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We consider K-mouflage models, which are K-essence theories coupled to matter. We analyze
their quantum properties and in particular the quantum corrections to the classical Lagrangian. We
setup the renormalization program for these models and show that, contrary to renormalizable field
theories where renormalization by infinite counterterms can be performed in one step, K-mouflage
theories involve a recursive construction whereby each set of counterterms introduces new divergent
quantum contributions which in turn must be subtracted by new counterterms. This tower of
counterterms can be in principle constructed step by step by recursion and allows one to calculate
the finite renormalized action of the model. In particular, it can be checked that the classical
action is not renormalized and that the finite corrections to the renormalized action contain only
higher-derivative operators. We concentrate then on the regime where calculability is ensured, i.e.,
when the corrections to the classical action are negligible. We establish an operational criterion for
classicality and show that this is satisfied in cosmological and astrophysical situations for (healthy)
K-mouflage models which pass the Solar System tests. These results rely on perturbation theory
around a background and are only valid when the background configuration is quantum stable. We
analyze the quantum stability of astrophysical and cosmological backgrounds and find that models
that pass the Solar System tests are quantum stable. We then consider the possible embedding of the
K-mouflage models in an Ultra-Violet completion. We find that the healthy models which pass the
Solar System tests all violate the positivity constraint which would follow from the unitarity of the
putative UV completion, implying that these healthy K-mouflage theories have no UV completion.
We then analyze their behavior at high energy, and we find that the classicality criterion is satisfied
in the vicinity of a high-energy collision, implying that the classical K-mouflage theory can be
applied in this context. Moreover, the classical description becomes more accurate as the energy
increases, in a way compatible with the classicalization concept.
PACS numbers: 98.80.-k

I.

INTRODUCTION

Scalar-tensor theories motivated by the discovery of
the acceleration of the expansion [1, 2] of the Universe
suffer from severe gravitational problems in the Solar
System [3] unless the scalar interaction is screened [4].
Four mechanisms are now known, and the list seems complete for conformally coupled scalar fields: the chameleon
[5–7] [45], Damour-Polyakov [8], Vainshtein [9], and Kmouflage mechanisms [10]. Their classification follows
from the requirement of preserving second-order equations of motion for the scalar field, and they can be seen
as restrictions on the second derivatives, first derivatives,
and the value itself of the Newton potential in the presence of matter [11, 12]. All these theories involve nonlinearities in either their scalar potential or the (generalized) kinetic terms. Locally, Newtonian gravity is retrieved thanks to the relevant role played by the nonlinearities. This property is also a drawback of these
models as the quantum corrections are not guaranteed
to preserve the form of the nonlinearities required to
screen the scalar field locally. For instance, in chameleon
models, the scalar potential can be largely modified by
quantum corrections in dense environments [13]. For Kmouflage and theories with the Vainshtein property like

Galileons, the nonlinear kinetic terms become dominant
when the scalar field is screened. This may cast a doubt
on the validity of these models as nonrenormalizable operators play a fundamental role there. Fortunately, in
the K-mouflage and Galileon cases nonrenormalization
theorems [14, 15] have been obtained whereby the quantum corrections in a background where the scalar field
is screened are under control. In fact, they do not affect
the classical Lagrangian and only add finite corrections
to the classical action that involve higher-order derivatives. In this paper, we reconsider this issue and set
up the renormalization program for K-mouflage theories.
Starting from the classical Lagrangian, we construct a
first set of infinite counterterms which cancel the quantum divergences obtained in perturbation theory around
a classical background. In renormalizable theories, this is
all there is to do, and this yields the renormalized action.
For K-mouflage, the counterterms introduce new vertices
in the perturbative series which in turn lead to new divergences which require the introduction of other counterterms. The whole procedure carries on recursively.
Using this approach, we find that indeed the classical
Lagrangian is not renormalized because the quantum corrections depend on higher-order derivatives than the original Lagrangian. This whole process is unwieldy and is
not guaranteed to converge. What we find is that there
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is a classicality criterion which ensures that the quantum
corrections are negligible. We then focus on “healthy” Kmouflage theories which pass the Solar System tests [16],
i.e., models with no ghosts and no gradient instability [12]
that also satisfy the stringent quantitative constraints of
the Solar System (this implies that when the argument
of the kinetic function goes to −∞ the kinetic function
becomes very close to linear). We find that the quantum
corrections calculated in the cosmological or astrophysical backgrounds receive negligible quantum corrections.
This whole approach relies on perturbation theory and is
only valid when the background is quantum stable. The
healthy K-mouflage theories which pass the Solar System
tests show no such quantum instabilities. Our approach
should be compared to Ref. [15] where the nonrenormalization theorem was first stated. The classicality criterion that we obtain is similar to the conditions obtained
there, which were then applied to the Dirac-Born-Infeld
(DBI) models, although our approach is different. Our
explicit construction of the renormalization procedure allows us to highlight how the renormalized action can be
constructed in a step by step way. Here we do not insist
on the DBI models as they are either ruled out by local
tests or fail to screen the effects of the scalar field in the
early Universe. On the contrary, we insist on considering “realistic” models, which pass the Solar System tests
while giving a realistic cosmology.
Even though the K-mouflage theories are not renormalizable quantum field theories, in the classical regime they
are calculable theories with negligible quantum corrections. One may wonder what happens when one pushes
the K-mouflage theories outside their classical regime at
sufficiently high energy. The natural expectation would
be that some kind of UV completion ought to be existing. It turns out that for healthy K-mouflage theories
which pass the Solar System tests this is not the case, as
they violate the positivity criterion of scattering amplitudes which follows from unitarity [17–19]. This implies
that these K-mouflage models, contrary to the example
given in [20], cannot be UV completed in a traditional
way. This justifies our approach to treat the classical
K-mouflage Lagrangian as our fundamental field theory
that we renormalize step by step. Indeed another procedure used in [15] would be to start from a UV completed
theory at high energy and study the naturality of the Kmouflage action at low energy using the functional renormalization group [21]. In the cases that we consider, this
top-down approach is inoperative as the starting point
of the renormalization group at high energy, i.e., the UV
completion, does not exist. All that is left is the bottomup approach that we present here, where the classical
Lagrangian is renormalized at low energy. Moreover, in
the classical regime, the quantum corrections are negligible, and one can deduce reliable low-energy predictions
from such models.
The absence of UV completion raises the obvious question of what happens when the theory is probed at higher
and higher energies. We then consider the high-energy

regime of the theory, and we find that at high energy in
scalar collisions there is a large region of space around the
interaction point where the classicality criterion applies
and the K-mouflage theory behaves classically. Moreover,
the classicality region grows with the energy in agreement with the classicalization picture [22]. We also consider the fermion - antifermion annihilation processes via
a scalar intermediate state, and we find that the cross
section can always be calculated in the classical regime
up to very high energy.
In section II, we recall facts about K-mouflage theories, and then in section III we discuss the quantum corrections of such models. In section IV, we consider the
quantum stability of the background configurations. In
section V, we analyze the UV completion of these theories
and their behavior at high energy for scalar scattering.
In section VI, we study the interactions between fermions
and the scalar. We then conclude. We have added two
Appendices on the one-loop quantum corrections and on
matter loops.
II.
A.

K-MOUFLAGE
K-mouflage action

We consider the K-mouflage models defined by the
Einstein-frame action
 2

Z
MPl
4 √
4
S = d x −g
R + M K + Sm (ψi , A2 (ϕ)gµν ).
2
(1)
The fields ψi are matter fields governed by the matter action Sm , which involves the Jordan-frame metric A2 (ϕ)gµν that explicitly depends on a scalar field ϕ
through the coupling function A(ϕ). The scalar-field Lagrangian only depends on its rescaled kinetic term,
χ=−

g µν ∂µ ϕ∂ν ϕ
,
2M4

(2)

through the kinetic function K(χ), and M is a scale related to the dark-energy scale.
The coupling function is chosen, for instance, as
β>0:

A(ϕ) = eβϕ/MPl ≃ 1 +

βϕ
.
MPl

(3)

We can take β > 0 without loss of generality (its sign is
absorbed by the change of sign of the scalar field). In
practice, β . 0.1 and |βϕ/MPl | . 1, so that only the
first-order term of the expansion of A(ϕ) matters and
the exact nonlinear form of A(ϕ) does not significantly
modify the results.
Canonically normalized models are defined by
Kcanonical(χ) = χ

(4)

and K-mouflage models involve nonlinear functions of χ.
However, we consider models with the low-χ expansion
χ→0:

K(χ) = −1 + χ + ...

(5)
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K ′ > 0, K ′ + 2χK ′′ > 0,

(6)

which ensure that there are no ghosts nor small-scale
instabilities. Here and in the following, we note K ′ =
dK/dχ and K ′′ = d2 K/dχ2 .
From the action (1), the scalar field obeys the nonlinear
Klein-Gordon equation
√

1
β
√ ∂µ −gK ′ ∂ µ ϕ = −
T,
−g
MPl

(7)

where T = Tµµ is the trace of the matter energymomentum tensor.
The nonlinear kinetic terms give rise to a screening
mechanism that provides a convergence to the standard
cosmology at high redshift, when χ → +∞, and to
General Relativity on small scales, such as in the Solar System, where χ → −∞. This screening requires
that K ′ ≫ 1 in the nonlinear regime, which suppresses
the scalar-field fluctuations and the fifth force, as can
be seen from the nonlinear Klein-Gordon equation (7).
Therefore, as field theories, these models involve an arbitrary number of higher-derivative terms. This may be
problematic and lead to inconsistencies at the quantum
level. In the following, we study how the K-mouflage
models are affected by quantum corrections around a
background value χ̄ and how the K-mouflage models respect the unitarity of the S-matrix. These models share
very similar properties with Galileon theories for which
the arguments developed here have already been mostly
applied. Here, we consider K-mouflage models where the
field-theoretic arguments are simpler due to the form of
the Lagrangian which involves only powers of ∂µ ϕ.

B.

Examples of kinetic functions K(χ)

In the numerical computations, we consider for illustration the “Cubic”, “Arctan” and “Sqrt” (square-root)
models defined by
“Cubic”:

K = −1 + χ + K0 χ3 ,
K ′ = 1 + 3K0 χ2 , with K0 = 1,

(8)

“Arctan”: K = −1 + χ + K∗ [χ − χ∗ arctan(χ/χ∗ )],
K ∗ χ2
, with K∗ = 103 , χ∗ = 102 , (9)
K′ = 1 + 2
χ∗ + χ2

Cubic

1000
800

K’(χ)

where the dots stand for higher-order terms. The constant term, −1, corresponds to the cosmological constant, giving a constant dark-energy density at late times
equal to M4 . The linear term, χ, gives a canonicallynormalized field in the weak-field limit, with a multiplicative factor of 1 that sets the normalization of the field ϕ.
In addition, well-behaved K-mouflage models must obey
the constraints
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FIG. 1: Derivative of the kinetic function, K ′ (χ), for the
Cubic, Arctan and Sqrt (square-root) models.

!
K ∗ χ∗
“Sqrt”: K = −1 + 1 + p
χ
σ∗2 + χ2∗

p
K∗ p 2
σ∗ + (χ − χ∗ )2 − σ∗2 + (χ + χ∗ )2 ,
+
2
with K∗ = 103 , χ∗ = 102 , σ∗ = 10,
K ∗ χ∗
K∗ (χ − χ∗ )
K′ = 1 + p
+ p
2
2
σ∗ + χ∗
2 σ∗2 + (χ − χ∗ )2
K∗ (χ + χ∗ )
.
(10)
− p
2 σ∗2 + (χ + χ∗ )2

They all satisfy the general constraints (6) and provide
realistic cosmological scenarios. However, only the Arctan and Sqrt models obey the Solar System constraint
associated with the measurement of the perihelion of the
Moon, which mainly requires that χK ′′ ≪ K ′ in the
small-scale nonlinear limit χ → −∞. This means that
K ′ is almost constant for χ . −106 . Then, the Cubic model should be seen as a simple phenomenological
model for the weak-field (|χ| . 1) and the cosmological
(χ > 0) regimes, with an unspecified tail for large and
negative χ. Thus, the highly nonlinear large-χ behavior
of these models satisfies:
“Cubic”: K ′ ∼ K ′′ χ ∼ K ′′′ χ2 , K (n) = 0 for n ≥ 4,
(11)
and
“Arctan” and “Sqrt”: K ′ ≫ K ′′ χ ∼ K ′′′ χ2 ∼ K (n) χn−1 .
(12)
Because in most analyses it is the first derivative K ′ (χ)
that matters, we show the behavior of K ′ (χ) for these
models in Fig. 1. For the Cubic model K ′ (χ) goes to
infinity as |χ| → +∞, whereas it goes to the constant
K∗ = 1000 for the Arctan and Sqrt models, with the
transition from the low-χ regime (5) at χ∗ = 100. For
the Arctan model this transition is slow, with a width
of order χ∗ , while for the Sqrt model it is fast, with a
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width of order σ∗ = 10. For simplicity, the three examples (8)-(10) for K ′ (χ) are even functions of χ, but this
is not necessary, and we could consider functions which
combine two different behaviors on the semiaxis χ > 0
and χ < 0.
III.

QUANTUM CORRECTIONS

A.

Renormalization of K-mouflage

K-mouflage theories involve nonrenormalizable interactions of higher order and need to be understood as
effective field theories of some sort. Nonetheless, we will
show in the following subsections that, in a certain sense
which will be made clearer step by step, the K-mouflage
theories satisfy some remarkable field-theoretic properties. In particular, we will show that the classical (treelevel) Lagrangian Lclassical is not renormalized by quantum corrections but the full renormalized effective action
Γrenorm [ϕ] acquires an infinite number of finite corrections which all depend on higher derivatives of χ.
More precisely, to introduce our notations, let us write
the bare action Sbare [ϕ] as
Z
Sbare [ϕ] =
d4 x Lbare (ϕ)
(13)
Z
=
d4 x [Lclassical (ϕ) + ∆L(ϕ)] , (14)
where Lclassical is the scalar-field Lagrangian given by
Eq.(1),
Lclassical (ϕ) = M4 K(χ),

(15)

and ∆L(ϕ) is the counterterm Lagrangian that is needed
to make the renormalized effective action Γrenorm [ϕ] finite, which we write as
Z
Γrenorm [ϕ] =
d4 x £renorm (ϕ)
(16)
Z
=
d4 x [£classical (ϕ) + ∆£(ϕ)] . (17)
Hereafter, we use the symbol £ to distinguish the integrand of the effective action Γ from the integrand L of
the action S. √
In this section, we consider the Minkowski
metric, with −g = 1, and we focus on the scalar-field
Lagrangian, as we study the quantum corrections associated with the K-mouflage scalar field and we investigate the renormalization of its ultra-violet divergences
(see Appendix B for more details about matter loops).
At tree order, we simply have
tree order:
£(0)
renorm

(0)

Γ(0)
renorm = Sbare = Sclassical ,
=

(0)
Lbare

(18)

= £classical = Lclassical . (19)

In particular, we defined £classical (ϕ) in Eq.(17) by
£classical = Lclassical , so that ∆£ corresponds both to the

radiative corrections due to the quantum fluctuations of
the scalar field and to the counterterm Lagrangian ∆L
in Eq.(14).
In renormalizable theories, the counterterm Lagrangian ∆L contains a finite number of operators. Usually, one actually defines the initial Lagrangian of the
theory Lclassical by including all renormalizable operators, which are generated by radiative corrections, using
the symmetries of the theory to simplify the analysis, so
that there is no need for ∆L and Lbare = Lclassical . More
precisely, in “bare perturbation theory”, one starts from
such a complete Lagrangian Lbare , expressed in terms
of the bare parameters (such as the mass m0 and coupling λ0 ) that are actually infinite if we do not use a
regularization method (such as a hard cutoff Λ or better
dimensional regularization). Then, one computes amplitudes, correlation functions, or Γ, from the Feynman
diagrams associated with Lbare , up to some perturbative
order (e.g., in powers of some coupling constant); derives
the physical mass m and coupling constant λ (up to that
order); and finally eliminates m0 and λ0 in favor of m
and λ in the expressions of the amplitudes. The resulting expressions must then be finite when the regularization is removed. In the alternative approach known as
“renormalized perturbation theory”, one splits the bare
Lagrangian as Lbare = Lrenorm + ∆L, where Lrenorm is
written in terms of the renormalized parameters m and
λ. Then, one computes the Feynman diagrams associated with the renormalized Lagrangian Lrenorm , to which
is added the piece ∆L that appears as additional vertices.
After the counterterm ∆L is adjusted according to the
chosen renormalization conditions, the amplitudes must
remain finite when the regularization is removed. These
two approaches are equivalent and only differ by their
bookkeeping rules.
In our case, matters are somewhat more complex because the theory is not renormalizable. Thus, the counterterm ∆L contains an infinite number of operators, and
it is not possible to write a simple explicit expression for
the complete bare Lagrangian Lbare , or the renormalized
Lagrangian Lrenorm . This is why we keep the distinction
between Lclassical , defined in Eq.(15), which provides a
simple explicit expression that defines the theory at the
classical level (when we do not worry about quantum corrections), and the bare Lagrangian Lbare . Fortunately,
we can still obtain some predictions for the K-mouflage
theory in a “classical regime” where the radiative contributions ∆£ are negligible and the effective action is
dominated by the operators included in the initial classical Lagrangian Lclassical of Eq.(15). Moreover, it happens
that these operators are not renormalized, so that in the
classical regime we obtain
Z
classical regime: Γrenorm[ϕ] ≃ d4 x Lclassical (ϕ).
(20)
In the following sections, we present a recursive algorithm which allows us to construct both the bare action
(14) and the renormalized effective action (17) and to es-
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timate the range of the classical regime (20). We recall
here that, while the renormalized effective action Γrenorm
is finite, the bare action Sbare is infinite (if we remove the
regularization). Starting from the tree-level Lagrangian
L(0) = Lclassical , we obtain in a first step “(1)” the radiative corrections to the effective action Γ as
Z
Z
∞
X
(1)
L(0) → §Γ(1) = d4 x §£(1) = d4 x
§£L , (21)
L=1

where we sum over all loop orders L. Here, the superscript “(1)” denotes that we are at the first step of the
recursive algorithm, and the symbol § denotes the sum
of Feynman diagrams that give the radiative contributions in a loop expansion. These contributions can be
generated from a perturbative expansion around a background configuration ϕ̄ that allows us to define Feynman rules for the K-mouflage theories. Using these Feynman rules, the radiative contribution §Γ(1) to the effective action is obtained by summing the infinite tower of
one-particle-irreducible vacuum diagrams of the model
defined from L(0) = Lclassical . These diagrams involve
slowly varying functions of time and space as coupling
constants (through ϕ̄) and show ultra-violet divergences
corresponding to short-distance singularities on scales
much smaller than the scale of variation of the background ϕ̄. We can regularize these integrals using dimensional regularization for instance. Then, we build up
order by order in the loop expansion a series of countert(1)
erms ∆LL that cancel the divergent parts of the loop
diagrams (21), leaving only finite parts involving powers
of ln(mφ /µ), where µ is the renormalization scale and mφ
is the mass of the normalized scalar field. So we have, at
the end of the first step, the bare action
Z
i
h
(22)
S (1) = d4 x Lclassical + ∆L(1) ,
and the renormalized effective action
Z
i
h
Γ(1) =
d4 x Lclassical + ∆£(1)
Z
h
i
=
d4 x Lclassical + §£(1) + ∆L(1) ,
(1)

(23)
(24)

where §£L are the regularized and otherwise infinite
L-loop contributions to the effective action, which can
be explicitly calculated using the Feynman rules defined
from the previous-level Lagrangian L(0) = Lclassical , and
(1)
∆LL are the counterterms that cancel all the divergent poles in powers of 1/(d − 4) when calculating in
dimensional regularization in dimension d. The result
(1)
(1)
(1)
∆£L = §£L + ∆LL is the L-loop finite contribution
to the renormalized effective action Γ(1) .
However, this renormalization procedure does not stop
after this first step. Indeed, we have only used the Feynman rules generated from L(0) = Lclassical to obtain the
renormalized effective action Γ(1) . We should also take

into account the radiative contributions introduced by
the new counterterm Lagrangian ∆L(1) of the action S (1) .
Therefore, in the second step “(2)” of the algorithm,
starting from the previous-level action S (1) of Eq.(22),
we derive as in Eq.(21) the radiative corrections §£(2) to
the effective action Γ(2) that arise from the new terms
∆L(1) of the Lagrangian. Again, these diagrams show
ultra-violet divergences that are canceled by introducing
a new counterterm ∆L(2) to the action S (2) . In principle,
we have an infinite sequence of the form


∆L(n)
→ §£(n+1) → ∆L(n+1) →
... →
∆£(n)


∆L(n+1)
→ .... (25)
∆£(n+1) = §£(n+1) + ∆L(n+1)
which provides a series of approximations for the actions
(14) and (17), which are given by
∆L = ∆L(1) + ∆L(2) + ..., ∆£ = ∆£(1) + ∆£(2) + ...
(26)
In the case of standard renormalizable theories, this
procedure can actually be made to stop after one
step. Indeed, starting with a complete bare Lagrangian
Lclassical , the counterterm ∆L(1) needed in Eq.(22) to
make the effective action Γ(1) finite has the same form as
Lclassical . Then, the algorithm (26) simply provides a series of approximations to the bare parameters {m0 , λ0 , ..}
of the bare Lagrangian (in terms of the renormalized
ones) that can be resummed in one step by solving an
implicit equation (i.e., finding the fixed point of the algorithm). In our case, we need to go up to two steps at
least. Indeed, we shall find that the counterterm ∆L(1)
of Eq.(22) does not have the same form as Lclassical .
Whereas Lclassical is only a function of χ, see Eq.(15),
∆L(1) and ∆£(1) have the form
∆L(1) = m4φ F (mφ /µ, χ), with m2φ ⊃ ∂χ, (27)
∆£(1) = m4φ F (mφ /µ, χ),

(28)

where the functions F and F can be constructed order
by order in perturbation theory. By equation (27), we
mean that ∆L(1) contains derivatives of χ and vanishes if
these derivatives are set to zero. This implies that ∆L(1)
contains no term of the same form as Lclassical , so that
at this level the initial bare Lagrangian Lclassical is not
renormalized and ∆L(1) brings in an infinite series of new
operators. Therefore, this step cannot be absorbed by a
redefinition of the parameters of Lclassical . At the second
step, we shall find that the counterterm ∆L(2) has the
same form as ∆L(1) : it also involves derivatives of χ, with
either one, zero, or two derivatives for each factor χ (but
subleading corrections can introduce a higher number of
derivatives). Therefore, we find that the initial bare Lagrangian Lclassical is not renormalized by this procedure
and that the counterterms are “stable” after the first
step. We shall not prove that the operators generated at
step “(n+1)” are exactly the same as those already obtained at the previous step “(n)”, but they show the same
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form at leading order, and their amplitude decreases as
we move to later steps of the algorithm. Moreover, if we
make an approximation such as truncating the list of operators to a finite number (e.g., we disregard small-scale
details), we are back to the case of renormalizable theories, and we can stop the procedure at the second step
by looking for the fixed point ∆L of the procedure, such
that the associated effective action is finite.
In practice, we do not compute the explicit form of the
counterterms ∆L(n) and the effective-action integrands
∆£(n) . We simply study their functional form as in
Eqs.(27)-(28) and their scalings, to ensure that they do
not renormalize Lclassical and to estimate the range of
the classical regime (20) where they can be neglected. In
this regime, the Klein-Gordon equation associated with
the tree-level Lagrangian Lclassical is not modified, and
the classical configuration χ̄ is not altered by the quantum corrections. Therefore, we can compute accurate
and reliable predictions. Outside this classical regime,
the theory is not predictive in the sense that we would
need to take into account the infinite number of operators
brought by the radiative contributions and the renormalization procedure, which is not practical. Fortunately,
we shall find that the classical regime (20) applies to all
configurations of interest, both in the cosmological largescale context and in the small-scale astrophysical context.
In the following, we give a detailed account of this procedure. First, in section III B we present the basis of perturbation theory within background quantization, at the
first step of the procedure on the initial bare Lagrangian
L(0) = Lclassical . Next, in section III C, we obtain the one(1)
loop contribution ∆£1 to the first-level effective action
(1)
Γ . This allows us to check that this contribution is of
the form (28), i.e., it does not renormalize Lclassical but
brings new operators, and we derive a one-loop first-level
condition for the classical regime (20). We also check that
this classicality condition is met in relevant cosmological
and astrophysical backgrounds, so that the theory is not
already ruled out at this level. Then, in section III D, we
(1)
obtain the higher-loop contributions ∆£L to Γ(1) and
we check that they do not spoil the one-loop classicality criterion. We push the analysis to the second step
Γ(2) in section III E, and we extend to all steps of the
renormalization algorithm in section III F. We compare
our procedure with previous works in section III G. Finally, in section III H, we estimate the location of the
quantum-classical transition and discuss its existence in
cosmological and astrophysical backgrounds.

where φ̃ has quantum fluctuations around a zero mean.
From Eq.(2), the rescaled kinetic term reads as
1 µ
1
∂ ϕ̄∂µ φ̃ −
∂ µ φ̃∂µ φ̃,
M4
2M4
(30)
and the scalar-field Lagrangian reads as
χ = χ̄ + δχ with δχ = −

L(0) = L̄(0) + δL(0)
with
(0)

δL

=M

4




K̄ ′′
2
K̄ δχ +
(δχ) + .. .
2
′

Perturbation theory

In the spirit of background quantization, we consider
K-mouflage models in a background ϕ̄(t, r) in Minkowski
spacetime and expand
ϕ = ϕ̄ + φ̃,

(29)

(32)

Here, the superscript “(0)” recalls that we are at the
zeroth level (19) of the renormalization procedure, and
the δ in δL denotes the background-fluctuation split (29).
Since we expand around the background ϕ̄, which is
the solution of the equations of motion at the classical
level, the linear term in φ̃ vanishes, and the quadratic
Lagrangian reads as
(0)

δL2 = −

2
K̄ ′ µ
K̄ ′′  µ
φ̃
∂
ϕ̄∂
.
∂ φ̃∂µ φ̃ +
µ
2
2M4

(33)

It turns out that in many cases χ̄K̄ ′′ ≪ K̄ ′ (this holds
in the weak-field regime, where χ̄ ≪ 1, and in the highly
nonlinear regime for the Arctan and Sqrt models). Then,
to recover a canonical kinetic term, we define the rescaled
scalar field φ by
φ
φ̃ = √ ,
K̄ ′

(34)

where we used that K̄ ′ > 0 for well-behaved K-mouflage
theories (i.e., without ghosts and instabilities), and the
quadratic Lagrangian becomes, after one integration by
parts,
1
1
(0)
δL2 ≃ − ∂ µ φ∂µ φ − m2φ φ2 ,
2
2

(35)

where we used the approximation χ̄K̄ ′′ ≪ K̄ ′ , and we
defined
 µ ′
∂ K̄
∂ µ K̄ ′ ∂µ K̄ ′
2
mφ = ∂µ
+
.
(36)
2K̄ ′
4K̄ ′2
In terms of the rescaled field φ, the kinetic term χ reads
as
χ = χ̄ + δχ with δχ = −

B.

(31)

X µ Dµ φ Dµ φDµ φ
−
, (37)
M2K
2M4K

where we have defined


∂µ ϕ̄
∂µ K̄ ′
Xµ =
, Dµ φ = ∂µ −
φ,
M2
2K̄ ′

MK = M K̄ ′1/4 .

(38)
With Eq.(32), this provides an expansion of the Kmouflage action in powers of Dµ φ. The effective cutoff
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scale MK can be significantly higher than M in the nonlinear regime, K̄ ′ ≫ 1, associated with small-scale systems, such as the Solar System or astrophysical objects,
or the cosmological background in the early Universe.
From Eq.(36), we obtain the scaling
m2φ ∼

K̄ ′′ χ̄ 2
p̄ ,
K̄ ′

(39)

where p̄ is the 4-momentum of the typical scale of variation for the background and we assumed K ′′′ χ2 . K ′′ χ
and K ′′ χ . K ′ , which holds for the models introduced in
section II B and more generally for models where K ′ behaves as a growing power law or a constant with inverse
power-law corrections in the nonlinear regime |χ| → ∞.
In the Cubic model K ′′′ χ2 ∼ K ′′ χ ∼ K ′ in the nonlinear
regime and mφ ∼ p̄, but for the Arctan and Sqrt models
K ′′ χ ≪ K ′ and mφ ≪ p̄.
C.

Quadratic action and one-loop quantum
contributions

We now study the quantum corrections to the effective action Γ[ϕ̄] of the background field generated by the
fluctuations φ, using the background-field approach. At
(0)
tree
R 4 level, the effective action is simply Γ 4[ϕ̄] = S[ϕ̄] =
d x Lclassical (ϕ̄), where Lclassical (ϕ̄) = M K(χ̄) is the
K-mouflage Lagrangian introduced in Eq.(1); see also
R
(1)
(1)
Eq.(19). L-loop contributions, §ΓL = d4 x §£L as in
Eq.(21), can be obtained by summing the vacuum oneparticle-irreducible Feynman diagrams defined by the Lagrangian δL(0) of Eq.(32) over the fluctuation field φ,
with the propagator and vertices parametrized by the
background field ϕ̄. In this section, we focus on the one(1)
loop contribution, §£1−loop , associated with the deter(0)

minant of the quadratic Lagrangian δL2 in φ. This
corresponds to a truncation of the Lagrangian δL(0) at
quadratic order. We consider higher-loop corrections in
section III D below.
1.

(1)

One-loop contribution ∆£1−loop to the effective action
Γ(1)

We first consider the one-loop quantum corrections
generated by the quadratic action (33). From Eqs.(32)
and (37), at second order the Lagrangian reads as
1
K̄ ′′
(0)
δL2 = − Dµ φDµ φ +
(X µ Dµ φ)2 .
2
2K̄ ′

χ̄ → −∞, because of the constraint associated with the
measure of the perihelion of the Moon. This also means
that the speed cs of scalar waves is close to the speed of
light, as we have c2s = (K̄ ′ +2χ̄K̄ ′′ )/K̄ ′ around small-scale
astrophysical backgrounds and c2s = K̄ ′ /(K̄ ′ + 2χ̄K̄ ′′ )
around the cosmological background. Then, if we neglect
the second term we recover the approximate quadratic
Lagrangian (35). On the other hand, if we keep the second term in Eq.(40) the full quadratic Lagrangian reads
as


K̄ ′′ µ ν ∂µ φ∂ν φ
φ2
(0)
µν
δL2 = − η − ′ X X
− m̄2φ
(41)
2
2
K̄
with
m̄2φ

=

Since χ̄ = −X µ Xµ /2, the second term is smaller than the
first term by a factor of order χ̄K̄ ′′ /K̄ ′ , which is typically
much smaller than unity. Indeed, this factor vanishes in
the low-redshift cosmological background, where χ̄ ≪ 1
and K̄ ≃ −1 plays the role of the cosmological constant.
It is also very small (below 10−4 ) in the small-scale limit,

− ∂µ



K̄ ′′ µ X ν ∂ν K̄ ′
X
K̄ ′
2K̄ ′



K̄ ′′
− ′
K̄



X µ ∂µ K̄ ′
2K̄ ′

2

.

(42)
The second and third terms in the total squared-mass m̄2φ
are of order (χ̄K̄ ′′ /K̄ ′ )2 p̄2 and (χ̄K̄ ′′ /K̄ ′ )3 p̄2 , whereas
the first term in Eq.(36) is of order (χ̄K̄ ′′ /K̄ ′ )p̄2 , as seen
in Eq.(39).
As recalled above, χ̄K̄ ′′ /K̄ ′ is small in both the linear
and highly nonlinear regimes for the Arctan and Sqrt
models, but it is of order unity in the transition regime for
χ̄ ∼ 1. For polynomial or power-law kinetic functions K,
which, however, do not satisfy Solar System constraints,
it is of order unity in the nonlinear regime. Then, for
dimensional analysis and orders of magnitude estimates,
we can focus on the simpler quadratic Lagrangian (35).
This allows us to calculate the one-loop corrections in
dimensional regularization; see Appendix A. Thus, we
obtain [23]
(1)

§£1−loop (ϕ̄) = m4φ I1 ,

(43)

for the sum of the one-loop Feynman diagrams, where I1
is a dimensionless factor that diverges when the spacetime dimension d → 4. This leads to the introduction of
a counterterm in the Lagrangian,
(1)

∆L1−loop (ϕ̄) = m4φ J1 ,

(44)

which cancels the ultra-violet divergences (43) in the oneloop effective action, and we obtain for the finite part [23]
!
Z
Z
m4φ
µ2
(1)
(1)
4
4
Γ1−loop = d x ∆£1−loop = d x
,
ln
64π 2
m2φ
(45)
(1)
where µ is the renormalization scale and ∆£1−loop =
(1)

(40)

m2φ

(1)

§£1−loop + ∆L1−loop , see also Appendix A and Eq.(A22)
for an alternative explicit computation.
The one(1)
loop Lagrangian counterterm ∆L1−loop and the one-loop
(1)

effective-action integrand ∆£1−loop involve derivatives of
χ through mφ , as seen from the expression (36), whereas
the tree-level Lagrangian Lclassical = M4 K(χ) is a simple function of χ. This implies that the K-mouflage Lagrangian Lclassical is not renormalized at one-loop order
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and remains unchanged in both the renormalized action
S (1) and the effective action Γ(1) , up to this one-loop order. Moreover, the amplitude of the one-loop correction
is small provided
(1)

m4φ ≪ M4 K̄ ′ χ̄.

∆£1−loop ≪ Lclassical if:

(46)

Here and in the following, we compare the one-loop contribution with M4 K̄ ′ χ̄ instead of M4 K̄ to set apart
the cosmological constant contribution K̄(0) = −1, as
K̄ ′ χ̄ ∼ K̄ in the nonlinear regime but K̄ ′ χ̄ ≪ K̄ in the
linear regime, and we write
L(0) = Lclassical ∼ M4 K̄ ′ χ̄.

(1)

Around a compact object of mass M , such as a star,
the background scalar field ϕ̄ enters the nonlinear regime
at the K-mouflage radius RK [24],
RK =

p̄ ≪ M (K̄ ′ χ̄)1/4



K̄ ′
K̄ ′′ χ̄

1/2

.

r
≫ 4.7 × 10−20
RK

A necessary condition for the validity of the classical
regime, where the dynamics of the K-mouflage system
are described by the classical equations of motion defined
by the action (1), is that the one-loop corrections to the
effective action, Γ = S + Γ1−loop + ...., are negligible.
This condition is given by the equations (46) and (48)
above. In this section, we check that this constraint is
satisfied for cosmological and small-scale backgrounds.

In the cosmological background, we have p̄ ∼ H, where
H is the Hubble expansion rate. The scale M is set by
the dark-energy density today,
M4 ≃ ρ̄de0 whence M ∼ 2.3 × 10−12 GeV,

D.

1.

H ≪ 2.3 × 10

1/4

(K̄ χ̄)



1/2

.

(51)



M⊙
βM

1/2

′

−1/4

(K̄ χ̄)



K̄ ′′ χ̄
K̄ ′

1/2

.

(1)

Higher-order contributions ∆£L to the
effective action Γ(1)
(1)

Radiative contribution §£L associated with L-loop
Feynman diagrams

We can generalize the quadratic results by including
the higher-order corrections. From Eqs.(32) and (37),
we can write the Lagrangian in perturbation theory as

n
∞
X
K̄ (n)
X µ Dµ φ Dµ φDµ φ
−
−
,
n!
M2K
2M4K
n=1
(53)
where K̄ (n) = dn K/dχn (χ̄). This series can be rearranged order by order in Dφ. As an order of magnitude
estimate, the series behaves like

(49)

δL(0) ∼ M4

and the condition (48) reads as
′

βM
4πMPl M2

δL(0) = M4

Cosmological background

−12



(52)
The factor (K̄ ′ χ̄)−1/4 (K̄ ′′ χ̄/K̄ ′ )1/2 is smaller than unity
in both the linear and nonlinear regimes, and it is of
order unity at the transition χ̄ ∼ 1. We have RK ∼
0.04h−1Mpc for clusters of galaxies, RK ∼ 4h−1 kpc for
galaxies, and RK ∼ 1000 A.U. for the Sun. Therefore, the
condition (52) is satisfied by a large margin well below
the K-mouflage radius of screened systems and on all
astrophysical and cosmological scales.

Validity of the classical regime according to the one-loop
criterion

a.

Astrophysical background

Writing p̄ ∼ 1/r and substituting the expression (51) for
M, the condition (48) becomes

(48)
These results remain valid for the exact quadratic Lagrangian (41). Indeed, the additional contributions to
the mass m2φ in Eq.(41) also involve derivatives of χ̄, so
that the operators of the bare Lagrangian K remain unrenormalized. In terms of the scaling analysis, the condition (48) remains valid as the additional terms in Eq.(41)
are either subdominant or of the same order as those in
Eq.(35).
2.

b.

(47)

Using Eq.(39), the condition (46) reads as
∆£1−loop ≪ Lclassical if:

the linear and nonlinear regimes, and it is of order unity
at the transition χ̄ ∼ 1. Therefore, the condition (50)
is satisfied from z = 0 up to redshifts much higher than
zBBN .

K̄ ′
K̄ ′′ χ̄

1/2

∞
X

m=2

cm

(Dφ)m
M2m
K

(54)

with
GeV.

(50)

The Hubble rate grows with the redshift, and at Big Bang
Nucleosynthesis (BBN) we have HBBN . 10−23 GeV,
which is much smaller than M.
The factor
(K̄ ′ χ̄)1/4 (K̄ ′ /K̄ ′′ χ̄)1/2 is greater than unity in both

cm =

m
X

n=[m/2]+

K̄ (n) χ̄n−m/2
,
(2n − m)!(m − n)!

(55)

where [m/2]+ is the closest integer greater than or equal
to m/2. In the linear regime, where χ̄ → 0, the series is
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dominated by the even orders, with n = m/2 in the sum
over n for cm , and we have
K̄ (m/2) (0)
for m even.
(m/2)!
(56)
In the nonlinear regime, |χ̄| → ∞, we assume the scalings
linear regime, χ̄ → 0 :

cm ∼

|χ̄| → ∞, n ≥ 2 :
whence

K̄

(n)

′′ 2−n

∼ K̄ χ̄

.

(57)

This corresponds to models where K ′′ is a power law
at large χ, with either a positive or negative exponent,
and this includes both cases such as the Cubic model
with a positive exponent (although in the case of the
Cubic model with an integer exponent, the derivatives
vanish for n ≥ 4) and cases such as the Arctan and Sqrt
models where K ′ goes to a constant K∗ at large |χ|, with
(K ′ − K∗ ) decreasing as an inverse power law of χ. Such
models are required to satisfy Solar System constraints,
more precisely the measurement of the perihelion of the
Moon (which applies in the range χ ∼ −106 ).
The effective action Γ(1) is obtained order by order in a
loop expansion by summing all the vacuum one-particleirreducible Feynman diagrams built using the previous
perturbative expansion. The quadratic part of the action
gives the propagators, which depend on the mass m2φ ,
and the higher-order terms give the vertices. In short,
each line of the Feynman diagrams carries a propagator
(p2 + m2φ )−1 , vertices bring factors of the type
m
Y
ps
M cm
2 ,
M
K
s=1
4

2.

(1)

Renormalization by the counterterms ∆LL

,

′′ 2−m/2

cm ∼ K̄ χ̄

with singular factors of the form δD (0)n ]. Then, the infrared dependence of the propagator and vertices (e.g.,
their slow evolution with cosmic time) is irrelevant for
the renormalization of these integrals.

(58)

and
R 4 each loop involves an integral over the momenta
d pℓ . At the L-th loop order, we have the estimate
!
Z Y
mv
L
N
V
Y
Y
Y
1
ps
(1)
4
4
d pℓ
§£L ∼
,
M cmv
p2 + m2φ v=1
M2K
n=1 n
s=1
ℓ=1
(59)
for a diagram with L loops (i.e., independent momenta),
N propagators, and V vertices (each vertex v having mv
legs).PUsing the Euler relation L = N − V + 1 and the
sum v mv = 2N , this can be rewritten as
!L V
!
Y
M4 m4φ
(1)
(60)
cmv IL ,
§£L ∼ ′N
M4
K̄
v=1
where IL is a dimensionless integral that needs to be
regularized as it is formally infinite, for instance using
dimensional regularization,
!
Z Y
mv
L
N
V
Y
Y
Y
1
4
(61)
xs .
d xℓ
IL =
x2 + 1 v=1 s=1
n=1 n
ℓ=1

The scaling (60) corresponds to setting all wave numbers
p in Eq.(59) to p ∼ mφ . This is because the diagrams diverge with ultraviolet divergences at large p, corresponding to coincident points in real space [typically associated

From Eq.(60), we can see that at each loop order, to
renormalize the effective action Γ(1) , that is, to remove
the ultraviolet divergences, we must introduce counterterms in the action S (1) of the form
!L 2(L−1)
!
V
X
Y
m4φ
(1)
4
′1−L−V
∆LL ∼ M
K̄
c m v JL ,
M4
v=1
V =0
(62)
P
where we used the property 2N = v mv ≥ 3V , which
implies V ≤ 2(L − 1). The coefficients JL are divergent
[e.g., they contain poles over 1/(d − 4) in dimensional
regularization] and cancel the divergent integrals IL , so
that (IL + JL ) are finite, of order unity, and contain powers of ln(m2φ /µ2 ), where µ is the renormalization scale.
Equations (60) and (62) generalize to L-loop order the
one-loop results (43) and (44), while Eq.(45) generalizes
as
(1)

(1)

(1)

∆£L = §£L + ∆LL
!L
m4φ
4
∼ M
M4

2(L−1)

X

K̄

′1−L−V

V
Y

cmv

v=1

V =0

!

.(63)

We can now estimate the magnitude of these higher-order
corrections to the effective action Γ(1) .
Using Eq.(56), in the linear regime we have
(1)
∆£L

∼ M4

m4φ
M4

!L

(1)

∆£L

and

m4φ
M4

∆£1

∼

!L 

K̄ ′′ χ̄
K̄ ′

(1)

!L−1

,

(64)
(1)
where we used ∆£1 ∼ m4φ for the one-loop contribution
(45). Then, in the regime (46) where the one-loop contribution is small as compared with the tree-level action,
which implies mφ ≪ M (because K̄ ′ ≃ 1 and χ̄ ≪ 1 in
the linear regime), we find that the higher-order corrections are even more negligible.
Using Eq.(57) and N = V + L − 1, in the nonlinear
regime we have
(1)
∆£L

4

′

∼ M K̄ χ̄

m4φ
M4 K̄ ′ χ̄

V

.

(65)

Then, in the regime (46) where the one-loop contribution
(45) is small, we obtain
(1)

L≥2:

∆£L

(1)

∆£1

≪



K̄ ′′ χ̄
K̄ ′

V

. 1.

(66)
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Since K̄ ′′ χ̄/K̄ ′ . 1, we again find that the one-loop criterion implies that the L-loop corrections are negligible.
Therefore, in both the linear and nonlinear regimes,
the higher-order quantum contributions (63) to the effective action Γ(1) are negligible as soon as the one-loop
contribution (45) is small as compared with the tree-level
Lagrangian, which gives
(1)

m4φ ≪ M4 K̄ ′ χ̄.
(67)
As for the one-loop result (45), these higher-order
contributions also show a remarkable property: all orders involve derivatives of χ, through the prefactors mφ ,
whereas the tree-level Lagrangian Lclassical = M4 K(χ)
does not involve derivatives of χ. As already announced
in section III A and in Eq.(28), this implies that the
K-mouflage bare Lagrangian is not renormalized in the
sense that higher-order corrections to the effective action
only bring new terms that involve derivatives of χ. We
present in section III F 2 below another derivation of this
result.
∆£L ≪ Lclassical for all L ≥ 1 if:

E.

Second-step effective action Γ(2)

As explained in section III A, the counterterm ∆L(1)
introduced after the first step “(1)” in the K-mouflage
renormalized action S (1) cancels the diverging quantum
correction §£(1) to the effective action Γ(1) , but it also
brings new vertices, which in turn generate new quantum corrections to the effective action Γ, as the latter is now defined from the renormalized Lagrangian
Lclassical + ∆L(1) . This leads to the second step “(2)”
of the sequence described in section III A and in (25).
We now study the new contributions that appear in this
second step of the renormalization procedure.

From Eq.(53), we have
(0)

n = 1 : L(1) = M4 K̄ ′ & M4 K̄ ′′ χ̄,

(69)

and
(0)

n ≥ 2 : L(n) ∼ M4 K̄ (n) ∼ M4 K̄ ′′ χ̄2−n .

(70)

Here, we separated the first- and higher-order derivative
cases because, while for models such as the Cubic model,
where K ′ is a power law at large χ, the scaling (70) also
applies to n = 1 and the inequality (69) is saturated, for
models such as the Arctan and Sqrt models, where there
is a gap between K ′ and higher derivatives, see Eq.(12),
K ′ ≫ K ′′ χ and the scaling (70) only applies to n ≥ 2
while the inequality (69) is very far from being saturated.
From Eq.(62), we obtain in the nonlinear regime, as in
Eq.(65),
!L 

V  ℓ
∂
,
′
4
p̄
M K̄ χ̄
(71)
with 0 ≤ ℓ ≤ 2n. The first factor χ̄−n comes from
∂/∂χ ∼ χ̄−1 , as in Eq.(70), whereas the new factor (∂/p̄)ℓ
comes from the terms mφ that also involve derivatives of
χ. From Eq.(36), the squared mass m2φ contains first- and
second-derivative terms ∂χ and ∂ 2 χ. When we consider
the fluctuations χ = χ̄ + δχ, these terms can generate
factors ∂δχ and ∂ 2 δχ. In the Feynman diagrams where
p ∼ mφ as in
pEq.(60), these derivative terms yield powers
of mφ /p̄ ∼ K¯′′ χ̄/K̄ ′ . 1, from Eq.(39). Therefore, the
dominant behavior is set by the terms ℓ = 0. Then, we
obtain
!L 
V
(1)
m4φ
(∆LL )(1)
K̄ ′′ χ̄
n=1:
∼
, (72)
(0)
K̄ ′
M4 K̄ ′ χ̄
L
(1)
(∆LL )(n)

m4φ

M4 K̄ ′ χ̄
∼
χ̄n

K̄ ′′ χ̄
K̄ ′

(1)

1.

(1)

New vertices brought by the counterterms ∆LL

It is convenient to compare the vertices generated by
(1)
the counterterms ∆LL to those associated with the bare
Lagrangian L(0) = Lclassical through the expansions of
these Lagrangians in powers of δχ, as in Eq.(53). Thus,
we write for both the bare and the counterterm Lagrangians
X (0)
X
(1)
(1)
δL(0) ∼
L(n) (δχ)n , δ(∆LL ) ∼
(∆LL )(n) (δχ)n .
n

n

(68)
The symbol “δ” again refers to the backgroundfluctuation split (29), as in Eq.(32), and the subscript
“(n)” denotes the coefficient of order n in the expansion
in powers of δχ, as in Eq.(53). We now wish to check
(1)
(0)
whether (∆LL )(n) ≪ L(n) . If this is the case, then the
new vertices are negligible with respect to those associated with the initial bare Lagrangian, which were given
in Eq.(58).

and
(1)

n≥2:

(∆LL )(n)
(0)

L(n)

m4φ

∼

M4 K̄ ′ χ̄

!L 

K̄ ′′ χ̄
K̄ ′

V −1

,

(73)
where we used the first equality (69) and the scaling (70).
In the regime (67), where the loop contributions to the
effective action Γ(1) at the first step “(1)” were small, we
have for V ≥ 1 (i.e., for the counterterms associated with
two-loop diagrams and beyond)
(1)

n ≥ 1, V ≥ 1 :

(∆LL )(n)
(0)

L(n)

≪



K̄ ′′ χ̄
K̄ ′

V −1

. 1,

(74)
where we used that K̄ ′′ χ̄/K̄ ′ . 1 for all models considered in this paper.
(1)
Therefore, the counterterms ∆LL generated beyond
one-loop order, V ≥ 1, yield vertices that are negligible
as compared with the bare ones (58). Then, the quantum
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corrections to the effective action Γ(2) due to these counterterms are negligible, as compared with those derived
in section III D at the previous step for Γ(1) . Thus, they
do not invalidate the estimates of the quantum effects
that we have obtained in section III D and the classicality condition (67).
The one-loop term gives
L = 1, V = 0 :

(1)

(∆L1 )(n) ∼

m4φ
,
χ̄n

(75)

≪ 1,

(76)

and
(1)

n=1:

(∆L1 )(1)
(0)

L(1)

∼

(1)

n≥2:

(∆L1 )(n)
(0)

L(n)

∼

m4φ
M4 K̄ ′ χ̄
m4φ

K̄ ′
.
M4 K̄ ′ χ̄ K̄ ′′ χ̄

(0)

δ(∆L(1) )2 ≪ δL2 ,

(77)

Further analysis for the case K̄ ′′ χ̄ ≪ K̄ ′

In fact, even in the case K̄ ′′ χ̄ ≪ K̄ ′ , the amplification
(77) of the vertices (for n ≥ 2) is not sufficient to spoil
the result (67). This is because the initial quantum corrections at two-loop order and beyond were negligible to
start with, see Eq.(66), so that their amplification by the
factor (77) is not sufficient to make them harmful.
Because the expansions (68) in δχ mix different powers in the field φ, as δχ contains linear and quadratic
powers of φ in Eq.(37), we first consider with care the
linear and quadratic terms in φ. At order n = 1, the
result (76) implies that in the regime (67) the factors associated with (∆L1 )(1) are negligible. This means that
the term in ∆L(1) that is linear in φ is negligible, as
compared with the tree-level one, and that the contribution of (∆L(1) )(1) δχ to the quadratic term φ2 is also
negligible. The remaining quadratic term in φ that could
(1)
be harmful comes from the contribution (∆L1 )(2) (δχ)2 ,
which yields


m4φ
m4φ X µ Dµ φ 2
(1)
∼
(Dφ)2 ,
(∆L1 )(2) (δχ)2 ⊃ 2
χ̄
M2K
M4 K̄ ′ χ̄
(78)
and the comparison with Eq.(40) shows that this
quadratic term is also negligible with the tree-level one in
the regime (67). This improvement over what the result
(77) would suggest comes from the fact that the quadratic
term in φ in the tree-level Lagrangian includes a contribution from the n = 1 term in the expansion (53),

(79)

where the quadratic part of the bare Lagrangian was
given in Eq.(41). Thus, the background field ϕ̄ and the
mass m2φ are not modified.

3.

We can see that the new vertices generated by the oneloop counterterm are negligible over the full regime (67)
provided K̄ ′ . K̄ ′′ χ̄. This holds for the Cubic model
and power-law models, where K̄ ′′ χ̄ ∼ K̄ ′ , but this is not
valid for the Arctan and Sqrt models where K̄ ′′ χ̄ ≪ K̄ ′ .
Therefore, in such cases we need a more careful analysis.
2.

which is much greater than the contribution from the
n = 2 term when K̄ ′′ χ̄ ≪ K̄ ′ . Therefore, both the linear
and quadratic terms in φ are only modified by negligible
corrections from the one-loop (and beyond) counterterm
Lagrangian ∆L(1) ,

Quantum corrections to the effective action Γ(2)

From Eq.(77), the cubic and higher-order vertices in
φ are multiplied at most by a factor m4φ /M4 K̄ ′′ χ̄2 . Because the linear and quadratic terms in φ are not modified, the contributions to the effective action Γ(2) generated at L-loop order by the previous-step counterterm
∆L(1) can be obtained from Eq.(60), which we multiply
by a factor m4φ /M4 K̄ ′′ χ̄2 for each new vertex appearing
in the Feynman diagrams. Moreover, as we only consider
leading orders and dimensional estimates in this analysis, the new Feynman diagrams associated with these new
vertices only start at two-loop level, because the one-loop
diagrams, which only involve the quadratic part δL2 of
the Lagrangian, have not changed and were already taken
into account at the first step “(1)” of the algorithm. This
gives

L≥2:

(2)
§£L

4

′

∼ M K̄ χ̄
×

m4φ
M4 K̄ ′ χ̄
!V1

m4φ

M4 K̄ ′′ χ̄2

!L 

K̄ ′′ χ̄
K̄ ′

IL ,

V
(80)

where 1 ≤ V1 ≤ V is the number of new vertices, associated with the Lagrangian counterterm ∆L(1) . Indeed, we
have to take into account the fact that new contributions
also arise from combinations of the old vertices, that were
included in the bare Lagrangian Lclassical , with the new
vertices associated with ∆L(1) . Here, IL are again divergent dimensionless integrals, which we regularize by
dimensional regularization. This leads to new countert(2)
erms ∆LL to the Lagrangian, which cancel these diver(2)
(2)
(2)
gences, so that the contribution ∆£L = §£L + ∆LL
(2)
to the second-step effective action Γ
is finite. Then,
we obtain from Eq.(80)

L≥2:

(2)
∆£L

4

′

∼ M K̄ χ̄

m4φ

M4 K̄ ′ χ̄
 ′′ V −V1
K̄ χ̄
.
×
K̄ ′

!L+V1
(81)
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Using Eq.(47) and K ′′ χ/K ′ . 1, we obtain in the regime
(67)
m4φ ≪ M4 K̄ ′ χ̄ :

(2)

∆£L ≪ Lclassical for all L.

(82)

Thus, the comparison of Eq.(81) with Eq.(65) shows that
the two-loop and higher-order contributions generated at
the second step “(2)” of the algorithm are greater than
those generated at the first step “(1)”, when we approach
the classicality boundary (67), in the case of models
where K ′′ χ/K ′ ≪ 1. [For models where K ′′ χ/K ′ ∼ 1 in
the nonlinear regime, they have the same order of magnitude as we approach the classicality boundary (67).]
This is due to the last amplification factor in Eq.(77).
(2)
However, even in that case, the contributions ∆£L to
the effective action Γ(2) remain negligible with respect to
the initial bare contribution Lclassical over the full regime
(67). On the other hand, if K ′′ χ/K ′ ∼ 1, the contributions generated at the second step “(2)” are suppressed
with respect to those that were generated at the first step
“(1)” by the additional factor (m4φ /M4 K̄ ′ χ̄)V1 .
F.

1.

Beyond the second step of the renormalization
algorithm
Series of quantum corrections and classical regime

The result (82) is not sufficient to ensure that the
classical equations of motion derived from the tree-level
Lagrangian Lclassical are valid in the regime (67). Indeed, the counterterm ∆L(2) introduced to renormalize
§£(2) will give rise to new Feynman diagrams, which
will also require new counterterms ∆L(3) , and so on, so
that we follow the infinite sequence (25) described in section III A. We now need to check that this series does
not blow up at later steps. In the analysis presented
in the previous sections, we estimated the contributions
associated with different loop orders in the perturbative Feynman diagrams, but for our current purpose, we
only need the estimate of the global contributions ∆L(n)
and ∆£(n) at step “(n)” of the algorithm, in the regime
m4φ ≪ M4 K̄ ′ χ̄.
At step “(0)”, i.e., at the tree-level, we start with the
bare Lagrangian, and we have as in Eq.(19),
L(0) = £(0) = Lclassical ∼ M4 K̄ ′ χ̄.

(83)

At the end of the first step, “(1)”, we have taken into
account the radiative contributions associated with the
Lagrangian L(0) . As we have seen in Eq.(65), they are
dominated by the one-loop diagrams and we obtain
!
m4φ
(1)
(1)
4 ′
∆L ∼ ∆£ ∼ M K̄ χ̄
.
(84)
M4 K̄ ′ χ̄
At the end of the second step, “(2)”, we have taken
into account the new radiative contributions brought by

the new counterterm ∆L(1) to the Lagrangian. From
Eq.(81), they are now set by the two-loop diagrams (because there are no new one-loop diagrams at leading order) and we obtain
!3
4
m
φ
,
(85)
∆L(2) ∼ ∆£(2) . M4 K̄ ′ χ̄
M4 K̄ ′ χ̄
where we used L ≥ 2, V1 ≥ 1, V − V1 ≥ 0 and K̄ ′′ χ̄/K̄ ′ .
1. Thus, at the end of the second step, we obtain a
new counterterm ∆L(2) that scales at most like the one
obtained at the end of the first step, ∆L(1) , multiplied by
a small factor (m4φ /M4 K̄ ′ χ̄)2 ≪ 1. Then, performing the
same analysis for the third step as we presented for the
second step, we shall find again that the quadratic part of
(0)
the Lagrangian is not modified, δ(∆L(2) )2 ≪ δL2 as in
Eq.(79), while the new vertices are decreased by a factor
(m4φ /M4 K̄ ′ χ̄)2 with respect to the new vertices that had
appeared at the second step. This means that Eq.(81)
becomes at the third step
!L+V1 +3V2
m4φ
(3)
4 ′
L ≥ 2 : ∆£L . M K̄ χ̄
M4 K̄ ′ χ̄
 ′′ V −V1 −V2
K̄ χ̄
,
(86)
×
K̄ ′
where V2 ≥ 1 is the number of vertices associated with
∆L(2) , V1 is the number of vertices associated with
∆L(1) , and V ≥ V1 + V2 is the total number of vertices.
This yields
!5
m4φ
(3)
(3)
4 ′
,
(87)
∆L ∼ ∆£ . M K̄ χ̄
M4 K̄ ′ χ̄
which corresponds to L = 2, V2 = 1, V1 = 0. By recursion, we obtain at the step “(n)”:
!2n−1
m4φ
(n)
(n)
4 ′
∆L ∼ ∆£ . M K̄ χ̄
,
(88)
M4 K̄ ′ χ̄
which decreases with the order n when m4φ ≪ M4 K̄ ′ χ̄.
Therefore, we find that at all steps of the algorithm
(25) presented in section III A, in the regime (67) the
quantum contributions to the effective action Γ remain
negligible with respect to the tree-level result, as in
Eq.(20), for all models considered in this paper. Moreover, we again find that the bare operators associated
with Lclassical are not renormalized, because the additional small quantum corrections involve derivatives ∂χ
through m2φ and vanish if we set ∂χ = 0. In addition,
because the terms such as Eq.(71) with ℓ ≥ 1 are subdominant, we find that at leading order the form of the
quantum contributions to the effective action is stable.
As in Eq.(28), they behave as m4φ F (mφ /µ, χ), in the
sense that they vanish if we set ∂χ to zero and that there
are only zero, one or two derivatives for each χ (i.e., we
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do not generate increasingly high-order derivatives ∂ ℓ χ,
if we restrict to the dominant terms).
To conclude this analysis, we find that in all cases,
both when K̄ ′′ χ̄ ≪ K̄ ′ and when K̄ ′′ χ̄ ∼ K̄ ′ , the classicality condition remains given by the lowest-order result (46), even when we take into account higher-order
loop contributions and the counterterms introduced by
the renormalization procedure,
m4φ ≪ M4 K̄ ′ χ̄,

classical regime:

(89)

which again also reads as
classical regime:

G.

p̄ ≪ M (K̄ ′ χ̄)1/4



K̄ ′
K̄ ′′ χ̄

1/2

. (90)

When this condition is satisfied the K-mouflage theory is
well described by its classical equations of motion and its
tree-level Lagrangian.
2.

Nonrenormalization of the tree-level Lagrangian

We have seen above that the bare-Lagrangian operators are not renormalized at one-loop order, as the perturbative diagrams involve derivatives of χ̄ whereas the
bare Lagrangian is only a function of χ̄. This generalizes
to higher orders of perturbation theory as we have already mentioned. This can be confirmed independently.
Indeed, let us consider the case where the background
vectors Xµ defined in Eq.(38) are constant, which also
implies that the background kinetic term χ̄ = −X µ Xµ /2
is constant, so that their derivatives vanish. Then, the
quadratic Lagrangian (41) reads as


∂µ φ∂ν φ
K̄ ′′
(0)
if Xµ is constant: δL2 = − η µν − ′ X µ X ν
2
K̄
1 ˜µ ˜
= − ∂ φ∂µ φ,
(91)
2
where in the last expression we made the global change
of coordinates x → x̃ that diagonalizes the constant symmetric matrix (η µν − K̄ ′′ X µ X ν /K̄ ′ ). In particular, the
quadratic mass term
R vanishes and the propagator reads
as G0 (x̃1 , x̃2 ) = d4 p̃ eip̃·x̃ /p̃2 . From Eq.(38), we also
have Dµ φ = ∂µ φ, and the Lagrangian (54) takes the form
δLclassical ∼ M

to the effective action and we have Γ[ϕ̄] = S[ϕ̄] in the case
where the background vectors Xµ are constant. [This
also means that the algorithm (26) stops at the first step.]
This implies that the quantum corrections, estimated in
Eqs.(43) and (60), involve the derivatives ∂ν Xµ . Therefore, the bare Lagrangian, which only involves the kinetic term χ̄ = −X µ Xµ /2 without any dependence on
its derivatives, is not renormalized at any order of perturbation theory.

4

∞
X

m=2

c̃m

˜ m
(∂φ)
,
M2m
K

(92)

where the c̃m and the scale MK are constant factors.
Therefore, the Feynman diagramsR(59) are integrals over
∞
integer power laws, such as Γ ∼ 0 dp̃ p̃n , which correspond in configuration space to integrals
over powers of
R
the Dirac distribution such as Γ ∼ d4 x̃1 d4 x̃2 δD (x̃1 −
x̃2 )m . As in the one-loop computation, we consider such
divergent contributions, associated with massless theories, to vanish in the dimensional regularization. Then,
we find that there are no physical high-order corrections

Comparison with previous works

We can now compare the results presented in the previous sections with other works. The impact of quantum
corrections on such K-mouflage models was investigated
in [15], considering both the generic case and the DiracBorn-Infeld (DBI) cases [25–27]
p
DBI− : K(χ) = − 1 − χ,
(93)
p
+
DBI : K(χ) = 1 + χ − 2,
(94)

where the choice of sign depends on whether we wish
the model to provide nonlinear screening in the cosmological regime (DBI− ) or in the small-scale astrophysical
regime (DBI− ). First, considering the one-loop contribu(1)
tion ∆£1−loop to the effective action as in section III C 1,
they obtain the one-loop criterion (46), which they write
in the form
∂ 2 K̄ ′
K̄ ′

2

≪ M4 K̄,

∂ K̄ ′
K̄ ′

4

≪ M4 K̄.

(95)

This is equivalent to our result (46). On the right-hand
side of Eq.(46), we replaced K by K̄ ′ χ̄ to remove the
cosmological constant in the low-χ̄ regime (i.e. to remove the irrelevant constant term from the comparison
in the expansion K = −1 + χ + ....). On the left-hand
side, the first constraint (95) arises from the first term
in Eq.(36), while the second constraint (95) arises from
both the first and second terms in Eq.(36). In generic
cases where K ′′ ∼ K ′ /χ, such as the Cubic model studied in this paper, these two terms and the two conditions
(95) are of the same order and mφ ∼ p̄ in Eq.(39). In
the DBI models, in the nonlinear regime where we approach the square-root singularities (93)-(94), we have
K ′′ ≫ K ′ /χ and mφ ≫ p̄, but the two conditions (95)
remain of the same order (because of the K ′′′ term included in the first condition). In fact, we do not consider
such models in this paper, because we have seen in [24]
that they are ruled out by Solar System or cosmological
constraints. Instead, we consider the opposite models
where K ′′ ≪ K ′ /χ and mφ ≪ p̄, such as the Arctan and
Sqrt models defined in Eqs.(9) and (10). There, the first
condition (95) dominates over the second one, and we
have in Eq.(36) m2φ ≃ K̄ ′′ /2K̄ ′ (∂µ ∂ µ χ̄) ∼ (K̄ ′′ χ̄/2K̄ ′ )p̄2 .
As in [15], we have checked in section III C 2 that oneloop quantum corrections are negligible in cosmological
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and astrophysical backgrounds (up to very high redshifts
and down to very small scales). In addition, we have
checked that this remains true for the new class of models, such as the Arctan and Sqrt models, that obeys Solar
System constraints. This shows that one can use the treelevel classical equations of motion far in the nonlinear
screening regime, according to this one-loop criterion.
Next, we have developed in sections III D-III F a systematic study of higher-order quantum corrections. In
this approach, we consider the K-mouflage models as
quantum field theories for which we construct step by
step the renormalized effective action. In the process,
we introduce counterterms which cancel the logarithmic
divergences and remove the power-law divergences using
dimensional regularization. We do this as we insist on
the independence of the renormalized action of any cutoff which could be introduced to regularize the theory.
The remaining logarithmic corrections in the renormalized effective action depend on the renormalization scale
µ, and we could have written down renormalization group
equations for the coupling constants of all the operators
in the effective action. We are not preoccupied with the
existence of either an infrared or ultraviolet fixed point
for this action. Indeed, we are only interested in the
“classical” regime where the corrections to the tree-level
Lagrangian are small.
Hence, we are following an approach different from that
in [15]. These authors present an “exact renormalization group” (ERG) approach, using Wetterich’s formalism [21] where the cutoff scale is explicit and the issue
of “naturalness” is envisaged, i.e., whether the tree-level
K-mouflage action appears naturally without fine-tuning
when one integrates out fluctuations from high energy to
low energy. There, one considers that the classical bare
action S[ϕ] of Eq.(1) [i.e., the bare Lagrangian Lclassical ]
defines the effective action ΓΛc [ϕ] = S[ϕ] at a high cutoff
scale Λc , which is much greater than the strong-coupling
scale M. Thus, the K-mouflage theory is only an effective
field theory (EFT), which does not hold up to arbitrarily large momenta, but only up to a cutoff scale Λc beyond which one must take into account new physics (e.g.,
new degrees of freedom). Then, if we freeze all momenta
below some auxiliary infrared scale κ (which is technically performed by adding a Gaussian infrared regulator
ϕ · Rκ · ϕ to the action that gives a very large mass to the
modes k ≪ κ while leaving the higher modes unaffected),
when κ = Λc we must have Γκ = S (by the definition of
S as the effective action at the scale Λc ), while when κ
decreases we gradually take into account the fluctuations
of the modes κ < k < Λc , which make the effective action Γκ depart from the initial value ΓΛc = S. In the
limit κ → 0, one recovers the exact effective action of the
theory, where we include the contributions of all modes
below Λc .
Of course, the ERG equation is a nonlinear functional
equation that usually cannot be explicitly solved. Thus,
[15] uses a derivative expansion of the effective action,

writing
Γκ =

Z

d4 x M4 [Kκ (χ) + higher derivative terms] ,

(96)
to obtain the evolution of Γκ with κ at leading order,
and next takes into account higher-derivative terms (in
the regime where they are subdominant and within some
approximations). Requiring that these corrections to the
effective action are small, as compared with the initial
value ΓΛc = S, gives a condition of the form


Λ4c
Λ4c
1+
+ ... ≪ M4 K̄,
(97)
K̄ ′
χ̄K̄ ′2 M4
where the left-hand side is the quantum correction in
the regime where K̄ ′ ≫ 1. Then, far in the screening regime, when K̄ ′ → ∞, the quantum contribution
is small even though Λc ≫ M, and the higher-order
terms in Eq.(97) are increasingly suppressed. For instance, assuming Λc ∼ 1 eV, while M ∼ 10−3 eV as it
corresponds to the dark-energy scale, see Eq.(49), they
find that quantum contributions are small down to the
Solar System (but not close to compact objects like the
Sun and planets).
The approach presented in this paper follows a different strategy. Instead of computing the flow of Γκ from a
high-energy cutoff scale Λc , we extend the one-loop computation of the radiative contributions to Γ through a
perturbative approach, where we sum all Feynman diagrams (at the level of dimensional analysis since we
cannot compute explicitly all these diagrams). A first
difference with the approach of [15] is that we do not introduce a cutoff scale Λc . More precisely, such a cutoff
scale, which could be introduced to regularize the ultraviolet divergences of the Feynman diagrams, disappears
through a renormalization procedure (we use dimensional
renormalization). In particular, as in the one-loop computation (45), the power-law divergences are removed
and we are left with logarithms ln(m2φ /µ2 ), whereas the
higher-order results of [15] are actually dominated by
these power-law divergences; see Eq.(97). This is why
our classicality criterion (89), which coincides with the
one-loop result (46) (because in this regime higher-order
corrections are actually increasingly small), is different
from their result (97). Our renormalization procedure
also requires the introduction of the sequential algorithm
(25) to take into account the counterterms that are generated by this renormalization. A second difference is that,
because the terms associated with power-law divergences
are cancelled, the bare Lagrangian Lclassical is not renormalized. Contrary to the higher-order computation presented in [15], associated with Eqs.(96) and (97), within
our framework the nonrenormalization of the bare operators obtained at one loop in Eq.(45) (where we have also
cancelled power-law divergences) extends to higher orders; see Eq.(88) and section III F 2. Nevertheless, we can
note that in both frameworks the quantum corrections
become increasingly negligible in the nonlinear screening
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regime, K̄ ′ → ∞. Thus, the quantum corrections do not
spoil the K-mouflage screening mechanism, and one can
make accurate predictions on relevant cosmological and
astrophysical scales.
More generally, our approach follows a bottom-up perspective where the initial K-mouflage theory is given, and
one tries to ascertain the maximal domain of validity of
its predictions in the quantum domain, i.e. when quantum corrections are taken into account. This differs from
the approach of [15] where a top-down approach is advocated. The latter assumes that the K-mouflage theory
makes sense at high energy and requires that its extension to lower energies receives negligible corrections. The
former gives a criterion of classicality which allows one
to guarantee that this is a consistent approximation. We
will make use of this criterion to probe the high-energy
behavior of K-mouflage, and we will check that the classical Lagrangian allows us to make quantitative predictions in all cases of practical interest. In fact, we will
find in section V C that the theory becomes increasingly
classical at high energy in the scalar sector. This means
that we do not need to interpret the K-mouflage model as
an EFT and that the K-mouflage model is nevertheless
predictive.
Moreover, we will see in section V B from unitarity constraints that for healthy K-mouflage models that pass the
tight Solar System tests, there cannot be any standard
UV completion. Therefore, the usual top-down approach
cannot be applied and one must turn to the bottom-up
approach presented in this paper.

H.

Quantum contributions in highly nonlinear
backgrounds

The fact that the classicality condition remains given
by the lowest-order result (46), as seen in (89), means
that the results obtained in sections III C 2 a and III C 2 b
remain valid when we consider higher-order contributions: the theory remains classical up to redshifts much
higher than zBBN and far within astrophysical systems
and compact objects. We now derive more precisely the
location of the quantum transition in the highly nonlinear regime in this section.

1.

Cosmological background

We have seen that quantum contributions for the cosmological background are negligible up to very high redshifts, before BBN, but it is interesting to estimate the
redshift when the K-mouflage theory enters the quantum
regime. We shall find that for the Cubic model the transition from the early-time quantum regime to the latetime classical regime occurs after the inflation era but
very early in the radiation era, whereas for the Arctan
and Sqrt models there is no quantum era as quantum cor-

rections to the classical action become increasingly negligible at higher z.
For the cosmological background the Klein-Gordon
equation (7) of the scalar field can be integrated as
[12, 28]
p
2χ̄K̄ ′ =

β ρ̄0 t
,
MPl M2 a3

(98)

where t is the cosmic time, while p̄ ∼ H. In the radiation
era, where t ∼ a2 and H ∼ a−2 we obtain the scalings
radiation era: p̄ ∼ a−2 , χ̄1/2 K̄ ′ ∼ a−1 ,

(99)

while in the inflationary era, where a ∼ eHI t with a
constant Hubble rate HI as in an approximate de Sitter phase, we obtain
inflation era: p̄ ∼ HI , χ̄1/2 K̄ ′ ∼ a−3 .

(100)

We now need to consider in turns the Cubic, Arctan, and
Sqrt models, as they have different large-χ asymptotics.
a. Cubic model
large χ:

For the Cubic model, we have at

Cubic model with χ → ∞ :

K ′ ∼ χ2 , K ′′ ∼ χ, (101)

and we obtain from (99) in the radiation era, for the
behavior of χ̄ and the upper bound (48),
radiation era: χ̄ ∼ a−2/5 , we need p̄ ≪ a−3/10 . (102)
The comparison with (99) shows that p̄ ∼ a−2 grows
faster with redshift than the upper bound (102). Therefore, there exists a redshift zQ , and scale factor aQ , where
the quantum corrections become of the same order as
the classical action and the theory enters the quantum
regime. Numerically, we find for the time where this transition occurs, defined as H = M (K̄ ′ χ̄)1/4 (K̄ ′ /K̄ ′′ χ̄)1/2 ,
the values
aQ ≃ 10−19 , χ̄Q ∼ 3 × 107 , HQ ∼ 10−6 GeV,

T ∼ 2 × 106 GeV.

(103)

We can see that this quantum-classical transition occurs
after the end of the inflationary stage, in the early
radiation era.
b. Arctan model
large χ:

For the Arctan model, we have at

K ′ ∼ K∗ , K ′′ ∼ χ−3 ,
(104)
and we obtain from (99) in the radiation era, for the
behavior of χ̄ and the upper bound (48),
Arctan model with χ → ∞ :

radiation era: χ̄ ∼ a−2 , we need p̄ ≪ a−5/2 .

(105)

In contrast with the Cubic model, the upper bound ∼
a−5/2 increases faster at higher redshift than p̄ ∼ a−2 .
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Therefore, we do not come closer to the quantum regime
in the early radiation era. In the inflationary era, we
obtain
inflation era: χ̄ ∼ a−6 , we need p̄ ≪ a−15/2 ,

(106)

and the upper bound increases even faster as compared
with the constant p̄ ∼ HI . Thus, for the Arctan model
there is no transition to the quantum regime in the early
Universe. In fact, at higher redshift the theory becomes
increasingly more classical, i.e., quantum corrections to
the effective action become increasingly negligible. This
is due to the fact that K ′′ χ/K ′ decreases strongly at
large χ for this model, whereas it remains of order unity
in the Cubic model.
c.

Sqrt model

For the Sqrt model, we have at large

χ:
K ′ ∼ K∗ , K ′′ ∼ χ−4 ,
(107)
and we obtain from (99) in the radiation era, for the
behavior of χ̄ and the upper bound (48),
Sqrt model with χ → ∞ :

radiation era: χ̄ ∼ a−2 , we need p̄ ≪ a−7/2 .

(108)

As for the Arctan model, the upper bound ∼ a−7/2 increases faster at higher redshift than p̄ ∼ a−2 . In the
inflationary era, we obtain
inflation era: χ̄ ∼ a−6 , we need p̄ ≪ a−21/2 ,

(109)

and the upper bound again increases even faster as compared with p̄ ∼ HI . Thus, for the Sqrt model there is no
transition to the quantum regime in the early Universe,
and the theory becomes increasingly more classical, as
for the Arctan model.
2.

Astrophysical background

We now investigate the case of astrophysical smallscale situations, such as in the Solar System. We shall
find that there is no transition to the quantum regime
in this context, whether on Solar System scales, on the
Earth or in the laboratory. This is because a quantum
regime would only arise in a finite range of radii, far inside isolated spherically symmetric objects, at a radius
rQ ∼ 10−4 m that is also at the transition between the
linear and nonlinear regimes. But such a regime does not
exist because of deviations from spherical symmetry and
screening by other objects (e.g., both the Sun and the
Earth are within the K-mouflage radius of each other).
Around a spherical compact object of mass M and
K-mouflage radius given by Eq.(51), the Klein-Gordon
equation of the scalar field (7) can be integrated as [24]
p
−2χ̄K̄ ′ =



RK
r

2

,

(110)

where r is the radial distance from the central object.
This allows us to investigate possible transitions to the
quantum regime around spherically symmetric objects,
but as for the cosmological case, we must consider in
turns the Cubic, Arctan and Sqrt models.
a. Cubic model For the Cubic model, we obtain χ̄ ∼
r−4/5 , and the condition (48) scales as r−1 ≪ r−3/5 , with
p̄ ∼ r−1 . Thus, as for the cosmological background in
the early universe, at small radii p̄ grows faster than the
upper bound of Eq.(48), which means that at a finite
radius rQ we reach the quantum regime. We obtain
rQ ∼ M−1 (MRK )−3/2

(111)

Since M−1 ∼ 10−4 m and RK ∼ 1000 A.U. for the
Sun, we can see that this radius rQ is tiny and irrelevant for astrophysical purposes.
However, on
such small scales, we are inside the astrophysical
object, and the K-mouflage radius (51) depends on r
through M (< r). For a constant matter density ρ,
we obtain rQ ∼ M−1 (ρ/MPl M3 )−3/13 , which gives
rQ ∼ M−1 ∼ 10−4 m for ρ = 1 g.cm−3 . However, this is
also at the boundary of the linear regime, and at smaller
radii we find that we are moving away from the quantum
transition. Thus, for an isolated and spherically symmetric object, the quantum regime would only appear
at most in a small range of radii rQ ∼ M−1 ∼ 10−4 m.
However, this does not apply to practical configurations. In particular, the Earth being within the
K-mouflage radius of the Sun, the local scalar-field
background is also set by the Sun, and we do not enter
this regime. Therefore, in astrophysical or laboratory
configurations, we remain in the classical regime, and
quantum corrections to the effective action are negligible.
b. Arctan model For the Arctan model, we obtain
χ̄ ∼ r−4 and the condition (48) scales as r−1 ≪ r−5 ,
outside of the object. Thus, as for the cosmological
background, at small radii p̄ grows more slowly than
the upper bound of Eq.(48). This means that quantum corrections become increasingly negligible as we
move toward the compact object. However, inside
the compact object the K-mouflage radius scales as
RK ∼ r3/2 and the condition (48) scales as r−1 ≪ r5/2 .
Thus, we now obtain a quantum transition at a finite radius rQ ∼ M−1 (ρ/MPl M3 )−5/7 , which gives
rQ ∼ M−1 ∼ 10−4 m for ρ = 1 g.cm−3 . As for the Cubic
model, this is also at the boundary of the linear regime
and at smaller radii we move away from the quantum
transition, but these regimes are not reached in practice
because of deviations from spherical symmetry and
screening by other objects.
c. Sqrt model For the Sqrt model, we obtain χ̄ ∼
r−4 , and the condition (48) scales as r−1 ≪ r−7 , outside
of the object. As for the Arctan model, quantum corrections become more negligible closer to the compact object. Inside the compact object, the condition (48) scales
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as r−1 ≪ r7/2 , and we obtain a quantum transition at
a finite radius, rQ ∼ M−1 (ρ/MPl M3 )−7/9 , which again
gives rQ ∼ M−1 ∼ 10−4 m for ρ = 1 g.cm−3 . As for the
Cubic and Arctan models, this is also at the boundary
of the linear regime, and at smaller radii we move away
from the quantum transition, but these regimes are not
reached in practice.
IV.

QUANTUM STABILITY

The perturbative analysis presented in section III relies on the assumption that m2φ > 0 in the quadratic Lagrangian (35), as in standard Quantum Field Theories.
However, the mass m2φ being a nontrivial function of the
background, even in the limit χ̄K̄ ′′ ≪ K̄ ′ as in Eq.(36),
there is no guarantee a priori that it always remains positive. In fact, for the simple models (8) and (9) we shall
check that it is negative in some regimes. This can be a
problem quantum mechanically, as the perturbation theory may no longer apply (e.g., we are expanding around
a false vacuum) or the K-mouflage model itself may be ill
defined. We first consider the static regime, associated
with small-scale astrophysical backgrounds, and next the
time-dependent regime, associated with the cosmological
background.
A.

Static background
1.

General analysis

Let us first analyze the problems that may occur when
the mass term in the quadratic Lagrangian can be negative, around a static background such as a compact astrophysical object. At the quadratic level, the fluctuations
of the quantum field φ around the background ϕ̄ are governed by the Gaussian path integral
Z
R 4
2 2
1 µ
1
Z =
Dφ ei d x[− 2 ∂ φ∂µ φ− 2 mφ φ ]
Z
i
h
R
2
2
2
1
1
x)φ2
i d4 x 12 ( ∂φ
∂t ) − 2 (∇φ) − 2 mφ (~
.(112)
=
Dφ e
In the second expression, we used the fact that we consider a static background, in the Minkowski metric, so
that the mass mφ only depends on the 3D spatial coordinate ~x and ∇ is the spatial gradient. As usual, we can
interpret this oscillatory path integral as the analytic continuation of the Euclidian path integral obtained through
the Wick rotation t = −iτ . This gives
Z
h
i
R
2
2
2
1
1
− dτ d3 x 12 ( ∂φ
x)φ2
∂τ ) + 2 (∇φ) + 2 mφ (~
ZE =
Dφ e
Z
(113)
=
Dφ e−SE ,
which yields the Euclidian action SE . This path integral
is well defined if the Euclidian action is bounded from

below and goes to infinity for large fields. This is obviously the case when the squared-mass m2φ is positive, as
in standard theories, since SE is then the sum of three
positive quadratic terms.
If the squared-mass m2φ is constant and negative, the
action SE goes to −∞ for large constant fields φ, and
the integral (113) is divergent and meaningless. This implies at least that the perturbation theory around φ = 0
breaks down. This could mean that we expand around
the wrong background (e.g., a local maximum or a saddle
point) and the path integral might be made convergent
by higher-order terms. However, in our case, there is a
unique solution to the classical equations of motion, by
construction of the kinetic function K (we ruled out models with multiple solutions to avoid jumps of the scalar
field, associated with the transitions between different
branches, and small-scale instabilities) [12, 24]. Then,
the model is meaningless if this is not a global minimum
of the Euclidian action.
In our case, the squared-mass m2φ is not constant, and
we shall see below that at large radii, around a spherical
compact object, it is positive and goes to zero at infinity,
while it is negative at small radii. If the range of scales
where m2φ is negative is sufficiently small, the path integral (113) will remain well defined. Indeed, making the
field φ peaked in the region m2φ < 0 leads to a “cost”
in the kinetic factor (∇φ)2 that may be dominant. More
precisely, the Euclidian pathR integral is well defined if the
quadratic form SE = (1/2) dτ d3 x φ[−∂τ2 − ∇2 + m2φ ]φ is
positive definite, that is, the eigenvalues λ of the operator
−∂τ2 − ∇2 + m2φ are strictly positive,


∂2
2
2
− 2 − ∇ + mφ φ = λ φ implies λ > 0,
∂τ

(114)

for normalized eigenfunctions. In the static and spherically symmetric case, we can write the eigenvectors as
~ and the eigenvalue equation beφ = e−iωτ ψ(r)Yℓm (Ω)
comes




1 d
ℓ(ℓ + 1)
2
2 d
2
ω − 2
r
+
+ mφ (r) ψ = λ ψ.
r dr
dr
r2
(115)
The lowest eigenvalue (ground state) is obtained for
ω = 0 and ℓ = m = 0, and therefore we only need to
check that λ > 0 for the one-dimensional radial eigenvalue problem with ω = 0 and ℓ = m = 0. Writing
ψ(r) = y(r)/r, we obtain the one-dimensional eigenvalue
problem
−

d2 y
+ V (r) y = E y, with V (r) = m2φ (r),
dr2

E = λ.

(116)
Thus, we look for the ground-state energy E0 = λ0 of the
one-dimensional quantum-mechanics wave function y(r),
in the potential V (r) = m2φ (r), and the Euclidian path
integral (113) is well defined if E0 > 0. Since in our case
V (r) goes to zero at infinity, this means that there should
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be no bound states, with a negative energy. Then, it is
known that the number of bound states nbound is of order
Z
p
1
(117)
nbound ∼
dr −V (r) ,
π V (r)<0
where we integrate over the domain where V < 0 [29].
This can be obtained from the WentzelKramersBrillouin
(WKB) approximation and also corresponds to the BohrSommerfeld quantization rule. This means that the estimate of nbound given in Eq.(117) must be somewhat
below unity.
It is interesting to consider the simple case where the
potential V (r) shows a step profile, with two constant
values, V = V1 < 0 for r < L and V = V2 > 0 for r > L.
Then, for bound states with V1 < E < V2 , the solution
in the two domains reads as
p
r<L:
y = A sin( E − V1 r),
(118)
r>L:

y = Be

√
− V2 −E r

,

(119)

and the matching at r = L of y and dy/dr gives the
eigenvalue equation of the discrete spectrum,
r
p
E − V1
.
(120)
tan( E − V1 L) = −
V2 − E

Since V1 < E < V2 , in order
√ to obtain at least one ground
state it is necessary that V2 − V1 L > π/2. Therefore,
a sufficient condition for the absence of bound states is
p
π
(121)
V2 − V1 L < .
2
This is consistent
with the general estimate (117),
√
nbound ∼ V2 − V1 L/π, as it corresponds to an estimated
number of bound states of 0.
2.

K-mouflage quantum stability in a static background

For the K-mouflage theories, the exact quadratic Lagrangian of quantum fluctuations around a background
ϕ̄ is given by Eq.(41). For a static spherically symmetric
background, this gives
 2
 2
 2
1 ∂φ
K̄ ′ + 2χ̄K̄ ′′ ∂φ
1
∂φ
L2 =
−
− 2
′
2 ∂t
∂r
2r
∂θ
2K̄
 2
2
m̄
1
∂φ
φ 2
−
φ ,
(122)
− 2 2
2
2r sin θ ∂ϕ
with
m̄2φ
+

=




K̄ ′′2 χ̄
K̄ ′′
+
2K̄ ′
K̄ ′2



d2 χ̄ 2 dχ̄
+
dr2
r dr



3K̄ ′′2
2K̄ ′′′ K̄ ′′ χ̄ 3K̄ ′′3 χ̄
K̄ ′′′
+
+
−
2K̄ ′
4K̄ ′2
2K̄ ′3
K̄ ′2



dχ̄
dr

2

.(123)

The spatial gradient term is modified along the radial
direction by the background factor X µ X ν in the kinetic

prefactor of Eq.(41), but the properties (6) ensure that
this radial term keeps the standard sign. As in section IV A 1, for the model to be well defined, we require the Euclidian action to have only positive eigenvalues. Again, we can look for eigenvectors of the form
~ and the lowest eigenvalues are obφ = e−iωτ ψ(r)Yℓm (Ω),
tained for ω = 0 and ℓ = m = 0. Thus, we are led to the
one-dimensional radial eigenvalue problem


K̄ ′ + 2χ̄K̄ ′′ dψ
1 d
r2
+ m̄2φ (r)ψ = λ ψ. (124)
− 2
r dr
dr
K̄ ′
Because of the modified kinetic factor along the radial
direction, this takes the form of a more general SturmLiouville problem, which we can put in the Schrodinger
form (116) by a change of variable [30],
−

d2 y
2
+ V (x) y = E y, with E = λRK
,
dx2

(125)

and
−1/2
K̄ ′ + 2χ̄K̄ ′′
,
x =
K̄ ′
0
−1/4
 ′
y
K̄ + 2χ̄K̄ ′′
,
ψ =
r
K̄ ′

−1/4
1 K̄ ′ + 2χ̄K̄ ′′
2
V = RK
m̄2φ +
r
K̄ ′
" 
1/4 #
K̄ ′ + 2χ̄K̄ ′′
d2
.
× 2 r
dx
K̄ ′
Z

r

dr
RK



(126)
(127)

(128)

Here, we introduced the K-mouflage radius RK to obtain
dimensionless quantities.
Outside of the compact object, the Klein-Gordon equation obeyed by the K-mouflage scalar field can be integrated as Eq.(110) (we have χ̄ < 0 in the static regime).
This means that χ̄, the radial coordinate x, and the potential V (x) defined in Eqs.(126) and (128), are fixed
functions of r/RK , or equivalently of χ̄ or x, independently of the mass M of the object. Thus, the initial
mass term reads as
i

−(−2χ̄)3/2 h
′′
(3)
′′2
′
3
K̄
+4
χ̄
K̄
−4
χ̄
K̄
+
K̄
K̄ ′ + 2χ̄K̄ ′′
(129)
while the full potential can be expressed in terms of χ̄ as

h
−(−2χ̄)3/2
3 ′′4
′2
V (x) =
−10(χ̄K̄ (3) )2
2
χ̄
K̄
+
χ̄
K̄
(K̄ ′ + 2χ̄K̄ ′′ )3
i

−15K̄ ′′2 + 4χ̄K̄ ′′ 2χ̄K̄ (4) − K̄ (3)
i 
h

. (130)
+K̄ ′3 4K̄ ′′ + χ̄ 4χ̄K̄ (4) + 13K̄ (3)

2
m̄2φ (r) =
RK

This means that compact objects with different masses
lead to the same eigenvalue problem (125), expressed in
the radial coordinate x and the potential V (x). This is
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6
4

R2K m2(r), V(x)

because the dependence on the mass M of the object is
absorbed by the scaling r/RK in the Klein-Gordon equation (110). This is no longer valid inside an extended
object, where the scalar-field profile depends on the matter density profile, but in this study, we only check the
validity of the model outside spherically symmetric objects.
At large radii, we obtain χ̄ → 0− and K̄ ′ → 1, following the weak-field limit (5). In this regime, expanding
Eq.(130) and using the integrated Klein-Gordon equation (110) we obtain

cubic

2
0
-2
-4

2

2

RK m (r)
V(x)

-6
-8

2
RK
m̄2φ (r) = −3K ′′ (0)

r ≫ RK :
+

−19K ′′(0)2 + 7K (3) (0)
2

′′

V (x) = −4K (0)
×



r
RK



r
RK

−10



−6

r
RK

+



r
RK

−10

0

−6

1

x≃

2.5

3

2
FIG. 2: Squared-mass RK
m̄2 (r), as a function of r/RK , and
potential V (x), as a function of x, for the Cubic model.

(132)

r
.
RK

2

+ O(r−14 ), (131)

Eq.(117) diverges, which means that there are an infinite
number of bound states with a negative energy. This
can be seen as follows. At small radii, the eigenvalue
equation (125) reads as

while Eq.(126) gives
r ≫ RK :

1.5

r/RK, x
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[−3K ′′ (0)2 + K (3) (0)]
2

+ O(r−14 ),

0.5

(133)

x≪1: −

d2 y
4
−
y = E y,
2
dx
25x2

(134)

and for negative energies, the solution with a finite norm
is
√
√
(135)
E < 0 : y(x) = x K3/10 ( −E x),

For the three models defined in Eqs.(8)-(10) that we
study in this paper, we have K ′′ (0) = 0 [their derivative
K ′ (χ) is even] and K (3) (0) > 0. This gives the behaviors
shown in the first three rows in Table I. Thus, in these
models, the potential is positive at large radii but goes
to zero very fast as x−10 . The radial kinetic prefactor in
the Lagrangian (122) leads to a full potential V (x) that
2
follows the same scaling as the initial mass RK
m̄2 but
with a higher amplitude.
At small radii, we have χ̄ → −∞ and K̄ ′ → +∞.
This is the screening regime where the behavior of the
system depends on the nonlinearities of the K-mouflage
kinetic function K(χ). For the three models that we
consider in this paper, we obtain the behaviors shown
in the last three rows in Table I. Thus, for the Cubic
model, the radial kinetic prefactor in the Lagrangian
(122) only leads to a change of scale from r/RK to x,
and the full potential keeps the same form as the initial
2
mass RK
m̄2 . Both are negative and diverge as 1/x2 . For
the Arctan and Sqrt models, the radial kinetic prefactor
does not lead to a change of scale but to a change of
sign, as the initial squared mass is negative while the
full potential is positive. Both vanish at small radii
as x6 for the Arctan model and as x10 for the Sqrt model.

where Kν (z) is the modified Bessel function of the
second kind. Thus, we have a continuous spectrum of
bound states of any energy E < 0, as the change of
energy only corresponds to a rescaling of radii, as could
already be seen in Eq.(134). Eigenvectors√with E → −∞
have a typical radius of order xE ∼ 1/ −E → 0 and
have a negligible weight at distances where the potential
V (x) deviates from −4/25x2. Therefore, the deviation
of the true potential from the −1/x2 shape at x & 1
only slightly perturbs their energy, and we still have
an infinite number of bound states. Thus, the Cubic
model has an infinite number of negative solutions
λ to the eigenvalue problem (124) and the quadratic
path integral associated with the Lagrangian (122) is
ill defined. Therefore, this model is ruled out as it is
not self-consistent at the level of quantum fluctuations
around a static background. At the classical level, this
model is consistent, but it was already ruled out by Solar
System observations, as it predicts a perihelion of the
Moon which is greater than observational constraints by
many orders of magnitude.

a. Cubic model We show the squared-mass
2
RK
m̄2Cubic (r) and the potential VCubic (x) of the
Cubic model in Fig. 2. The potential is negative and
diverges as −1/x2 at small scales; see Table I. This
implies that the estimated number of bound states from

b. Arctan and Sqrt models We show the squared2
mass RK
m̄2 (r) and the potential V (x) of the Arctan and
Sqrt models in Fig. 3. Because the transition parameters
K∗ = 1000 and χ∗ = 100 of these models are significantly greater than unity, the transition to the nonlinear
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TABLE I: Behavior at large and small distances of the squared-mass m̄2φ (r) and of the potential V (x) for the Cubic, Arctan
and Sqrt models.
model name

Cubic
−10


2
r → ∞ : RK
m̄2φ (r) 21K0

r → ∞ : x(r)

r
RK

x≃

r
RK

2
r → 0 : RK
m̄2φ (r)

− 54

r → 0 : x(r)



x≃

r
RK

−2

√ r
5RK

Sqrt


2
21K∗ σ∗
χ∗
2 +χ2 )5/2
2(σ∗
∗

r
RK

17K∗
χ2
∗

r
RK



r
RK

4

r
RK

6

624K 6 σ 2 χ6

− (σ 2 +χ∗ 2 )∗5/2∗

r
RK

∗

∗

x≃

−10

r
RK

2χ
51K∗ σ∗
∗
2 +χ2 )5/2
2(σ∗
∗

x−10

−144K∗4 χ2∗
x≃

x≃



x−10
r
RK

10

r
RK

6 2 6
1536K∗
σ∗ χ∗
2 +χ2 )5/2
(σ∗
∗

208K∗4 χ2∗ x6

4
− 25
x−2

x → 0 : V (x)

7K∗
χ2
∗

x≃

51K0 x−10

x → ∞ : V (x)
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FIG. 4: Ground-state energy E0 as a function of the parameter ν that multiplies the potential V (x), for the Arctan and
Sqrt models. The physical case corresponds to ν = 1, where
we find E0 > 0.
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FIG. 3: Squared-mass RK
m̄2 (r), as a function of r/RK , and
potential V (x), as a function of x, for the Arctan and Sqrt
models.

regime occurs somewhat below RK , at a scale of order
−1/4 −1/2
L∗ RK with L∗ = χ∗ K∗
, from Eq.(110). Thus, in
Fig. 3, we rescale distances by a factor L∗ and potentials by a factor L−2
∗ . For the Arctan model, the poten-

tial becomes of order unity after this rescaling, but for
the Sqrt model, the amplitude of the potential is significantly greater than unity because the transition between
the linear and nonlinear regime is very sharp; see Fig. 1.
In both cases, the effects of the prefactor of the kinetic
radial term in the Lagrangian (122) are to reduce the
range of radii where the potential deviates from zero, as
2
compared with RK
m̄2 (r), to decrease its negative part
and to make the potential turn positive at small radii.
This increases the eigenvalues λ and makes the Euclidian action more likely to be positive definite. Indeed, the
factor 1+2χ̄K̄ ′′ /K̄ ′ is greater than unity, which increases
the “cost” associated with the radial kinetic term in the
Euclidian action.
For the eigenvalue problem (125), we find that the estimated number of bound states (117) for these two po-
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the action at the quadratic order reads as

tentials is
nArctan ∼ 0.75,

nSqrt ∼ 0.36.

(136)

Therefore, we expect that there is no bound state for
these models, but that we are close to the transition associated with the appearance of a ground state of negative energy. To determine whether there is zero or one
bound state, we need to perform a numerical analysis.
We solve the eigenvalue problem (125) by a numerical
spectral method, where we expand the wave functions
on the radial eigenmodes of the isotropic 3D harmonic
2
1/2
oscillator (for ℓ = m = 0), yn (x) ∝ xLn (x2 )e−x /2 ,
1/2
where Ln are the generalized Laguerre polynomials. We
also extend the eigenvalue problem (125) by multiplying the potential V (x) by a real parameter ν > 0; i.e.,
we make the change V (x) → νV (x), and we display in
Fig. 4 the dependence of the ground-state energy E0 on
ν. For small ν, we expect E0 > 0, as the amplitude of
the potential in the negative domain and the estimate
nbound decrease, and for large ν, we expect E0 < 0 with
an increasing amplitude. This is consistent with the results found in Fig. 4. (At low ν, we should switch to
the continuous spectrum, with E > 0, but we obtain a
finite positive E0 because of the finite numerical resolution which gives rise to a finite-size effect. On the other
hand, E = 0 is not part of the continuous spectrum,
which is restricted to E > 0.) For both potentials, we
have E0 > 0 for ν = 1, but we are not far from the transition to a negative-energy ground state, in agreement
with the estimates (136). Thus, we conclude that for the
Arctan and Sqrt models there are no negative eigenvalues λ to the eigenvalue problem (124) and the Euclidian
action SE is positive definite. Therefore, these two models are stable with respect to quantum corrections and
correspond to meaningful quantum field theories, around
static spherically symmetric backgrounds.

B.
1.

Cosmological instability
Modes of the quadratic action

For some models, the mass squared can also be negative as we expand around the cosmological background.
For time-varying problems, the Wick rotation cannot be
applied. One has to resort to canonical quantization and
the analysis of the mode equations to see if an instability
occurs. This is very similar to the study of cosmological
perturbations and its quantum generation. In particular, because the age of the Universe is finite, we do not
require that the modes are stable but that they do not
grow much more than in the standard cosmological scenario, or at least do not diverge before the present time.
Using the conformal coordinates,
ds2 = a2 (−dη 2 + d~x 2 ),

(137)

S=

Z

dηd3 x

√

−gL2 =

Z

dηd3 x a4 L2 ,

(138)

where the quadratic Lagrangian is given by Eq.(41),
which yields
1
=
2a2

L2

"

K̄ ′ + 2χ̄K̄ ′′
K̄ ′



∂φ
∂η

2

#

− (∇φ)2 − a2 m̄2φ φ2 ,
(139)

with
a

2

m̄2φ
−

= −





d2 χ̄
dχ̄
− 2H
dη 2
dη
  2
′′′ ′′
′′3
2K̄ K̄ χ̄ 3K̄ χ̄
dχ̄
+
,(140)
−
dη
2K̄ ′3
K̄ ′2

K̄ ′′2 χ̄
K̄ ′′
+
K̄ ′2
2K̄ ′

3K̄ ′′2
K̄ ′′′
+
′
2K̄
4K̄ ′2



where H = d ln a/dη is the conformal expansion rate.
As in the static case, to absorb the kinetic prefactor
(K̄ ′ + 2χ̄K̄ ′′ )/K̄ ′ , we make the change of variable
−1/2
K̄ ′ + 2χ̄K̄ ′′
,
K̄ ′
0
−1/4
 ′
v
K̄ + 2χ̄K̄ ′′
,
φ =
′
a
K̄
−1/4

1 K̄ ′ + 2χ̄K̄ ′′
2
2 2
mv = a m̄φ −
a
K̄ ′
" 
1/4 #
d2
K̄ ′ + 2χ̄K̄ ′′
.
× 2 a
dτ
K̄ ′
τ =

Z

η

dη



(141)
(142)

(143)

This is the generalization of the Mukhanov-Sasaki variable to our case [31]. With an integration by parts, the
action now reads as
#
" 
Z
2
1
∂v
2
2
2
3
S=
− (∇v) − mv (τ )v . (144)
dτ d x
2
∂τ
For the cosmological background, the Klein-Gordon
equation (7) obeyed by the scalar field can be integrated
as Eq.(98). Contrary to the static case, the history of the
cosmological expansion [i.e., the functions a(η) or a(t)]
cannot be absorbed in a model-independent way through
the Klein-Gordon equation (98). Whereas in Eq.(125)
we obtained an eigenvalue problem that only depends on
the kinetic function K(χ) (outside of the compact object), independently of the mass, radius, and profile of
the spherical object, in the action (144) the mass m2v (τ )
shows a small dependence on the choice of cosmological
parameters. In the numerical computations, we consider
a set of cosmological parameters that is consistent with
the Planck data.
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Using Eq.(140), the squared mass can be written as

×(K̄ ′′ − 3χ̄K̄ ′′′ ) − 2K̄ ′3 (3K̄ ′′′ + χ̄K̄ (4) ) + K̄ ′2 (2K̄ ′′2
i
+χ̄2 K̄ ′′′2 − 4χ̄K̄ ′′ (3K̄ ′′′ + χ̄K̄ (4) )) ,
(145)

where we note a′ = da/dη and a′′ = d2 a/dη 2 . In the
standard cosmological case, where K ′ = 1, we recover
the usual result m2v = −a′′ /a.
As the cosmological background is homogeneous and
isotropic, we can decompose the modes of the quadratic
~
action (144) in Fourier space [32], as v~k (τ, ~x) = eik·~x vk (τ )
with
d2 vk
+ (k 2 + m2v )vk = 0,
dτ 2

(146)

and k = |~k|. In terms of creation and annihilation operators, the quantum field v̂ can be written as
Z
i
d3 k h
i~
k·~
x
∗
−i~
k·~
x †
.
v
(τ
)e
ĉ
+
v
(τ
)e
ĉ
v̂(τ, ~x) =
k
~
k
~
k
k
(2π)3/2
(147)
The conjugate momentum of v is Π = v̇, where we note
v̇ = dv/dτ , and the operators v̂ and Π̂ must satisfy canonical commutation relations on constant-time slices,
h
i
v̂(τ, ~x), Π̂(τ, ~y ) = i δD (~x − ~y ).
(148)
Using the commutation rules of the creation and annihilation operators, [ĉ~k , ĉp†~ ] = δD (~k − p~), one finds that the
Wronskian Wk must be normalized as
Wk ≡

vk v̇k∗

−

vk∗ v̇k

= i.

(149)
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× 4K̄ (K̄ + 2χ̄K̄ ′′ )
5χ̄2 K̄ ′′4 + 2χ̄K̄ ′ K̄ ′′2

m2v = −
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FIG. 5: Squared mass m2v (a) from Eq.(145) as a function
of the scale factor, for the Cubic, Arctan and Sqrt models.
We show the combination −(2a/H02 Ωm0 )m2v , which is positive
(i.e. m2v < 0). We also plot the case m2v = −a′′ /a (lower line).

radiation and matter eras, when the dark energy is negligible. Then, the Friedmann equation reads as
z≫1:

H2
= Ωm0 a−4 (a + aeq ),
H02

(150)

where aeq is the scale factor at equality between the matter and radiation energy densities. This yields
z≫1:

t=
and

p
2
√ 
√
a + aeq − aeq (151)
H0 Ωm0
a
p
,
(152)
≃
H0 Ωm0 aeq

η =

h
i
p
2
√
(a − 2aeq ) a + aeq + 2a3/2
,
eq
3H0 Ωm0

√
√
H0 Ωm0 a + aeq
a′
=
,
a
a

a′′
H 2 Ωm0
= 0
.
a
2a

(153)

(154)

The functions χ̄(a), dχ̄/dη(a), and d2 χ̄/dη 2 (a) depend on
the kinetic function K(χ) and are obtained from Eq.(98).
This allows us to obtain the analytic expression of m2v (a)
at early times from Eq.(145), and we show our results in
the early radiation era in Table II, for the three modTABLE II: Behavior in the early radiation era of the squaredmass m2v (a) for the Cubic, Arctan and Sqrt models.
els studied in this paper. As expected, we find that
for the Arctan and Sqrt models m2v ≃ −a′′ /a at early
times, because they satisfy χK ′′ ≪ K ′ at large χ so that
Model name
Cubic
Arctan
Sqrt
the squared mass m2v is dominated by the first term in
′′
2
2
2
a
H
Ω
H
Ω
H
Ω
eq 0 m0
a ≪ aeq , m2v − 34
− 02am0 +O(a2 ) − 02am0 +O(a4 ) Eq.(145), which is almost equal to −a /a.2 The 4sublead5
a2
ing terms are very small and vanish as a or a for the
Arctan and Sqrt models, depending on the rate of convergence to zero of χK ′′ /K ′ at large χ. For the Cubic
To understand the dynamics of the modes vk we need
model, we have χK ′′ /K ′ ≃ 2 in the highly nonlinear
2
the evolution with time of the squared-mass mv . It is
regime so that the first term in Eq.(145) is subdominant
useful to obtain some analytic expressions in the early
while the other terms scale as 1/η 2 ∼ 1/a2 .
2.

Squared-mass m2v
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growth v0+ ∝ a. Thus, in both models, the growing mode
v0+ (τ ) mainly behaves as the scale factor a(τ ), with a
normalization factor that grows from unity to about 200
over the range 10−4 . a . 10−1 , which leads to

103
sqrt
2

v+0 / a

10

Arctan and Sqrt: v0+ (a = 1) ∼ 102 .

arctan

The decaying mode is given by
Z ∞
v0− (a) ∝ v0+
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FIG. 6: Growing mode vk+ (τ ), as a function of the scale factor
a, for the Arctan and Sqrt models at k = 0. We show the
ratio v0+ /a, which is constant at both high and low redshifts
for these models.

We show the squared mass m2v and −a′′ /a in Fig. 5.
At all redshifts, we have m2v < 0 and −a′′ /a < 0. At low
redshifts, when χ̄ → 0, for all three models, m2v ≃ −a′′ /a
and it is dominated by the first term in Eq.(145). As
explained above, at high redshifts, we also recover m2v ≃
−a′′ /a for the Arctan and Sqrt models, in the highly nonlinear regime where K ′ has reached its constant high-χ
value, whereas for the Cubic model, m2v keeps growing as
−1/a2 . As for the static problem studied in Sec. IV A,
the Sqrt model, which has a sharper transition between
the linear and highly-nonlinear regimes in terms of K ′ (χ)
than the Arctan model, see Fig. 1, shows a narrower deviation (i.e. over a smaller range of a) from the standard
behavior (−a′′ /a) but with a greater amplitude.

Large-scale growing and decaying modes v0± (a)

a. Arctan and Sqrt models Let us now consider the
evolution of the modes vk (τ ) of Eq.(146), for low wave
numbers k 2 ≪ |m2v |. The standard case corresponds to
τ = η and m2v = −a′′ /a. Then, Eq.(146) becomes v0′′ =
(a′′ /a)v0 , for k = 0, with the growing solution v0+ (η) =
a(η) and a decaying solution v0− (η). In the K-mouflage
models, −m2v is greater than a′′ /a over some range of
redshift, which implies that v0+ grows faster than a in this
range, with an amplification that is somewhat reduced by
the change of variable from η to τ in Eq.(141). We show
our results for the Arctan and Sqrt models in Fig. 6. At
early times, we can again normalize the growing mode
as v0+ (τ ) = a because we recover the standard case with
m2v ≃ −a′′ /a. In the intermediate range, 10−4 . a .
10−1 , where −m2v is significantly greater than a′′ /a as
seen in Fig. 5, v0+ grows faster than a and is amplified
by a factor of order 200 at a ∼ 0.1. At low redshifts,
where m2v again converges to −a′′ /a, we resume a linear

dτ
.
(v0+ )2

(156)

In the radiation era and before m2v departs from
−a′′ /a, we have v0+ = a and τ = η. Using (151), we
obtain
p
a < 10−4 : v0+ (a) = a, v̇0+ (a) = H0 Ωm0 aeq , (157)

and

v0− (a) = 1 +

√
a
a
H0 Ωm0
a
ln
, v̇0− (a) =
ln
.
√
2aeq aeq
2 aeq
aeq
(158)

b. Cubic model For the Cubic model, in the nonlinear regime,
we have (K ′ + 2χK ′′ )/K ′ ≃ p
5 so that
√
τ ≃ η/ 5 in the radiation era, while a ≃ H0 Ωm0 aeq η
and m2v is given by the expression in Table II. Therefore,
the equation of motion (146) reads for k = 0 as
34
d2 v0
−
v0 = 0.
2
da
25a2

(159)

This gives the growing and decaying solutions
v0+ (a) = aQ (a/aQ )1/2+

a < 10−4 :

v0− (a)
3.

(155)

√

√

161/10

1/2− 161/10

= (a/aQ )

,

,
(160)

which we normalized as v0+ (aQ ) = aQ and v0− (aQ ) =
1, where aQ is the scale factor at the transition to the
quantum regime given in (103). We obtain today
Cubic: v0+ (a = 1) ∼ 1014 ,

(161)

taking into account an additional amplification by a factor 106 between 10−4 ≤ a ≤ 1, as m2v becomes of the
same order as for the Arctan model in this range. Thus,
as compared with the standard case v0+ = a, the Cubic
model gives an amplification by a factor 1014 today, as
compared with the factor 102 obtained for the Arctan
and Sqrt models, because of the stronger divergence of
m2v at high redshift.
4.

Initial conditions

In the Minkowski background with a constant positive squared mass, the modes v~k are the standard plane
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p
~
waves ei(k·~x−ωk τ ) with ωk =
k 2 + m2v , see Eqs.(A2)(A3) in appendix A. There, a constant negative squared
mass must be ruled out because it yields an exponential instability, as large-scale modes have a negative ωk2 ,
unless we restrict to finite times.
In the cosmological context [32], the standard case
corresponds to τ = η and m2v = −a′′ /a, which is negative
(this case is recovered for K ′ ≡ 1). Then, small-scale
modes below the horizon, kτ ≫ 1, are governed by the
k 2 term in Eq.(146) and oscillate as in the Minkowski
case over time scales that are short as compared with
the Hubble time. In this regime, one can use the WKB
approximation. Large-scale modes beyond the horizon,
kτ ≪ 1, obey v0′′ /v0 = a′′ /a, with the growing solution
v0+ = a. Thus, the modes outside the horizon do not
oscillate but show a secular growth as a(τ ), which in
fact corresponds to a constant amplitude for the scalar
field φ = v/a, see Eq.(142) with K ′′ = 0.
a. Arctan and Sqrt models We first consider the
Arctan and Sqrt models, which can be analyzed following the same approach as for the production of quantum
fluctuations of the inflaton field (or test fields) during the
inflationary stage and their evolution during later stages
through the radiation, matter, and dark-energy eras. Indeed, we have seen in section III H 1 that there is no quantum transition in the early Universe for these scenarios
as quantum corrections to the effective action Γ are increasingly negligible at higher redshift. This means that
the classical background obtained from the classical integrated Klein-Gordon equation (98) and the quadratic
action (144) for the quantum fluctuations can be used
at all redshifts and far in the early inflationary era. In
particular, as in the standard study of cosmological perturbations [32], relevant physical scales a/k that can be
observed today were well within the horizon in the early
inflation stage, next were stretched beyond the horizon
because of the exponential inflationary expansion until
the end of the inflation, and then grew more slowly than
the Hubble scale ct ∼ c/H in the radiation and matter eras and became smaller than the horizon at redshifts z . 106 . The inflationary stage ensures that these
scales were initially deep inside the horizon, at which time
they actually experienced an effective Minkowski background and one can use standard Quantum Field Theory procedures. In particular, this provides a well-defined
Bunch-Davies vacuum. This corresponds to choosing the
mode function vk (τ ) such that at early time, in the subhorizon limit, it√converges to the usual Minkowski limit
vk (τ ) → e−ikτ / 2k.
Let us recall that this choice of vacuum, or initial conditions, can be derived in this framework as the minimization of the expected value of the Hamiltonian [33].
In terms of the mode expansion (147), the Hamiltonian
reads as
Z
h
i
1
Ĥ =
d3 k Fk ĉ~k ĉ−~k + Fk∗ ĉ~† ĉ† ~ + Ek (δD (0) + 2ĉ~† ĉ~k ) ,
k −k
k
2
(162)

with
Fk = v̇k2 + ωk2 vk2 , Ek = |v̇k |2 + ωk2 |vk |2 ,

(163)

where we defined
ωk2 = k 2 + m2v .

(164)

Since the vacuum is defined by c~k |0i = 0, this gives
h0|Ĥ|0i =

δD (0)
2

Z

d3 k Ek ,

and the vacuum energy density reads as
Z
1
d3 k
ǫ=
Ek .
2
(2π)3

(165)

(166)

To minimize the Hamiltonian we simply need to minimize Ek for each k-mode, with the constraint (149). In
the standard field-theory case, with a constant squared
mass m2v > 0 in the Minkowski background, there is a
well-defined
√ minimum that gives the usual result vk (τ ) =
e−iωk τ / 2ωk , as in Eq.(A3), and the energy density (166)
takes the form of Eq.(A7).
In a time-dependent spacetime, or more generally when
the mass mv (τ ) depends on time, the frequencies ωk (τ )
depend on time. This implies that the choice of vacuum depends on the time where we choose to minimize
the Hamiltonian, |0iτ1 6= |0iτ2 for τ1 6= τ2 [33]. In the
usual study of the quasi-de Sitter inflationary era, this
ambiguity is solved by noticing that at sufficiently early
times all modes were deep inside the horizon and behaved as in the standard Minkowski spacetime with timeindependent frequencies ωk2 → k 2 . Therefore, we can
√ take
the Minkowski initial conditions, vk (τ ) → e−ikτ / 2k for
τ → −∞, to define the modes vk (τ ). This defines a
set of mode functions vk (τ ) and a unique vacuum, the
Bunch-Davies vacuum. More explicitly, this corresponds
to minimizing the vacuum energy density ǫ of Eq.(166),
for each mode k, in the inflationary era when the mode k
was deep inside the horizon. This removes the ambiguity
of the choice of vacuum as the result does not depend
on the initial time as long as it is in this early subhorizon stage. This means that the mode functions vk (τ ) are
defined by the initial condition
e−ikτ
τ → −∞ : vk (τ ) = √ ,
2k

(167)

as in the quasi-de Sitter era the past corresponds to τ →
−∞ and the scale factor is given by
a=−

1
and τ = η.
HI η

(168)

As we recalled above, this procedure also applies to the
Arctan and Sqrt models, where we can go back in time
far into the inflationary stage and m2v = −a′′ /a at early
times.
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In the inflationary era, using
m2v = −

a′′
2
2
= − 2 = − 2 = −2a2 HI2 ,
a
η
τ

(169)

the equation of motion (146) takes the standard form


2
d2 vk
2
(170)
+ k − 2 vk = 0,
dτ 2
τ
with the exact solution




e−ikτ
eikτ
i
i
vk (τ ) = α √
+β√
. (171)
1−
1+
kτ
kτ
2k
2k
The initial condition (167) sets α = 1 and β = 0 and
determines the mode function as


i
e−ikτ
√
1−
vk (τ ) =
.
(172)
kτ
2k
We can see that modes below this horizon oscillate as in
Minkowski spacetime,
|kτ | =

k
≫1:
aHI

e−ikτ
vk (τ ) ≃ √ ,
2k

(173)

while modes beyond the horizon grow as v0+ (τ ) = a,
iHI
−i
=√
a.
vk (τ ) ≃ √
2k 3/2 τ
2k 3/2
(174)
These results allow us to compute the vacuum energy
density ǫf as the end of the inflationary era, at scale
factor af . From Eqs.(173) and (174) we obtain
|kτ | =

k
≪1:
aHI

HI4 a4f
k
≪ 1 : Ek ≃ −
,
aHI
2k 3
(175)

k
≫ 1 : Ek ≃ k,
aHI
and
ǫ(k > |mv |) =

Z

∞
|mv |

dk
k 3 ∼ HI4 a4f ,
(2π)2

(176)

where the ultraviolet divergence is renormalized as described in Appendix A, see Eqs.(A7) and (A22), and we
disregard the logarithmic factors, while
ǫ(k < |mv |) = −

a4f HI4
8π 2

Z

|mv (af )|

|mv (ai )|

dk
∼ HI4 a4f N, (177)
k

where we regularized the infrared divergence at the
modes that left the horizon at the beginning of the inflationary era, ai , and N = ln(af /ai ) is the number of
e-folds of the inflation stage. This gives
at af :

ǫf ∼ HI4 a4f .

(178)

b. Cubic model For the Cubic model, the standard
approach described above is not possible because the
quadratic Lagrangian (139) only applies up to the redshift zQ , or scale factor aQ , obtained in (103), as the
effective action is dominated by high-order loop contributions at earlier times and the classical background (98)
and the quadratic action (144) for the quantum fluctuations are no longer valid. Because this transition occurs
after the inflationary stage, this means that we cannot go
back in the past up to the inflationary era and we must
set the initial conditions for the modes vk at redshift zQ ,
when the scales aQ /k are outside of the horizon. This
means that we can no longer use the early Minkowski
limit to define our vacuum. If the squared mass m2v were
positive, we could still choose a well-defined vacuum by
minimizing the vacuum energy density (166) at the initial time aQ . However, this is not possible in our case
because m2v < 0 and there is no minimum for large-scale
modes k < |m2v |. Nevertheless, we can consider a “natural” choice of vacuum and orders of magnitudes of the
initial modes at aQ as follows.
First, at the initial time or scale factor aQ , obtained
in (103), we expect the field v̂ to show a strong quantum
character because this time marks the transition between
the quantum and classical regimes of the K-mouflage theory, as described in section III. This means that in the
Wronskian identity (149) both terms in the left-hand side
should be of order unity. At later times, for superhorizon
modes, the mode function vk (τ ) grows as the homogeneous growing solution v0+ (τ ) so that
the two terms in
√
the left-hand side grow as v0+ v̇0+ ∼ a 161/5 . This implies
that as time increases the right-hand side in the Wronskian identity (149) becomes negligible, which means that
the noncommutativity can be neglected and we recover
classical fields. The same quantum-to-classical transition
also appears in the usual study of inflationary fluctuations and for the Arctan and Sqrt models, the transition
occurring when the modes exit the Hubble radius; see
Eqs.(172)-(174). In the case of the Cubic model, we can
expect that this transition appears at redshift zQ for all
modes. Second, even though the Hamiltonian expectation value (165) has no well-defined minimum for largescale modes, in the absence of any further information
on the behavior of the theory at a < aQ , we can expect
that both terms in Ek in Eq.(163) have the same order
of magnitude. Having one of these terms much greater
than the other is likely to correspond to some fine-tuning.
Therefore, we assume the order-of-magnitude relations
This gives

at aQ : vk v̇k ∼ 1, v̇k2 ∼ ωk2 vk2 .
−1/2

at aQ : vk ∼ ωk

1/2

, v̇k ∼ ωk ,

Ek ∼ ωk .

(179)

(180)

Notice that the usual choice of vacuum in Minkowski
spacetime and positive
squared mass gives the same scal√
ings with ωk = k 2 + m2 . This gives on small and large
scales
k ≫ |mv | :

vk ∼ k −1/2 , v̇k ∼ k 1/2 , Ek ∼ k, (181)
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k ≪ |mv | :

vk ∼ |mv |−1/2 , v̇k ∼ |mv |1/2 ,

Ek ∼ |mv |.
(182)
On small scales we recover the usual Minkowski normalization (181), which also applied to Eq.(173). On large
scales we obtain a different scaling (182) than in Eq.(174),
because we cannot match these scales to a Minkowskilike era and we assume that they all remain quantum
until the redshift zQ when the theory starts being well
described by its classical action. Assuming again that
the ultraviolet divergence of the vacuum energy density
(166) is regularized in the Minkowski regime as described
in Appendix A, see Eqs.(A7) and (A22), we obtain
at aQ :

H04 a2eq
ǫQ ∼ m4v (aQ ) ∼
,
a4Q

(183)

Evolution with time of ǫ

From the initial conditions obtained in section IV B 4,
we can now compute the evolution with the time of the
vacuum energy density ǫ associated with the quantum
fluctuations of the K-mouflage scalar field.
a. Arctan and Sqrt models As we shall only need
crude order-of-magnitude estimates, we neglect the reheating phase between the end of the inflation era and
the beginning of the radiation era. Using the continuity of the total energy density and of the Hubble expansion rate at the transition and Eq.(150), we write
HI2 = H02 Ωm0 aeq /a4f and we obtain
−1/2

a f = HI

1/2

H0 a1/4
eq .

(184)

Here and in the following, we neglect factors such as Ωm0
that are of order unity. Then, the squared mass m2v drops
at the transition,
2 2
1/2
m2v (a−
f ) = −2HI af = −2HI H0 aeq ,

m2v (a+
f)= −

H02 Ωm0
1/2 3/2 −1/4
.
∼ −HI H0 aeq
2af

1/2

H0 a−1/2 < k < HI af :

HI H0 aeq
sin(kτ ),
k 5/2
H 2 H 2 aeq
,
(188)
Ek ∼ I 30
k
vk ∼ i

where we omitted an irrelevant phase. Here, we used the
fact that in the regime k ≪ |mv | the modes keep evolving
as the growing mode,
iHI
a(τ ),
k ≪ |mv | : vk (τ ) = √
2k 3/2

(189)

because of the initial condition (174), which is already the
general large-scale growing solution of Eq.(146), v0 (τ ) =
a(τ ), irrespective of the detailed form of a(τ ) (and m2v ≃
−a′′ /a at high redshift), whereas modes that enter the
small-scale regime evolve as

where we used the result given in Table II.
5.

k < HI af ), because of the sudden drop of |mv |, and at a
−1/2
later time af < a′ < a (H0 a−1/2 < k < H0 af ) obey

(185)

(186)

Next, |mv | decreases with time as a−1/2 , from Table II,
and modes gradually enter the Minkowski-like regime
where k ≫ |mv | and ωk ≃ k.
At any time af < a < aeq in the radiation era, we
have several regimes for the modes v̂k . First, high wave
numbers k > |mv (a−
f )| were already above |mv | before
the end of the inflationary era, and they obey
e−ikτ
√ , Ek ≃ k. (187)
k > |mv (a−
)|
∼
H
a
:
v
≃
I
f
k
f
2k
Next, we find that both modes that entered the
−1/2
Minkowski-like regime at the transition af (H0 af
<

k ≫ |mv | : vk (τ ) = α e−ikτ + β eikτ ,

(190)

and we compute the coefficients α and β by matching
vk and v̇k at the transition k = |mv |. Finally, the modes
that are still in the large-scale regime (189) are still given
by Eq.(189) with
k < H0 a−1/2 : Ek ∼

HI2 H02 aeq
.
k3

(191)

Collecting these results, we obtain
af < a < aeq : ǫ(a) ∼ HI2 H02 aeq = HI4 a4f ∼ ǫ(af ),
(192)
and we recover the scale set by the initial vacuum
energy density (178) at the end of the inflationary era.
Note, however, that ǫ is not exactly constant because
the factor ωk2 in Eq.(163) depends on time, for the
large-scale modes that still obey k < |mv |. The growth
of these large-scale modes, as v0+ (τ ), is counterbalanced
by the decrease of their factor ωk2 and by the fact that
an increasingly large number of modes gradually leaves
this regime to enter the oscillatory regime k > |mv |.
−1/2
Moreover, all regimes, HI af < k, H0 af
< k < HI a f ,
−1/2

H0 a−1/2 < k < H0 af
and k < H0 a−1/2 contribute
to ǫ with the same magnitude of order HI2 H02 aeq = HI4 a4f .
b. Cubic model For the Cubic model, the initial conditions (181)-(182) are set in the early radiation era.
Again, |mv | decreases with time, although at a faster rate
1/a than for the Arctan and Sqrt models, and modes
gradually enter the Minkowski-like regime k > |mv |.
From the initial conditions (182) and the large-scale
growing and decaying solutions (160), we find that the
large-scale modes evolve as
√
−1/2 −1/4 1/2
aeq aQ (a/aQ )1/2+ 161/10 .

k ≪ |mv | : vk (τ ) ∼ H0

(193)
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Small-scale modes, k ≫ |mv |, evolve as in the Minkowski
case and Eq.(190), with coefficients α and β that are
obtained from the matching at the transition k = |mv |.
Again, we have several regimes for the modes v̂k . High
wave numbers from Eq.(181) that were already above
|mv | at the initial time aQ obey
sin(kτ )
√
, Ek ∼ k.
k
(194)
Modes that entered the small-scale regime at a later time,
aQ < a′ < a, behave as
−1
k > |mv (aQ )| ∼ H0 a1/2
eq aQ : vk ∼

−1
−1
H0 a1/2
< k < H0 a1/2
eq a
eq aQ :
!√161/10
1/2
H0 aeq
sin(kτ ), (195)
vk ∼ k −1/2
kaQ
!√161/5
1/2
H0 aeq
Ek ∼ k
.
(196)
kaQ

Finally, the modes that are still in the large-scale regime
(193) give
√

−1
−1
k < H0 a1/2
: Ek ∼ H0 a1/2
(a/aQ )
eq a
eq a

161/5

. (197)

Collecting these results we obtain
aQ < a < aeq : ǫ(a) ∼

H04 a2eq a−4
Q

∼ ǫ(aQ ).

(198)

We again recover the scale set by the initial vacuum
energy density, which for the Cubic model is given by
Eq.(183). In contrast with the Arctan and Sqrt models, the energy density is not equally distributed over
all regimes as it is dominated by the small-scale modes
1/2
k & H0 aeq a−1
Q and the contribution from the large-scale
modes (197) is negligible.
6.

Self-consistent background

In this study of the quantum stability of the theory
in the cosmological context, we wish to check whether
the negative squared mass m2v < 0 rules out the Kmouflage scenarios. We have recalled that a negative
squared mass is not specific to the K-mouflage context,
as it already appears in the standard study of cosmological perturbations [31, 32], but the greater value of
|m2v | associated with the K-mouflage scalar field leads
to a faster growth of the mode functions vk with time.
Then, we must check that this enhanced growth does
not lead to serious problems. The minimal constraint
that we consider here is that the energy density associated with these fluctuations does not dominate the energy density of the Universe, or the full action (1) where
we include matter and radiation components. The energy density ǫ defined in Eq.(166) refers to the quadratic
action (144), with the time and space coordinates (τ, ~x).

To compare with physical-coordinates energy densities,
we must change to the physical time and space coordinates (t, ~r). Using dτ ∼ dη = dt/a and ~x = ~r/a, we write
the physical energy density associated with the quantum
fluctuations v̂k as
ǫ(a)
.
(199)
a4
a. Arctan and Sqrt models In the inflationary era,
the vacuum energy density is given by Eq.(178). In this
expression, af was taken as the scale-factor at the end
of inflation, but this result also holds at any time during
the inflationary era by replacing af by the current scale
factor a. Therefore, using Eq.(199), we can see that the
vacuum energy density ρv is constant during this era with
ρv (a) ∼

inflation era: ρv ∼ HI4 .

(200)

2
The Friedmann equation gives 3MPl
HI2 = ρ̄, where ρ̄ is
the background energy density (in a flat universe), which
at this stage is dominated by the inflaton. Thus, we
obtain
2

ρv
HI
inflation era:
∼
∼ 10−10 ,
(201)
ρ̄
MPl

where we used HI . 10−5 MPl . Next, in the radiation
era we obtain from Eq.(192)
radiation era: ρv ∼

HI a4f
,
a4

ρv
∼ 10−10 .
ρ̄

(202)

The ratio ρv /ρ̄ remains constant in time as both ρv and
ρ̄ (which is now dominated by the radiation) decrease
as a−4 . Therefore, until aeq the ratio ρv /ρ̄ is set to its
initial value during the inflationary stage. During the
matter and dark-energy eras, the evolution of the vacuum energy density is no longer given by Eq.(192), because the relation a(η) is modified and the effective mass
m2v (a) and the large-scale growing mode v0+ (a) are also
sensitive to the K-mouflage effects. From Figs. 5 and
6, we can see that, as compared with the radiation-era
behavior (m2v ∝ a−1 ), the squared mass is typically multiplied by a factor 10 and the growing mode by a factor
100, at a = 1. Therefore, the vacuum energy density is
roughly multiplied by a factor 105 . On the other hand,
the background density is multiplied by a factor 103 as
it is mostly dominated by the matter component, which
decreases as a−3 instead of a−4 . Thus, the ratio ρv /ρ̄ is
multiplied by a factor 102 from the constant value (202),
which gives today the estimate
ρv
a=1:
∼ 10−8 .
(203)
ρ̄
Thus, we find that from the inflationary era until today
the vacuum energy density associated with the quantum
fluctuations of the K-mouflage scalar field is negligible
as compared with the mean background density. Therefore, the faster growth of the large-scale modes shown
in Fig. 6, due to nonlinear K-mouflage effects, does not
have important consequences and does not rule out the
model.
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b. Cubic model For the Cubic model, we start the
analysis in the radiation era, at time aQ . From Eq.(198),
we obtain
aQ < a < aeq :

ρv ∼

H04 a2eq
,
a4Q a4

H 2 aeq
ρv
∼ 02 4 ∼ 10−48 ,
ρ̄
MPl aQ

RK (Earth)
RK (Sun)
≃ 1097,
≃ 44622.
dSun−Earth
REarth
(204)

where we used the result (103). After the radiation era,
the Cubic model behaves roughly as the Arctan model,
as can be seen from the squared mass m2v (a) shown in
Fig. 5. Therefore, we can again consider that the ratio
ρv /ρ̄ is multiplied by a factor 102 from a = aeq to a = 1,
which yields
a=1:

the Earth is RK (Earth) ≃ 1.9A.U.. Therefore, at the
surface of the Earth, the screening parameters RK /r due
to the Sun and to the Earth are

ρv
∼ 10−46 .
ρ̄

Therefore, we are far within the K-mouflage screening
regime, and the background scalar field is dominated by
the mass due to the Earth, as the Sun only makes a small
contribution. In this spherically symmetric approximation, the background is set by Eq.(110). Moreover, for
both the Arctan and Sqrt models, which satisfy Solar
System constraints, we have K ′ ∼ K∗ = 103 for large
negative χ. This gives at the surface of the Earth,
Earth surface: K̄ ′ ≃ K∗ = 103 , χ̄⊕ ≃ −2 × 1012 ,
(207)

(205)

Therefore, we find that until today the vacuum energy
density ρv is again negligible as compared with the mean
background density. It is even much smaller than for the
Arctan and Sqrt models, because the quantum fluctuations are set at the time aQ , inside the radiation era,
instead of the end of the inflationary era. The very small
amplitude (205) suggests that ρv ≪ ρ̄ independently of
the details of the initial conditions, set when the theory goes through the quantum-to-classical transition, and
that this K-mouflage model is not ruled out by the behavior of its small quantum fluctuations.

(206)

′′
′′
K̄⊕Arctan
≃ −2.5 × 10−30 , K̄⊕Sqrt
≃ −1.9 × 10−42 .
(208)

2.

Scattering amplitude for ϕϕ → ϕϕ

√
Expanding in ϕ = ϕ̄ + φ̃ with φ̃ = φ/ K̄ ′ , as in
Eqs.(29), (34), and (53), the leading Lagrangian part
which contributes to the two-body scattering is
1
L2body = − ∂ µ φ∂µ φ + L3 + L4
2

(209)

with
V.

UNITARITY AND CLASSICALIZATION:
TWO-BODY SCATTERING ϕϕ → ϕϕ
A.

L3 =

Perturbative regime and unitarity for
low-energy scalar collisions
1.

Earth surface background

Although the K-mouflage theory is well defined on astrophysical and cosmological backgrounds, one may wonder what happens in the context of particle physics at
high energy. A natural way of probing the theory on
particle-physics scales and at high energy is to consider
the two-body scattering problem between asymptotic
states representing scalar excitations of the Minkowski
vacuum. This may occur in particle colliders on Earth
well inside its K-mouflage radius, where the geometry
of spacetime is well approximated by Minkowski space
and the scalar field admits a background value ϕ̄, with a
nonzero gradient ∇ϕ̄. Thus, in this section, we consider
relatively low-energy events where the scalar field is set
at lowest order by the astrophysical background due to
the Earth.
Let us first describe this background. For a K-mouflage
coupling β = 0.1, the K-mouflage radius (51) of the Sun
is RK (Sun) ≃ 1097A.U. while the K-mouflage radius of

 ′′ √
K̄ −χ̄
1
√
(~n · ∇φ) ∂ µ φ∂µ φ
′3/2
2
M K̄
2
#
√
K̄ ′′′ (−χ̄)3/2 2
−
(210)
(~n · ∇φ)3
3

and
L4

 ′′
1
K̄
K̄ ′′′ χ̄
µ
2
=
(∂
φ∂
φ)
+
(~n · ∇φ)2 ∂ µ φ∂µ φ
µ
2
M4 K̄ ′2 8

K̄ (4) χ̄2
(211)
(~n · ∇φ)4 .
+
6

Here ~n is the unit vector along the gradient of the background scalar field,
p
∇ϕ̄ = −2M4 χ̄ ~n,
(212)

and we used the fact that for such small-scale astrophysical backgrounds (such as on the Earth or in the Solar
System) time derivatives are negligible as we relax to the
quasistatic solution, |∂ ϕ̄/∂t| ≪ |∇ϕ̄|. The mass of the
scalar field is negligible for such high-energy experiments,
since from Eq.(39) we have mφ ∼ (K̄ ′′ χ̄/K̄ ′ )1/2 p̄ ≪ p̄ ≪
p. The hierarchy K̄ ′′ χ̄ ≪ K̄ ′ also implies that the cubic
vertex L3 gives a negligible contribution to the 2 → 2
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scattering (through the diagram >−−<), as compared
with the quartic vertex L4 (through the diagram ><).
The anisotropic background breaks Lorentz invariance
in the Lagrangian (209), as the various terms in L4 are
typically of the same order. However, to simplify the
analysis, we consider two-body scattering in the plane
orthogonal to the background gradient ~n. As the background is set by the Earth and the Sun only makes a
small contribution from Eq.(206), such scattering events
with p~i · ~n = 0 correspond to momenta that are within
the tangent plane to the surface of the Earth (as ~n is the
unit radial vector).
In the quantum regime associated with small occupation numbers, the field φ satisfies commutation rules as
in Eq.(149) with φk φ̇k ∼ 1. Then, we consider massless
wave packets of size 1/ω and wave number k = ω, with
low occupation number: φk ∼ ω −1/2 , φ ∼ ω,

(213)

which correspond to the elementary asymptotic states of
the collision ϕϕ → ϕϕ. These correspond to small fluctuations as compared with the Earth background (207)
if |∇φ̃| ≪ |∇ϕ̄|, which gives
small scalar fluctuations: ω ≪ K̄ ′ χ̄

1/4

M,

This happens to be much above the upper bound (215),
because K̄ ′′ χ̄ ≪ K̄ ′ in highly nonlinear astrophysical
backgrounds. Therefore, all events where the scalar excitations are small as compared with the astrophysical
background are far within the perturbative regime for
two-body collisions.
Finally, we check that the cubic vertex L3 in the Lagrangian (209) gives a negligible contribution to the twobody scattering. This vertex vanishes for ~n ·~pi = 0, but if
we consider generic orientations, we obtain the estimate
(3)

Atree ∼

(215)

This corresponds to rather low-energy excitations, as
compared with usual particle-physics scales.
In this regime, the tree-level scattering amplitude defined by the Lagrangian (209), associated with the diagram >< set by L4 , is given in terms of the Mandelstam
variables, s = −(p1 + p2 )2 and t = −(p1 − p3 )2 , by
K̄ ′′ s2 + t2 + st
=
,
M4
2K̄ ′2

(216)

where we have used the near masslessness of the scalar
field and the superscript “(4 ⊥)” recalls that this expression holds for p~i · ~n = 0 and comes from the quartic
part L4 . The tree-level amplitude (216) is real so that
the imaginary part ℑA is given at leading order by the
one-loop diagram >O<, which yields the scaling
 ′′ 2 2

2
K̄ s
(4)
(4⊥)
A1loop ∼ i
∼ i Atree (s) .
(217)
′2
4
K̄ M

The perturbative regime, where the scattering cross
section can be computed from the low-order Feynman
diagrams, is given by the condition |A1loop | ≪ |Atree |,
which yields |Atree | ≪ 1 and
perturbative regime:

′1/2

√
K̄
s ≪ ′′1/4 M.
K̄

Higher-order L-loop diagrams also scale as
 ′′ 2 L+1 
L+1
K̄ s
(4)
(4)
AL ∼
,
∼
A
tree
K̄ ′2 M4

(221)

for the amplitude of the tree diagram >−−<. This is
much smaller than the amplitude (216) associated with
the diagram ><, by a factor 10−21 or 10−33 for the Arctan or Sqrt models, see Eqs.(207)-(208).
3.

small scalar fluctuations: ω ≪ 15 eV.

K̄ ′′2 χ̄s2
K̄ ′′ χ̄ (4)
∼
A
′3
4
K̄ M
K̄ ′ tree

(214)

whence from Eq.(207),

(4⊥)
Atree (s, t)

and become large at the same scale as the one-loop diagram. From Eqs.(207)-(208), the perturbative regime
(218) corresponds to
√
√
Arctan: s . 2 MeV, Sqrt: s . 2 GeV. (220)

(218)

(219)

Perturbative unitarity

Scattering amplitudes must obey nonperturbative unitary bounds, which can be derived as follows [23]. The
optical theorem relates the imaginary part of the forward
scattering amplitude, where t = 0, to the total cross section,
X
ℑA(s, 0) = 2ECM |~
p|
σtot ({p1 , p2 } → X)
X

≥ 2ECM |~
p|σtot (2 → 2).

Using σtot (2 → 2) =
|A| this gives

R

(222)

2
2
~
dΩ|A|
/(64π 2 ECM
) and |ℑA| ≤

|A(s, 0)| ≥ |ℑA(s, 0)| ≥

Z

~
dΩ
~ 2.
|A(Ω)|
64π 2

(223)

Because of the anisotropic terms in Eq.(209), the amplitude A depends on both the spherical coordinates angles
~ Nevertheless, because the anisotropic terms
(θ, ϕ) = Ω.
in the Lagrangian (209) are of the same order as the
Lorentz-invariant term, the angular average of A is of
the same order as A⊥ , which yields
nonperturbative unitarity: |A⊥ (s, 0)| . 16π.

(224)

From the perturbative expression (216) or from the scaling (219) of loop contributions, we can see that the treelevel amplitude reaches the upper bound (224) at the
limit of validity (218) of the perturbative regime. This
means that nonperturbative effects must completely stop
the growth of |A|. Using the one-loop expression (217)
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for the imaginary part of the amplitude and the tree-level
expression (216) for the real part, we find that both terms
in the second inequality (223) are of the same order√in
the perturbative regime, whatever the energy scale s
as long as it remains below the upper bound (220). This
is consistent with the fact that the inequality is satisfied
as the theory is unitary (the Hamiltonian is Hermitian).
However, as we noticed in Eq.(215), it happens that, before the energy of the scalar excitations reaches this nonperturbative threshold, they become of the same order as
the astrophysical background, and the scattering analysis
presented above no longer applies.

B.

Unitarity and UV completion

Models of particle physics are often understood as effective field theories, which only apply below some energy cutoff Λc . In our context, this is also the picture
assumed in [15], which uses a renormalization group approach to investigate the magnitude of the quantum corrections generated by modes k < Λc below this cutoff;
see the discussion in section III G. As pointed out in [17],
the form of the low-energy scattering amplitudes can be
related to the possibility to build such UV completions of
the theory, where we embed the low-energy effective field
theory in a more complete theory where the scalar field
would appear as a low-energy manifestation of a more
complex situation. In this case, the forward amplitude
would be analytic in the complex s-plane up to possible
branch cuts signaling the creation of massive states or
poles where intermediate states would be created. Then,
as long as the Froissard bound is satisfied for the UV
completion, one can write a dispersion relation,
d2 ⊥
A (s, 0)
ds2

ds A⊥ (s, 0)
4
=
3
iπ
s
π

∞

ℑA⊥ (s, 0)
s3
s⋆
0
(225)
where s⋆ is the branch point on the positive axis and
we used the crossing symmetry A(−s, 0) = A(s, 0). As
recalled in Eq.(222), the optical theorem relates the
imaginary part of the amplitude to the total cross section, ℑA⊥ (s, 0) = sσ ⊥ (s) > 0, implying that the Kmouflage theory can be embedded in a UV completion if
d2 A
> 0. Using the low-energy expression (216)
ds2 (s, 0)
0
gives
=

I

Z

UV completion: K̄ ′′ > 0.

ds

(226)

For the models considered in this paper, this condition
is violated around astrophysical backgrounds (it is satisfied around the cosmological background where K ′′ > 0).
However, the constraint on K̄ ′′ in the highly nonlinear
regime is due to the anomalous perihelion of the Moon
orbit and reads as
β 2 |χ̄K̄ ′′ |
< 8 × 10−13 ,
K̄ ′2

(227)

for the background χ̄m.e. associated with the Earth-Moon
system. This simply requires that K ′′ becomes very small
in the nonlinear regime. For the Arctan and Sqrt models, where K ′ is a monotonic decreasing function from
K ′ = K∗ = 103 at χ = −∞ to K ′ = 1 at χ = 0,
K ′′ < 0 on the negative real axis χ < 0. This is because we considered simple models that can satisfy Solar
System and cosmological constraints. However, we could
also build kinetic functions K(χ) with K ′′ > 0 over the
range χ < χ∗ , where K ′ ≃ K∗ and K ′′ ≃ 0. Then, K ′′
would have to change sign in the range [χ∗ , 0] so that K ′
again decreases down to K ′ = 1 at χ = 0. Therefore, it is
possible to build models such that K ′′ > 0 in the highly
nonlinear small-scale regime, associated with astrophysical and Solar System backgrounds, and the UV completion condition (226) is satisfied on the Earth. However,
this condition cannot be satisfied in all backgrounds as
there must exist a range of backgrounds, χ ∼ −1, where
K ′′ < 0. Thus, in all these K-mouflage models, there is
no standard quantum field-theory UV completion.
However, we do not need to interpret the K-mouflage
model (1) as an effective field theory, which should be embedded in a more complete theory beyond a cutoff scale
Λc . The condition (226) shows that this is not possible, but the discussion in section III G also suggests that
this is not necessary. Indeed, we found that there exists
a classical regime (89) where higher-order operators associated with quantum contributions and counterterms
are negligible. As checked in sections III C 2 and III H,
this regime applies to all astrophysical and cosmological
configurations. This also applies to scalar collisions at
low energies (215) with respect to the Earth background,
which are also in the standard perturbative regime (218),
and as we shall find below, at high energies (238), in the
nonstandard nonlinear but classical regime (243)-(245).
In all these regimes, which cover all energy scales, the
theory is predictive as we can trust tree-level or classical
computations.
Then, the violation of the condition K̄ ′′ > 0 means
that we do not interpret the K-mouflage Lagrangian
(15) as a low-energy effective field theory but as a
gravitational-like theory in the sense of [34], where the
assumptions leading to Eq.(225) and the condition (226)
are violated.
We can note that in curved spacetime the optical theorem and the analytic structure of the Green functions
and amplitudes are modified. For instance, the refractive
index n(ω) may no longer be analytic in the upper-half
plane, and dispersion relations are modified [35–37], so
that the relation (225) and the constraint (226) may no
longer apply. However, in this section, we consider the
Minkowski limit that is relevant for most practical applications of scalar-scalar scattering and that is sufficient to
show that K-mouflage scenarios are not standard effective field theories with UV completion.
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C.

Quantum and classical regimes for high-energy
collisions

In the previous sections, we considered relatively lowenergy scalar collisions, where the zeroth-order scalar
field remains set by the astrophysical background due
to the Earth. These events were described by the Lagrangian (209), based on the expansion around this astrophysical background. We now consider high-energy
events where this astrophysical background can be neglected as compared with the values of the scalar field
generated by the collisions. From Eq.(215) this corresponds to energies ω ≫ 15 eV. Then, we no longer use
the perturbative Lagrangian (209) as the collision can
be treated as an isolated event described by the full Kmouflage Lagrangian (1). We analyze the behavior of
K-mouflage models at these high energies in view of the
nonrenormalization theorem described in section III F 2.
We want to establish that at high energy the classical
theory can be trusted and no quantum corrections to the
K-mouflage action should be considered, as in Eq.(89).
In other words, at high energies, we recover the classical
nonlinear regime discussed in section III that was found
to apply to the cosmological and astrophysical cases.
At tree level, for the K-mouflage Lagrangian (15), the
equation of motion (7) of the scalar field in the vacuum
reads as ∂µ (K ′ ∂ µ ϕ) = 0, which also reads as


∂ϕ
∂
K′
− ∇ · (K ′ ∇ϕ) = 0,
(228)
∂t
∂t
with
1
χ=
2M4

"

∂ϕ
∂t

2

2

− (∇ϕ)

#

.

(229)

Let us consider wavefronts that propagate along the direction ~e (with ~e 2 = 1) with constant velocity v,
ϕ(~x, t) = ϕ(~e · ~x − vt).

Here we considered high-frequency perturbations and neglected derivatives of ϕ̄′2 . Looking for plane-wave solu~
tions eiωt−ik·~x , we obtain the dispersion relation


K̄ ′′ ϕ̄′2
K̄ ′′ ϕ̄′2 2
K̄ ′′ ϕ̄′2
2
2
ω
−
2
k
ω
−
k
+
k = 0,
1+
x
M4
M4
M4 x
(234)
and the solutions ω are real, provided the discriminant is
positive,
ω2 ≥ 0 :

isolated wave:

χ=

ϕ′2 2
(v − 1) = 0,
2M4

(231)

as K ′ = 1 is now constant and Eq.(228) takes the same
form as the usual linear Klein-Gordon equation. Thus,
these nonlinear solutions, of arbitrary amplitude and
shape ϕ, propagate at the speed of light.
They are also linearly stable with respect to high frequencies and wave numbers. Indeed, if we consider small
perturbations φ around such solutions propagating along
the x-axis,
ϕ = ϕ̄(x − t) + φ(~x, t),

(232)

they obey at linear order the wave equation


K̄ ′′ ϕ̄′2 ∂ 2 φ
∂2φ
∂2φ
∂2φ
2
= 0. (233)
−∇ φ+
+2
+
∂t2
M4
∂t2
∂t∂x ∂x2

(235)

∂ϕ
∂t

1/2

≫ 103 M ∼ 1 eV.

(236)

This also implies H ≃ (∂ϕ/∂t)2 . Writing the width of
ϕ(~x, t) along the direction ~e as ∆x ∼ 1/k and k = ω,
the characteristic energy density ǫ at the position of the
wave is
 2
√
∂ϕ
ǫ≃
(237)
= (∇ϕ)2 ≃ N ω 4 , ϕ ∼ N ω,
∂t
where N is the number of quanta of the scalar excitation.
For N = 1, we recover (∂ϕ/∂t) ∼ ω 2 and ϕ ∼ ω, as for
the elementary quantum states (213). Then, the criterion
(236) reads as
isolated event: ω ≫ N −1/4 eV.

2

v2 = 1 :

K̄ ′′ ϕ̄′2 2
(ky + kz2 ) ≥ 0.
M4

Therefore, the nonlinear solutions (230) are linearly stable if K ′′ (0) ≥ 0. For the models that we consider in this
paper, this is indeed the case, as K ′′ (0) = 0 because we
chose simple examples where K ′ (χ) is even.
The conjugate momentum is π = K ′ (∂ϕ/∂t), and
the Hamiltonian density is H = K ′ (∂ϕ/∂t)2 − M4 K =
(∂ϕ/∂t)2 + M4 . We consider scalar excitations that
are greater than the Earth background, that is,
(∂ϕ/∂t)2 /M4 ≫ |χ̄⊕ |. From Eq.(207), this yields

(230)

For v = 1, they are exact solutions of the nonlinear
Klein-Gordon equation (228) with

k2 +

(238)

We now consider the collision of two such solutions ϕ1
and ϕ2 , which propagate with the velocities ~v1 and ~v2 .
We assume these wave packets actually have a finite extent and propagate freely before the collision, in a fashion
similar to Eq.(230). At the collision, χ is no longer zero
as the two wave packets overlap, and we have
χ=−

1 µ
ϕ′2
N ω4
∂
ϕ
∂
ϕ
∼
(1
−
~
v
·
~
v
)
∼
, (239)
1
µ
2
1
2
M4
M4
M4

where we take the two packets to have the same amplitude and width, as in Eq.(237). The collision is
well described by the classical Klein-Gordon equation
(228) if the classicality criterion (89)-(90) is satisfied,
ω ≪ M(K ′ χ)1/4 (K ′ /K ′′ χ)1/2 . In the highly nonlinear
regime, we write
 −ν
χ
′′
, ν > 1.
(240)
|χ| → ∞ : K ≃ K2
χ∗
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For the Arctan and Sqrt models, we have
Arctan: K2 =

2K∗
= 20, ν = 3,
χ∗

3K∗ σ∗2
= 0.3, ν = 4.
Sqrt: K2 =
χ3∗

(241)

Lint =
(242)

Then, the classicality criterion reads as
 ω ν−1
−3/8 1/4 ν/4 (1−2ν)/8
≫ K∗
K 2 χ∗ N
,
M

(243)

classical for Arctan: ω ≫ N −5/16 10−3 eV,

(244)

classical for Sqrt: ω ≫ N −7/24 10−3 eV.

(245)

which gives

Thus, we find that for high-energy events ω ≫ 1 eV, the
Earth background is negligible from Eq.(238), and we are
in the classical regime from Eqs.(244)-(245).
We can conclude that for scalar collisions the Kmouflage theory defined by the classical Lagrangian (15)
is predictive both at low energies ω ≪ 1 eV and at high
energies ω ≫ 1 eV. In the low-energy case, the scalar excitations are small fluctuations on the Earth background,
Eq.(215), and we are in a standard perturbative regime,
Eq.(220), where higher-order quantum corrections (Feynman diagrams) are small and we are dominated by the
lowest-order terms of the tree-level Lagrangian (209). In
the high-energy case, the Earth background is negligible,
and the scalar excitations can be considered as isolated
events in vacuum, Eq.(238), and we are in a nonstandard classical regime (as compared with usual particlephysics quantum field theories), which also applies to
other gravitational-like theories displaying the Vainshtein
mechanism [34], where quantum corrections become increasingly negligible at higher energies but are sensitive
to the nonlinearities of the classical Lagrangian (15).
VI.

INTERACTIONS BETWEEN FERMIONS
AND SCALARS AT HIGH ENERGY
A.

the linear approximation (3) for the coupling function,
as βϕ/MPl ≪ 1 in all practical cases, this corresponds to
the interaction Lagrangian

Classical scalar cloud around fermions

We have already seen that at high energy the quantum
collision of scalars is characterized by the convergence of
the quantum action for K-mouflage to its classical regime.
Here, we will study what happens in the case of fermion
antifermion annihilation such as it happened at LEP or
is currently under scrutiny at the LHC. To be specific,
we shall be interested in the case of the two-fermion annihilation process f f¯ → ϕ. This process takes place as
matter couples to the scalar field through the conformal
mapping in the action (1), as matter particles follow the
geodesics of the Jordan metric g̃µν = A2 (ϕ)gµν . Using

β
ϕ T,
MPl

(246)

which must be added to the scalar-field Lagrangian
(15), where T = Tµµ is the trace of the matter energymomentum tensor. This gives back the nonlinear KleinGordon equation (7) (here, we work in the Minkowski
metric). As for astrophysical objects such as the Sun
and the Earth, elementary particles with a nonvanishing
trace T act as a source for the scalar field, through the
right-hand side in the nonlinear Klein-Gordon equation
(7) at the classical level, or through the interaction Lagrangian (246). Before studying the annihilation process
f f¯ → ϕ, we first investigate the scalar excitation generated by a free propagating fermion f . In this section
we follow a classical approach, where both the scalar field
and the fermionic source are treated at the classical level.
The trace of the energy-momentum tensor of massive
fermions on shell is
T̂ψ = −mψ : ψ̄ψ :

(247)

which is a quantum operator. When |χ| ≫ 1 and for the
models where K ′ goes to a constant in the highly nonlinear regime, the Klein-Gordon equation can be written
as
φ̂ = −

β
φ̂
√ T̂ψ , ϕ̂ = √ ,
MPl K ′
K′

(248)

and this should be understood as an equality between
quantum operators. Here and in the following, we take
K ′ to be constant, and we introduced the canonically normalized scalar field φ, as we also did in Eqs.(34) or (209)
for instance. We expand as usual the four-component
Dirac spinor ψ over the creation and annihilation operators as
2 h
i
X
d3 k
√
+ v α (~k)e−ik·x dˆ~α†
uα (~k)eik·x b̂~α
k
3/2
k
(2π)
2ωk α=1
(249)
where k ·x = ηµν k µ xν = −ωk t+ ~k·~x and the creation and
~ ~)
annihilation operators satisfy {b̂~α
, b̂β†
~ } = δα,β δD (k − p
k p
β†
α
and {dˆ , dˆ } = δα,β δD (~k − p~). The Greek indices α, β =

ψ̂ =

Z

~
k

p
~

1, 2 represent
the two spins of the fermions. We have
q
ωk = ~k 2 + m2 and the Dirac spinors are defined by
ψ

p
u (~k) = ωk + mψ
α

p
v α (~k) = ωk + mψ

χα
~
σ·~
k
α
ωk +mψ χ
~
σ ·~
k
α
ωk +mψ χ
α

χ

!
!

(250)
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1
where χα is a two-component spinor with χ1 =
0
 
0
0 †
0
0 2
2
. We also have (γ ) = γ , (γ ) = 1,
and χ =
1
and {γ µ , γ ν } = −2η µν . The propagating free fermion f
is represented by the state vector
Z 3
d k
1†
(251)
|f i =
√ f (~k)b̂~k |0i,
ωk
where we have chosen a given spin. The number operator
Q̂ reads as
Z

X  α†
ˆα† dˆα ,
−
d
b̂~k b̂~α
(252)
Q̂ = d3 k
~
k
k
k ~
α

and the wave function f (~k) is normalized according to
Z 3
2
d k
f (~k) = 1,
(253)
ωk
so that hf |f i = 1 and hf |Q̂|f i = 1.
In a classical approach, we approximate the KleinGordon equation (248) by the classical equation
φ = −

βTψ
√
with Tψ = hf |T̂ψ |f i,
MPl K ′

(254)

that is, we treat both the scalar field φ and the source
Tψ as classical fields. From Eqs.(247), (249), and (251),
we obtain
Z
d3 k1 d3 k2
f (~k1 )∗ f (~k2 )ū1 (~k1 )u1 (~k2 )
Tψ (x) = −mψ
(2π)3 2ω1 ω2
~

~

× ei(ω1 −ω2 )t−i(k1 −k2 )·~x .

(255)

Integrating over space gives
Z

3

d x Tψ (t, ~x) =

−m2ψ

Z

d3 k
f (~k)
ωk2

2

≃−

m2ψ
, (256)
ω

where we assumed the wave function is peaked around
some value of ~k and ω and we used the relation
ūα (~k)uβ (~k) = 2mψ δα,β . It is convenient to work in the
rest frame of the particle (ω = mψ ). From Eqs.(255) and
(256), we approximate the trace Tψ as a Dirac peak,
Tψ (t, ~x) ≃ −mψ δD (~x),

(257)

and the solution of the classical equation (254) is
φ(t, ~x) = −

βmψ
√
.
4π K ′ MPl |~x|

(258)

Then, the Lorentz-invariant quantity χ of Eq.(2) reads
as
4

1
1
RK
µ
χ=−
∂ φ∂µ φ = −
,
(259)
2M4 K ′
2K ′2
r

where r = |~x| is the the distance from the particle in the
rest frame and the K-mouflage radius is given by
RK =



βmψ
4πMPl M2

1/2

.

(260)

Eq.(259) shows that we are in the negative branch regime,
χ < 0, associated with static events (because we consider a stationary state that is static in the rest frame).
We find that Eq.(259) agrees with Eq.(110), associated
with spherically symmetric compact objects, and that
Eq.(260) agrees with Eq.(51), where the mass M associated with a nonrelativistic macroscopic object (such as
the Sun) must be replaced by mψ . Note that, even for
relativistic particles, it is mψ rather than the energy ω
that enters the K-mouflage radius (260), or the source
term of the Klein-Gordon equation. This is related to
the fact that the trace Tµµ of the energy-momentum tensor vanishes for radiation and massless particles.
This gives
r
β mψ
RK =
0.1 fm
(261)
0.1 me
where me is the electron mass. Taking K ′ ∼ 103 and
β ∼ 0.1, the terrestrial background can be neglected in
experiments on Earth provided |χ| ≫ |χ⊕ | ∼ 1012 ; see
Eq.(207). From Eq.(259), this is reached for distances
r
mψ −6
negligible Earth background: r ≪
10 fm.
me
(262)
This is much smaller than the Compton radius of order
1/mψ for particles like the electron. This implies that
these particles evolve in the terrestrial background and
give rise to a scalar cloud that is a very small perturbation
to this background value. This also implies that in a
particle collision at high energy, it is only at very high
energy that the collision probes distances r ∼ 1/E where
the effect of the particles on the background field is not
negligible.
B.

Scalar Bremsstrahlung

In the previous subsection, we considered the scalar
cloud that surrounds a free moving fermion, in the stationary case, and we used a classical approach for both
the scalar field and the fermionic source term. We now
study the scalar emission by a moving fermion, which
may accelerate. For this scalar Bremsstrahlung process,
we adopt a semiclassical approach, where we again use
a classical approximation for the fermionic source term
but now keep the scalar field as a quantum field. Thus,
as in Eqs.(147) or (A2), the free scalar field before the
source has been turned on is expanded as
Z
i
h
d3 k
√
φ̂in (t, ~x) =
eik·x ĉ~k + e−ik·x ĉ~† , (263)
k
(2π)3/2 2ω
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where φ̂ is the canonically normalized field as in Eq.(248),
K ′ is set by the Earth background and [ĉ~k , ĉp†~ ] = δD (~k −
p~). Instead of the classical approximation (254), we
write the Klein-Gordon equation (248) as the semiclassical equation
− φ̂ = j, j =

β
√ hf |T̂ψ |f i,
MPl K ′

S = ei
(264)

where we keep the scalar field quantum. Thus, we study
the emission of “scalarons” by the classical current j, in
a fashion similar to the emission of photons by a classical
current j µ (bremsstrahlung).
Introducing the retarded and advanced Green functions,
Gret,adv =

1
θ(±x0 )δD (x2 ),
2π

It is convenient to rewrite S in normal order. Splitting
the quantum field φ̂in of Eq.(263) as a sum of annihilation
(+)
(−)
(+)
(−)
φ̂in and creation φ̂in operators, φ̂in = φ̂in + φ̂in , we
can write the S matrix (274) as

(265)

4
which satisfy −x Gret,adv (x − y) = δD
(x − y), we can
write the solution of Eq.(264) as
Z
φ̂(x) = φ̂in (x) + d4 x′ Gret (x − x′ )j(x′ ) (266)
Z
= φ̂out (x) + d4 x′ Gadv (x − x′ )j(x′ ). (267)

(268)

with
φclas (x) =

Z

d4 x′ G(−) (x − x′ )j(x′ )

(269)

and
G(−) (x) = Gret (x) − Gadv (x) =

1
ǫ(x0 )δD (x2 ), (270)
2π

where ǫ(x0 ) = ±1 depending on the sign of x0 . The
field φclas (x) is also a solution of the homogeneous KleinGordon equation and it is the classical field radiated by
the moving particle associated with the current j. Using the fact that G(−) (x) = −∆(x), where ∆(x) is the
commutator of scalar massless free fields,
[φ̂in (x), φ̂in (x′ )] = i∆(x − x′ ),

(271)

we can rewrite Eq.(268) as
Z
φ̂out (x) = φ̂in (x) + i d4 x′ [φ̂in (x), φ̂in (x′ )j(x′ )]. (272)
This can also be written as [38]
φ̂out = S −1 φ̂in S,
where the S matrix reads
 Z

4
S = exp i d x φ̂in (x)j(x) .

(273)

(274)

R
(+)
(−)
d4 x φ̂in (x)j(x) i d4 x φ̂in (x)j(x)
e
R
3
d k
|j(k)|2
− 12
(2π)3 2ω

×e

k

.

(275)

The Hermitian conjuguate S † is given by the same expression where the factors i are replaced by −i and we
defined the Fourier transform of the current by
Z
j(k) = d4 x eik·x j(x).
(276)
The S-matrix transforms incoming states into outgoing
ones. As a result, the incoming vacuum state |ini ≡ |0iin
of the scalar field becomes
|outi = S † |ini
= e

− 21

R

d3 k
(2π)3 2ωk

|j(k)|2 −i R d4 x φ̂(+) (x)j(x)
in

e

|0iin (277)

and we can check that it is an eigenvector of the annihilation operator,

This allows us to obtain the relation between the in- and
out-fields [38],
φ̂out (x) = φ̂in (x) + φclas (x),

R

ĉ~k |outi =

−i j(k)∗
√
|outi.
(2π)3/2 2ωk

(278)

This means that it is a coherent state created by the classical source j(x). This is the analog result to the creation
of a photon coherent state by a classical source [38], and
this describes bremsstrahlung in a quantum way. The
mean energy Ēbrem emitted by the particle in this process can be obtained from the Hamiltonian of the scalar
field,
Z
Ĥ(φin ) = d3 k ωk ĉ~†k ĉ~k .
(279)
We obtain
Ēbrem = h0|Ĥ(φout )|0iin = h0|S −1 Ĥ(φin )S|0iin
Z
1
d3 k
=
|j(k)|2 .
(280)
2
(2π)3
This coincides with the classical energy of the classical
radiated scalar field φclass
#
"
2
Z
∂φclas
1
2
3
+ (∇φclas ) .
(281)
d x
Eclas =
2
∂t
(We have seen in previous sections that the scalar field
is nearly massless in the nonlinear Earth background.)
This emphasizes the classicality of the emitted radiation.
Similarly, the number of emitted scalars is on average
Z
d3 k
−1
N̄ = h0|S N̂ (φin )S|0iin =
|j(k)|2 (282)
(2π)3 2ωk
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and the probability of emitting n scalars is given by a
Poisson law of average N̄ . Here, contrary to electrodynamics, the fact that the scalars are massive (even though
the mass is small) implies that there is no infrared catastrophe; i.e., there is not an infinite number of emitted
scalars of nearly vanishing energy from a source of finite
energy.
We have seen in the previous section from Eqs.(255)
and (256) that we have
m2ψ
dτ
δD (~x − ~xf (t)) = −mψ δD (~x − ~xf (t)),
ω
dt
(283)
for a wave packet that has an energy peaked around ω. In
the last equality we made the identification with the trace
of the energy-momentum tensor of a point particle “f ” of

hf |T̂ψ |f i ∼ −

dx0

mass mψ and trajectory ~xf (t), using ω = p0f = mψ dτf for
a particle with proper time τ . This gives for the current
j(x) of Eq.(264)
Z
βmψ
√
dτ ′ δD (x − xf (τ ′ )),
(284)
j(x) = −
′
MPl K
and we recover for the classical field given by Eq.(269)
the classical Lienard-Wiechert potential


1
1
βmψ
√
,
+
φclas (x) =
4πMPl K ′ u+ · (x − x+ ) u− · (x − x− )
(285)
where x± = xf (τ± ) are the x-dependent retarded and
advanced points on the particle trajectory xf (τ ) such
that
(x − x± )2 = 0, x0+ < x0 , x0− > x0 ,

(286)

dx

and u± = dτf (τ± ). A particle with a constant velocity
is such that one can always go to its rest frame globally. In this case, one has uµ± = (1, 0, 0, 0), and we
find that φclas = 0; i.e., there is no emitted energy by
a particle in constant velocity motion. As for standard
bremsstrahlung, radiation only occurs when the particle
accelerates or decelerates. Quantum mechanically, this
implies that scalar particles are only created in this case.
This is consistent with the result that a free moving particle, with constant velocity, is associated with the stationary scalar cloud (258) obtained in the previous section. The ratio mψ /MPl in Eq.(285) is very small, of the
order of 10−22 for mψ = me , whereas electromagnetic
bremsstrahlung comes with the dimensionless coupling
e ∼ 1 (in Lorentz-Heaviside units). Thus, the dissipation
associated with the emission of the K-mouflage scalar is
negligible as compared with the emission of photons, for
accelerating charged fermions.
1.

Cross section f f¯ → ϕ → f f¯

We have seen that a single particle at constant speed
does not radiate scalars in the terrestrial environment of

particle physics experiments and that the classical field
generated by this particle, which is static in the particle
rest frame, is a small perturbation to the large background created by the Earth. In this context, the Lagrangian of the K-mouflage theories that we consider,
i.e., the ones which pass the tight tests of gravity in the
Solar System, converges to a free scalar theory with a
normalized
√ scalar φ and a rescaled coupling to matter
βK = β/ K ′ , where K ′ is a constant in this regime.
We still have to check that the classical description of
the collision is valid. We have seen in Eq.(262) that at enm
ergies such that r = 1/E is r & ( mψe )1/2 10−6 fm, which
correspond to energies less than 100 TeV, i.e., energies
of present and future particle experiments, the terrestrial background dominates over the perturbation created
by the particles. In the terrestrial background, we have
also seen that high-order quantum corrections are negligible. Hence, we can consider that the fermion annihilation process takes place within this classical terrestrial
background. The canonically normalized scalar field φ
of Eq.(248) is described by the free massless Lagrangian
and the interaction
term (246), where β is renormalized
√
to βK = β/ K ′ as in Eq.(248) and K ′ is a large positive
constant set by the Earth background.
The three-body annihilation f f¯ → φ is forbidden by
kinematic rules. Then, the leading process is the treelevel scattering f f¯ → φ → f f¯, the cross section of which
reads
!2
4

m2ψ
1
βK mψ
1 − 10
,
(287)
σ=
MPl
256πs
s
where s is the Mandelstam variable. As mψ ≪ MPl , this
is a tiny scattering cross section, and it does not lead to
discrepancies with particle-physics data.
In conclusion, we have seen that the high-energy behavior of K-mouflage models that pass the Solar System
tests is essentially given, in the terrestrial background, by
a free scalar-field theory coupled to matter. This is valid
at energies where the scalar field created by the individual particles remains a perturbation compared to terrestrial background. At much higher energies, e.g. larger
than 100 TeV for electrons, a particle collision probes regions of spacetime where the terrestrial background becomes negligible. In this regime, the collisions probe well
into the K-mouflage radius of Eq.(261). However, the
scalar sector of the theory is well described by its classical Lagrangian inside the classical radius r ≪ Rclas with
−1/2 −1/4
χ∗

Rclas = K∗
×



βmψ
MPl



K∗
K22 χ2∗

1/[4(ν−1)]

1/[8(ν−1)]

RK (mψ ),

(288)

where we used the classicality criterion (90), with p̄ ∼
r−1 , and the form (240) of the kinetic function in the
highly nonlinear regime. For the Arctan model (9), we
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obtain
Rclas ≃



mψ
me

5/8

10−6 fm,

(289)

10−5 fm,

(290)

and for the Sqrt model (10),
Rclas ≃



mψ
me

7/12

which are of the order or above the radius (262). This
means that for electrons or quark-antiquark pairs in proton collisions, the classical regime is achieved before the
distances probed by the collision are such that the terrestrial background becomes subdominant. In this case,
even at such very high energies, the fermion-antifermion
annihilation is well described by the free scalar-field Lagrangian coupled to matter.

VII.

CONCLUSION

In this work, we have considered K-mouflage models
from a quantum field-theoretic point of view. In a traditional sense, these theories are not renormalizable as
they involve any number of powers of the scalar kinetic
terms, i.e., an arbitrary function of the kinetic terms. All
these higher-order operators are not renormalizable, and
one may worry that quantum corrections should alter the
classical Lagrangian in an uncontrollable way. To have
a better handle on this issue, we set up the renormalization program for these theories and provide a recursive
algorithm to construct the renormalized effective action.
We do this using background quantization around a solution of the classical equations of motion, which could
be either a static or a cosmological time-dependent configuration for instance, and perturbation theory, where
Feynman diagrams are regularized by dimensional regularization. In usual renormalizable theories, starting
from a bare Lagrangian containing bare (and formally infinite) couplings, the renormalized action can be obtained
in one step as the bare action contains counterterms that
keep the same form as the bare Lagrangian while exactly canceling the divergences obtained by calculating
the quantum corrections using Feynman diagrams. For
K-mouflage, this does not work similarly as the original
classical action does not contain all the operators which
are generated quantum mechanically. So, one must proceed stepwise by first producing a first set of counterterms to cancel all divergences induced quantum mechanically from the classical Lagrangian, and then recalculate the divergences that the new vertices brought by the
counterterms entail. This generates a new set of counterterms, and a priori this recursive construction must
be carried on indefinitely. Of course, there is no guarantee that the associated series of recursively constructed
Lagrangians converges at all, and therefore one may cast
a doubt on the validity of K-mouflage models. Despite

all, one can confirm that the corrections to the classical Lagrangian always involve extra derivatives of the kinetic terms and that therefore the classical action is not
renormalized [15]. We then define a calculability criterion
whereby all the quantum corrections in the renormalized
effective action are negligible compared to the classical
action. In this case and in this “classical regime”, it is
sufficient to consider K-mouflage theories at the classical
level and quantum corrections can be safely neglected.
We apply this criterion to healthy K-mouflage models,
i.e., with no ghosts and no gradient instabilities, that
pass the tight tests of gravity in the Solar System, and we
show that in all astrophysical and cosmological situations
of interest the classicality criterion is satisfied. Moreover,
we find that for such theories the quantum regime is never
reached even in the early inflationary Universe or in the
very short distance regime on Earth.
These results rely on the assumption that perturbation theory is well defined around a given background,
and this could be violated when the mass squared of
the scalar becomes negative, because this may render the
path integral ill defined. We examine two situations: the
astrophysical one around a static spherical source and the
cosmological one up to very early times. In the former,
stability is guaranteed when the Sturm-Liouville problem associated with the linear perturbations around the
static background has no negative eigenvalues. We confirm that this is indeed the case for the healthy models
that pass the Solar System tests. The latter is more subtle as negative square masses for linear perturbations are
a standard feature of cosmological perturbations, and we
use a different criterion there. We impose that the extra
instability induced by the negative mass squared due to
′′
the K-mouflage Lagrangian (and not only the aa term of
cosmological perturbations) does not lead to an explosion
of the energy density of the K-mouflage field. Indeed, this
would disrupt the evolution of the Universe and we confirm that this is far from being the case for the healthy
models passing the solar tests.
Despite the existence of the classicality regime, one
may wonder what happens at very high energy way beyond the cutoff scale of the theory. Traditionally, in a
top-down approach, one may advocate that some type of
UV-completion must exist at high energy and that the Kmouflage models should emerge naturally from the renormalization group evolution. This approach was followed
in particular in [15]. Here, we find out that positivity and
unitarity constraints imposed on scattering amplitudes
[17] cannot be met by healthy models that pass the Solar
System tests, and that therefore no such UV completion
can be hoped to be constructed. This invalidates the approach of [15] in our case, and one is left with the only
prospect of having to deal with K-mouflage in a bottomup approach and using the renormalization program that
we have set in order to study high-energy properties of
such models. This negative result might have invalidated
the usefulness of K-mouflage models beyond the realm of
very low-energy astrophysics and cosmology. To tackle
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this issue, we consider two relevant situations. The first
one concerns the high-energy collision of scalars as may
happen in colliders. In this case, we show that the collision occurs more and more in the classical regime as the
energy increases. Hence, the K-mouflage models “classicalize” in this high-energy setting, and we can always use
the classical Lagrangian. We also consider the interaction of the K-mouflage scalar with fermions. We find that
free fermions are dressed by a negligible classical scalar
cloud. Fermions also radiate scalars when they are accelerated, as for standard bremsstrahlung, but this is again
negligible as compared with the standard electromagnetic
bremsstrahlung because of the coupling factor mψ /MPl .
In a similar fashion, the scattering f f¯ → ϕ → f f¯, which
corresponds to the annihilation of a fermion pair into another one via an intermediate scalar, comes with a factor
(mψ /MPl )4 that yields a negligible cross section. As for
scalar collisions, this process can be described from the
bare K-mouflage Lagrangian, both at low and high energies.
Hence, we have seen that healthy K-mouflage models
that pass the stringent tests of gravity in the Solar System have remarkable properties quantum mechanically.
They are not renormalized, and the finite corrections
of higher order can be neglected in a “classical regime”
which applies to astrophysical and cosmological systems
of interest. Moreover, even pushed to high energy such
as in collider experiments, the classicality criterion still
applies, implying that trustworthy calculations for associated cross sections can be performed. K-mouflage models
of the type considered here are most likely to be tested
by cosmological and astrophysical means in the near future, and it is reassuring that such nonlinear models of
dark energy/modified gravity can be simply used at the
classical level.
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Appendix A: One-loop contribution to the vacuum
energy density

In this Appendix, we derive the one-loop contribution
to the vacuum energy due to a massive scalar u with the
action
#
" 
Z
2
1
∂u
2
2 2
4
S=
− (∇u) − m u .
(A1)
d x
2
∂t
This is the analog of the cosmological quadratic action
(144), but here we work in Minkowski space with a constant mass m. As in Eq.(147), the quantum field can be

expanded in modes
Z
i
d3 k h
i~
k·~
x
∗
−i~
k·~
x †
u
(t)e
ĉ
+
u
(t)e
ĉ
û(t, ~x) =
k
~
k
~
k
k
(2π)3/2
(A2)
†
~
with the commutation rules [ĉ~k , ĉp~ ] = δD (k − p~). In
Minkowski space with a constant mass, the mode functions are simply
q
e−iωk t
uk (t) = √
(A3)
with ωk = ~k 2 + m2 .
2ωk
The energy-momentum tensor of the scalar field is


1 α
1
Tµν = ∂µ u∂ν u − ηµν
(A4)
∂ u∂α u + m2 u2 ,
2
2
which gives for the T00 component
T00 =

1
1 2 1
u̇ + (∇u)2 + m2 u2 ,
2
2
2

(A5)

where we note u̇ = ∂u/∂t, and for the trace of the energymomentum tensor,
T ≡ Tµµ = u̇2 − (∇u)2 − 2m2 u2 .

(A6)

Using the mode expansion (A2)-(A3), we obtain for the
vacuum energy density ρv [39–41],
Z
d3 k ωk
ρv ≡ h0|T̂00 |0i =
,
(A7)
(2π)3 2
for the trace Tv ,
Z

d3 k m2
,
(2π)3 2ωk

(A8)

Z

d3 k ~k 2
.
(2π)3 6ωk

(A9)

Tv ≡ h0|T̂ |0i = −
and for the pressure pv ,
pv ≡

ρv + T v
=
3

It is interesting to note that these vacuum energy density and pressure can be related to the Feynman propagator evaluated at coincident points [39]. Indeed, using
again the mode expansion (A2)-(A3) and denoting T {...}
the time-ordered product, we have [23]
GF (x1 − x2 ) ≡ h0|T {u(x1 )u(x2 )}|0i
= i∆F (x1 − x2 )
(A10)
Z
4
ik·(x1 −x2 )
d k −i e
= lim
, (A11)
+
(2π)4 k 2 + m2 − iε
ε→0
where k 2 ≡ −ω 2 + ~k 2 and ω = k 0 . This gives
Z
Z
d3 k
−i
1
d4 k
,
=
GF (0) =
4
2
2
(2π) k + m − iε
(2π)3 2ωk
(A12)
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where in the second equality we used the residue theorem
and we let the limit on ε be implicit. In a similar fashion,
we write
Z
−iω 2
d4 k
,
(A13)
ρv =
4
2
(2π) k + m2 − iε
pv =

Z

−i~k 2 /3
d4 k
,
(2π)4 k 2 + m2 − iε

Tv = −m2 GF (0) =

d4 k
im2
.
4
2
(2π) k + m2 − iε

Z

ρrenorm
v

m2
GF (0).
4

GF (0) = µ

Z

1
dd kE
,
2
d
(2π) kE + m2

(A16)

(A17)

(A18)

where we performed a Wick rotation to Euclidean space
and we introduced the sliding scale µ to keep GF (0) dimensionally correct. This gives
m2
GF (0) =
16π 2



4πµ
m2


2 ǫ/2

Γ(−1 + ǫ/2),

m2
µ2



.

(A22)

(A15)

In terms of Feynman diagrams, Eq.(A17) also shows that
the vacuum energy density can be written in terms of
bubble diagrams (here at one-loop order).
All these quantities diverge at large k and must be
regularized. As is well known [39, 40], introducing a
high-energy cutoff, k < Λc , leads to incorrect results because it breaks the symmetries of the system (Lorentz
invariance). Therefore, we use dimensional regularization [42, 43]. Working with GF (0) and the first equality
(A12), we write
4−d



The divergence has been cancelled by introducing a counterterm in the action (a pure cosmological constant),

as expected for the equation of state of the vacuum. Using Tv = −m2 GF (0), this yields
ρv =

m4
ln
=
64π 2

(A14)

Performing a Wick rotation, we find
pv = −ρv ,

Using a MS renormalization scheme, where we subtract
the 2/ǫ term together with the accompanying constant
terms, we obtain the renormalized vacuum energy density
[39, 41]



m4 2
∆ρv =
+ ln(4π) − γ + 1 .
64π 2 ǫ

(A23)

The vacuum pressure follows from (A16), which leads to
prenorm
= −ρrenorm
, and shows that the vacuum energy
v
v
behaves like a cosmological constant of equation of state
−1. From Eq.(A22), we also recover the one-loop effective action (45), since for a time- and scale-independent
system we have Γ = −E = −T V ρv [43].

Appendix B: Matter loops

Matter loops can also contribute to the effective action.
We show here that they can be neglected. Let us consider
the insertion of a matter loop on a scalar propagator
corresponding to the only cubic vertex between one scalar
and two fermions. In any of the integrals involved in
the evaluation of the effective action, this implies the
replacement
1
1
F (p2 ),
→ 2
p2 + m2φ
(p + m2φ )2

(B1)

(A19)

where we introduced ǫ = 4−d, and the expansion around
ǫ = 0 gives


m2 2
2
2
+ ln(4π) − γ + 1 − ln(m /µ ) + ... ,
GF (0) = −
16π 2 ǫ
(A20)
where γ ≃ 0.577 is the Euler-Mascheroni constant. From
Eq.(A17), this also gives


m4 2
2
2
ρv = −
+
ln(4π)
−
γ
+
1
−
ln(m
/µ
)
+
...
.
64π 2 ǫ
(A21)

where the fermion loop is simply
2 Z

d4 q Tr[(/p + /q + mψ )(/q + mψ )]
(2π)4 [(p + q)2 − m2ψ ][q 2 − m2ψ ]
(B2)
which is proportional to p2 in dimensional regularization.
As a result, the fermion loop does not change the UV behavior of the scalar propagator and involves a tiny corβm
rection of order ( MPlψ )2 ≪ 1 which can be neglected. In
the main text, we have neglected the contributions from
the fermion loops to the effective action.

F (p2 ) =



βmψ
√
MPl K ′
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