
of the non-Markovian environment.

Introduction - Recent advances in quantum optics and
quantum electronics have brought forth novel classes of
hybrid systems where light and matter play equally im-
portant roles in emergent collective many body phenom-
ena [1–7]. A crucial feature of these systems is their
intrinsic dissipative nature: light-matter excitations are
characterized by finite lifetime due to unavoidable losses,
dephasing and decoherence processes originating from
their coupling to external electromagnetic environments.
This has stimulated a new wave of interest around open
dissipative quantum many body systems at the interface
between quantum optics and condensed matter physics.

A paradigmatic example of collective light-matter phe-
nomena is the Dicke model, describing N quantum spins
interacting with a photon field, with its associated su-
perradiant (SR) phase transition [8–10]. Stimulated by
its experimental realization with ultra cold atoms in op-
tical cavities [11–15] the dynamics of the open Dicke
model in presence of a Markovian, memory-less, bath
has been studied by a number of authors [16–27], in-
cluding photon losses and more recently spin dissipative
processes [28, 29]. Quite generically (but see Ref. 30 for
a recent interesting counter-example) the effect of losses
is to shift the SR phase transition toward larger values of
light-matter coupling, thus favouring the normal phase,
much akin to a finite effective temperature, an analogy
which has been put forward [23] and shown to capture a
number non trivial aspects of the Markovian open Dicke
model, although some genuine new features remain.

An intriguing question which motivates this work is
to understand the generality of this scenario for open-
dissipative quantum systems and if one can conceive sit-
uations in which coupling to a quantum environment
acts as a resource, rather than a limitation, for quan-
tum state preparation and to engineer novel many body
states. Such a dissipation engineering is actively inves-
tigated in quantum optics [31–37], where the idea is to
design dissipation in such a way to reach a desired steady
state. This is usually framed in the contex of Marko-
vian baths, although the interest around memory effects
and non-Markovianity in quantum optics is rapidly grow-
ing [38, 39]. In condensed matter physics, on the other

hand, it is well known that quantum baths with rich low-
frequency structure can mediate interactions and even
drive phase transitions, the spin-boson problem being the
most celebrated example [40–42].

The aim of this Letter is to bridge the gap between
these two different approaches to quantum dissipative
systems by studying the effect of a frequency depen-
dent, non-Markovian quantum bath on the Dicke SR
phase transition. We show that the phase diagram in the
thermodynamic limit is qualitatively different from the
Markovian case and highly non-thermal, with coupling
to the environment promoting, rather than suppressing,
a dissipative SR phase. Quite interestingly we argue that
this result is the mean-field limit of a genuine dissipa-
tive quantum phase transition persisting at finite N for a
thermodynamically large ohmic or sub-ohmic bath. Our
results suggest that non-Markovian quantum baths can
offer a way to engineer dissipative quantum states beyond
the effective thermal picture, possibly even far from equi-
librium when supplemented by external driving sources.

The Dicke Model coupled to a Bath - We start intro-
ducing the Dicke Hamiltonian,

HD = ω0 a
†a+ ωq

N∑
i=1

Szi +
2λ√
N

(
a+ a†

) N∑
i=1

Sxi (1)

describing a set of N spins 1/2 Sα=x,y,zi , coupled to a
single mode of the electromagnetic field with annihilation
and creation operators a, a†. The frequencies of the pho-
tonic and spin modes read respectively as ω0, ωq while the
light-matter coupling is λ. The above Hamiltonian has
a discrete Z2 symmetry associated with a change of sign
of both photon and spin operators, (a, Sx)→ (−a,−Sx).
This discrete symmetry can be spontaneously broken at
zero temperature above a critical coupling λ0c =

√
ω0ωq/2

when the system enters a SR phase characterized by
spontaneous polarizations, 〈a + a†〉, 〈Sxi 〉 6= 0, as well
as by a macroscopic occupation of the cavity mode,
〈a†a〉 ∼ o(N). Upon heating, the superradiant phase gets
destroyed above a critical temperature Tc(λ) through a
conventional Ising thermal phase transition [9, 43]. In
order to study the effect of a non-Markovian bath on the
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problem, we couple the photon field to a structured elec-
tromagnetic environment described by a set of bosonic
modes ck, c

†
k, such that the full Hamiltonian, including

rotating (a†ck + hc) and counter-rotating (a†c†k + hc)
terms, reads

H = HD +
∑
k

ωkc
†
kck + (a+ a†)

∑
k

gk(ck + c†k) (2)

Crucial properties of the bath are encoded in its spectral
function, J+(ω) = π

∑
k g

2
kδ(ω−ωk) which we will model

in the following as J+(ω) = κ
2 (ω/ωc)

s
, for 0 < ω < ωc,

where κ is the strength of the bath coupling and ωc a
cut-off.

Solution for N → ∞ - To solve the model in pres-
ence of a generic bath we use the fact that the cav-
ity field only couples to the total spin of the system,
Sα =

∑
i S

α
i , which is conserved, i.e. [HD, S

2] = 0 with

S2 =
∑
α (Sα)

2
. If we restrict our attention to the sector

with maximum spin, S = N/2, then the thermodynamic
limit N →∞ coincides with the large spin limit in which
the light-matter problem becomes harmonic [9]. Indeed if
we introduce a bosonic representation for the large spin,
as Sz = b†b−N/2 and S+ = b†

√
N − b†b the bosonized

Dicke hamiltonian reads for N →∞

HD = ωq b
†b+ ω0 a

†a+ λxX (3)

where we have introduced the displacement fields x =
a + a†, X = b + b†. The coupling to the environment,
Eq. (2), can be accounted for exactly by integrating over

the bath modes ck, c
†
k in a Keldysh path integral to ob-

tain an effective action for the a, b subsystem [43]. The
effect of the bath on the spectral and dynamical proper-
ties of the system is encoded in the hybridization function
∆R(ω) = Λ(ω) − iJ(ω) with Λ(ω) = P

∫
dξ
π J+(ξ) 2ξ

ω2−ξ2
and J(ω) = sign(ω)J+(|ω|). We assume an equilibrium
zero temperature distribution of bath modes. The in-
terplay between SR, non-equilibrium effects due to a
drive (see for example Ref. 44 for the closed system case)
and dissipation due to a non-Markovian bath is an inter-
esting issue on which we will report elsewhere [45].

Normal Phase Instability - To map the phase diagram
of the open Dicke model we compute the susceptibility to
a static coherent drive coupled to the Z2 order parameter
of the photon x, i.e. the retarded Green’s function of the
cavity field displacement,

χRa (ω) = −i
∫ ∞
0

dt e−iωt〈[x(t), x(0)]〉 (4)

While we focus on the cavity mode, we stress that
a completely analogous result would have been ob-
tained for the response function of the spin, χRb (ω) =
−i
∫∞
0
dt e−iωt〈[X(t), X(0)]〉, except at the special point

λ = 0 where the two subsystems decouple. After a simple
calculation [43] one can obtain the correlator (4) which
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FIG. 1. Non-Markovian Open Dicke Model in the thermo-
dynamic limit. Top left panel: phase diagram for s = 1,
ω0 = ωq = 1. Top right panel: for comparison we plot the
critical bath coupling in the Markovian case, κc and the equi-
librium critical temperature Tc as a function of light-matter
interaction λ. Bottom panel: critical bath coupling, κc(λ) for
different bath exponents s.

reads

χRa (ω) =
2ω0

ω2 − ω2
0 − 2ω0

(
∆R(ω) + ΣRλ (ω)

) (5)

where the self-energy ΣR(ω) = ∆R(ω) + ΣRλ (ω) includes
contributions from both the light matter coupling, i.e.
ΣRλ (ω) = 2λ2ωq/

(
ω2 − ω2

q

)
, and the system-bath cou-

pling ∆R(ω). By taking the static limit ω → 0 we find
a diverging susceptibility χR(0), indicating an instabil-
ity of the system toward a Z2 symmetry-breaking, at a
critical coupling λ∞c (κ)

λ∞c (κ) =
√
ω̃0(κ)ωq/2 (6)

where ω̃0(κ) = ω0 + 2Λ(0) = ω0 − 2κ
πs is the renormal-

ized photon frequency, result of a bath-induced collec-
tive Lamb shift [46–48]. We plot in figure 1 the phase
boundary between normal (N) and SR phase, in the
dissipation/light-matter coupling plane (κ, λ). The criti-
cal coupling λ∞c (κ) reduces for κ = 0, as expected, to the
critical point for N-SR phase transition in the closed sys-
tem. Quite importantly, we notice the phase boundary
bends left-ward, namely the normal phase becomes un-
stable upon increasing the coupling to the bath beyond
a certain threshold. In other words, non-Markovian dis-
sipation induces a SR phase transition, an effect which
is further enhanced upon reducing the bath exponent s,
i.e. for a strongly sub-ohmic environment. Overall, this
behavior is highly non-thermal : as we show in figure 1,
finite temperature effects are expected to destroy the SR
phase above Tc, rather than promote it. Quite interest-
ingly our phase boundary also qualitatively differs from
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the Markovian case (see fig. 1 right panel) where pho-
ton losses with rate κ are known [18, 19] to increase the
critical point, λMc (κ) =

√
(ω2

0 + κ2)ωq/4ω0 [43]. Before
presenting a more general interpretation of our results it
is useful to complete the picture and briefly discuss the
properties of this dissipative SR phase.

Dissipative Superradiance - Our treatment of the open
Dicke model (2) has been confined so far to the normal
phase and its instability toward Z2 symmetry breaking.
As for the isolated problem [9], in order to access the
SR phase one needs to go beyond the Hamiltonian (3).
This can be done in the present case by considering
shifted operators for both the cavity, a = δa +

√
α, the

bosonized spin b = δb −
√
β as well as the bath modes

ck = δck−
√
γk, and choosing the values of the c-numbers

α, β and {γk} in order to cancel the linear terms in the
fluctuations δa, δb, δck from Eq. (2). We can then com-
pute the average value of the photon displacement op-
erator which play the role of order parameter for the
dissipative SR transition and reads

〈x〉 = 2
√
α =

λ

ω̃0(κ)

√
4N

(
1− λ∞c (κ)2

λ2

)
(7)

where the critical point λ∞c (κ) is the same obtained com-
ing from the normal phase, Eq. (6). Close to the critical

point we have 〈x〉 ∼ (λ− λ∞c (κ))
1
2 , a result fully consis-

tent with the mean field nature of the N =∞ transition
(see below). We see from Eq. (7) that in the dissipa-
tive SR phase the cavity mode becomes coherent and
macroscopically occupied, similarly to what happens in
the closed system or open-Markovian case. One can then
wonder what unique feature of the problem reflects the
non-Markovian nature of the bath. In the rest of the
paper we highlight the major and most striking one, a
complete analysis of static and dynamical properties of
dissipative SR phase will be given elsewhere [45].

Effective Spin-Boson Model and Finite N Transition
- The results obtained so far are valid in the thermody-
namic limit N →∞ when the large spin can be mapped
onto an harmonic boson. In the rest of the paper we
show that, however, these results should be seen as the
mean-field limit of a genuine dissipative quantum phase
transition that exists in the non-Markovian open Dicke
model even at finite N due to the coupling with the bath
modes and whose nature and critical properties strongly
depend on the spectral feauture of the environment. In
order to uncover the non trivial finite N aspect of the
problem we proceed by integrating out all the bosonic
modes, namely the bath and the cavity mode, to obtain
an effective action for the spins degrees of freedom [43, 49]
which reads

Seff =
1

N

∑
ij

∫
dτdτ ′Sxi (τ)Jeff (τ − τ ′)Sxj (τ ′) + Sloc

(8)

where Sloc is the local-in-time action of the quantum
spin, whose explicit form is not needed in the follow-
ing, while the effective, dynamical exchange Jeff (τ) is
fully determined by the non-interacting propagator of the
photon mode χRa0(ω) (see Eq. (5) for λ = 0). To under-
stand the physics of the finite N non-Markovian open
Dicke model it is instructive consider the case N = 1,
which reduces to the well known spin-boson model with
a renormalized effective bath spectral function Jeff (ω) =
−2λ2ImχRa0(ω) ≡ 2παeffωc (ω/ωc)

s
θ(ωc − ω), with

αeff =
λ2κ

πωcω̃0(κ)2
(9)

for which many results are available [40, 42]. In partic-
ular it is known that there is a zero temperature local-
ization transition as a function of the coupling to the
bath αeff , separating a phase where the two spin states
Sz = ±1/2 are delocalized, i.e. 〈Sx〉 = 0 for αeff < αc
from a localized phase with broken symmetry 〈Sx〉 6= 0
for αeff > αc, due to the long-ranged nature of the re-
tarded interaction Jeff (τ − τ ′). The critical dissipation
strength αc is essentially known exactly for ohmic bath,
αc = 1 + o(ωq/ωc) while in the subohmic case a recently
proposed variational wave function [50, 51] has been
shown to qualitatively capture the physics of this transi-
tion and to give αc = sinπse−s/2/2π(1− s) (ωq/ωc)

1−s
.

Using these results and Eq.(9) we can extract the critical
line for the N = 1 non-Markovian Dicke model, that that
we plot in the (κ, λ) plane in figure 2 for s = 0.5. Upon
increasing the coupling to the bath the normal (delocal-
ized) phase becomes unstable and the quantum spin gets
localized. While Eq. (8) describes an effective theory for
the spin, we stress that the photon mode still remains in
the picture and becomes coherent in the broken symme-
try phase.

Next we discuss what happens upon increasing N and
how the mean field result λ∞c (κ) is recovered in this spin-
boson picture. To address this point it is useful to notice
that the effective action in Eq. (8) contains two kind of
contributions: (i) a term purely local in space, for i = j,
corresponding to a set of N independent spin-boson mod-
els whose coupling to the bath is suppressed by a factor
1/N and (ii) a non-local term coupling all-to-all spin-
boson models at different sites i 6= j. Upon increasing
the number of spins N the first contribution is suppressed
by the factor 1/N , while the second one has a non van-
ishing thermodynamic limit and eventually dominates.
Indeed if we take only the short-range (in time) part of
the non-local exchange and we write it as Jeff (τ − τ ′) ∼
J̄effδ(τ − τ ′), with J̄eff =

∫
dτJeff (τ) = − 4λ2

ω̃0(κ)
we

obtain a static action corresponding to a fully connected
Ising model in a transverse field,

Heff =
J̄eff
N

∑
ij

Sxi S
x
j + ωq

∑
i

Sz (10)
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FIG. 2. Top panel: Phase boundary of the effective spin-
boson model for N = 1 (see text): above a critical dissipation
strenght the spin polarizes along the x direction due to a bath-
mediated exchange. This corresponds to a finite N dissipative
superradiance. Bottom panel: scaling of the deviation of the
critical point from the mean field limit, δλc(N,κ) = λN

c (κ) −
λ∞
c (κ) ∼ 1/N . Parameters: ωc = 100, s = 0.5 κ = 0.5 (black

square) κ = 0.05 (red diamonds).

which has a quantum phase transition where the Z2

breaks and the spin align along the x direction, 〈Sx〉 6= 0.
This transition happens when J̄eff = −ωq, a condition
which immediately gives the mean field phase boundary
λ∞c (κ) in Eq. (6). The above analysis suggests to define
an N -dependent effective dissipation strenght αNeff (λ, κ)
scaling as

αNeff (λ, κ) = α∞eff (λ, κ) + αeff (λ, κ)/N (11)

with α∞eff = λ2s/ω̃0(κ)ωc and αeff =

λ2κ/πω̃2
0(κ)ωc [43]. At finite N the action (8) de-

scribes a multi-spin-boson model [52–55] whose critical
properties have been the subject of recent numeri-
cal investigations indicating that a zero temperature
localization-delocalization transition survives at any
N for ohmic and sub-ohmic baths (s ≤ 1) with ro-
bust scaling with N of the critical dissipation strength,
αNc (ωq, s) = α∞c (ωq, s)+δα(ωq)/N , where α∞c = sωq/4ωc
while δα does not depend on the bath exponent [54].
Within our mapping (11) this would immediately give
λNc (κ) = λ∞c (κ) + δλ/N , with deviations δλ positive or
negative depending on ω0, ωq [43]. To verify this picture
we include perturbatively finite-N corrections to the
mean field Dicke Hamiltonian (3), which amounts to
supplement the quadratic bosonic theory by an interac-
tion term Hint = −(λ/2N)b†xaxbb. By computing the
retarded Green’s function for the boson b displacement,
χRb (t), a proxy to the spin-spin correlation, we extract
the phase boundary at finite N . In figure 2 we plot the
deviation of the critical point from the mean field N =∞
result, δλc(N) = λNc −λ∞c , which confirms the predicted

scaling. We stress that the finite-N dissipation induced
SR transition only exists for s ≤ 1 (while its mean field
version, Eq. (6), for s > 0) and its critical properties
depend strongly on the bath spectral function exponent
s, much like the spin-boson transition. In particular we
expect the universality class of the finite N transition to
be Kosterlitz-Thouless for s = 1 while continuous with
s-dependent exponents for s < 1 [41, 54]. As a result
we expect an interesting RG flow at finite N whose
investigation we leave for future studies.

Discussion - We have already emphasized the quali-
tative difference, in thermodynamic limit, between our
phase diagram (fig. 1) and the one obtained with a
markovian or thermal bath. Such a difference is even
more striking at finite N , where the dissipative SR phase
transition of figure 2 could not arise in presence of a fast
decaying, memory-less, Markovian environment. On the
other hand our results substantially differ also from those
obtained recently for a seemingly related non-Markovian
open Dicke model [56, 57]. There however, one of the
two bosonic modes remains coupled to a Markovian
bath, while the second one hybridizes with a frequency-
structured environment. This crucial difference might
explain the results obtained in the thermodynamic limit,
with the SR critical point unchanged by the colored bath
which instead affects some property of the system at the
transition, most notably the occupation of bosonic mode.
A detailed comparison including finite N effects in pres-
ence of two baths will be presented elsewhere [45].

Finally, it is interesting to comment on possible ex-
tensions of this work. The finite N spin-boson prob-
lem (8) can be amenable to further analytical approaches
to study its properties non-perturbatively in 1/N , a rele-
vant issue to understand the approach to the mean field
phase boundary at small dissipation, κ → 0, where our
lowest order perturbation theory becomes singular. The
addition of an external drive is also particular appeal-
ing for investigations of effective thermalization in non-
Markovian environments. In this respect it is useful to
mention that the properties of driven, large S, spin-boson
models are largely unexplored and much of the under-
standing of its phase transition is based on a quantum-
classical mapping for imaginary time evolution, which
calls for further work. Finally, a natural question is how
to engineer non-Markovian dissipation that allows to ex-
perimentally access this interesting dissipative quantum
phase transition and its interplay with nonequilibrium ef-
fects. In this respect it is worth noticing many recent pro-
gresses in controlling quantum environments using dif-
ferent platforms such as cavity and circuit QED [58–61],
which also offer the natural setting to realize Dicke-like
quantum light-matter models [62–64].

To conclude, in this paper we have studied the effect of
a non-Markovian quantum environment on the paradig-
matic light-matter Dicke phase transition. We have seen
that quite differently from the memory-less case, dissipa-
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tion induced by the bath with abundant low-frequency
modes is able to drive a genuine quantum phase transi-
tion toward a dissipative superradiant phase, whose mean
field limit we have studied in detail. Interestingly, at fi-
nite N the transition remains sharp for a thermodynam-
ically large ohmic or subohmic bath with a non trivial
critical behavior that we linked to the physics of a gen-
eralized spin-boson problem.
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