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Quantum tomography of an electron
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The complete knowledge of a quantum state allows the prediction of
the probability of all possible measurement outcomes, a crucial step
in quantum mechanics. It can be provided by tomographic methods1

which have been applied to atomic2,3, molecular4, spin5,6 and photonic
states. For optical7–9 or microwave10–13 photons, standard tomogra-
phy is obtained by mixing the unknown state with a large-amplitude
coherent photon field. However, for fermions such as electrons in
condensed matter, this approach is not applicable because fermionic
fields are limited to small amplitudes (at most one particle per state),
and so far no determination of an electron wavefunction has been
made. Recent proposals involving quantum conductors suggest that
the wavefunction can be obtained by measuring the time-dependent
current of electronic wave interferometers14 or the current noise of
electronic Hanbury-Brown/Twiss interferometers15–17. Here we show
that such measurements are possible despite the extreme noise sensi-
tivity required, and present the reconstructed wavefunction quasi-
probability, or Wigner distribution function17, of single electrons
injected into a ballistic conductor. Many identical electrons are pre-
pared in well-controlled quantum states called levitons18 by repeatedly
applying Lorentzian voltage pulses to a contact on the conductor19–21.
After passing through an electron beam splitter, the levitons are
mixed with a weak-amplitude fermionic field formed by a coherent
superposition of electron–hole pairs generated by a small alternat-
ing current with a frequency that is a multiple of the voltage pulse
frequency16. Antibunching of the electrons and holes with the levi-
tons at the beam splitter changes the leviton partition statistics, and
the noise variations provide the energy density matrix elements of
the levitons. This demonstration of quantum tomography makes
the developing field of electron quantum optics with ballistic con-
ductors a new test-bed for quantum information with fermions20,22–24.
These results may find direct application in probing the entanglement
of electron flying quantum bits25, electron decoherence17 and electron
interactions. They could also be applied to cold fermionic (or spin-
1/2) atoms26.

A quantum state y contains all the information about a particle or a
system. Disregarding spin for simplicity, a practical representation is
given by the product of the wavefunction Q which contains the spatial
information and an occupation state in a Fock space representation.
Although the determination of the latter requires similar experimental
resources for a fermion and for a single boson, the complete determi-
nation of the wavefunction by tomographic methods is fundamentally
more demanding for fermions than for bosons. To emphasize this let
us consider a single particle propagating in a single spatial mode (an elec-
tron in an effectively one-dimensional ballistic conductor or a photon
in an optical medium). In the space and time domain representation,
the electron quantum state at position x and time t is Q(t 2 x/vF)jf æ,
where vF is the velocity, Q is the wavefunction and jf æ is the fermionic
occupation state, j1æ or j0æ. Similarly, a photonic state is characterized
by E0u(t 2 x/c)jbæ, where E0 is the electric field amplitude of a single
photon, u is the spatial mode which plays the role of Q, jbæ is, for exam-
ple, a number state or a Glauber coherent state, and c is the speed of
light. In quantum optics, the determination of the mode u can be done

by mixing with a coherent field (local oscillator) with amplitudeffiffiffiffiffiffiffiffi
�NLO

p
E0u t{x=cð Þ, where NLO is the mean photon number. Then a

classical measurement of u can be made because the fundamental quan-

tum measurement uncertainty , 1
. ffiffiffiffiffiffiffiffi

�NLO

p
vanishes for large

ffiffiffiffiffiffiffiffi
�NLO

p
.

Only the determination of the bosonic state jbæ requires purely quan-
tum tomography. For fermions, however, the state occupation being
limited to 1, no classical amplitude level can be reached and a quantum
tomography is necessary for both the wavefunction Q and the fermion
state jf æ. In the present work, we prepare many electrons, each in the known
fermionic state jf æ 5 j1æ. We show that, although extremely demanding,
a quantum tomography of the wavefunction of a time-resolved single
electron is possible using shot noise, and we determine the first-order
coherence ~Q� e0ð Þ~Q eð Þ in the energy representation (where ~Q eð Þ is the
Fourier transform of Q(t) and the asterisk denotes complex conjugation).

We first explain how we prepare the single-electron state in a quan-
tum conductor and then how the quantum tomography is performed.
The quantum conductor is a quantum point contact (QPC) placed at
low temperature (electron temperature, Te < 35 mK). It is formed in a
high-mobility two-dimensional electron gas using split gates deposited
on top of a GaAs/GaAlAs heterojunction (Fig. 1a and Supplementary
Information). Applying negative voltage VG to the gates creates a con-
striction transmitting a limited number of electronic modes. Here we
select a single mode whose transmission D(VG) is obtained by measur-
ing the conductance G~(2e2=h)D, where e is the electron charge and h
is Planck’s constant. The on-demand injection of charges into the con-
ductor is obtained by applying a voltage pulse VL(t) on one of the ohmic
contacts adjacent to the QPC, say the left. If the voltage flux satisfies
e
Ðz?
{? VL tð Þ dt~h then the charge is unity. Moreover, a Lorentzian pulse

V tð Þ~2Bw=e(t2zw2), whereB~h=2p and 2w is the pulse width at mid
height, creates a clean single-electron state19 called a leviton18 with an
energy just greater than the Fermi energy of the conductor. Remarkably,
although the leviton originates from a collective displacement of the
Fermi sea towards positive energy, it can be considered a single-particle
state20,21 disentangled from the Fermi sea21. A wavefunction representa-
tion of the leviton in the energy domain is ~Q eð Þ~

ffiffiffiffiffiffiffiffiffiffiffi
2w=B

p
h eð Þe{ew=B,

where h is the Heaviside step function. Experimentally, periodic trains
of levitons have been generated18. When partitioned by a QPC18 they
generate a current shot noise corresponding to electrons prepared in
the occupation state j1æ. Using shot-noise spectroscopy and electron
Hong–Ou–Mandel noise correlation techniques, their wavefunction
probability in the energy and time domain was found to be consistent
with expectations. Thus, levitons provide a clean way of testing wave-
function quantum tomography in a quantum conductor.

We now discuss how to probe the first-order coherence from which
the full wavefunction can be extracted. A first approach could be wave
interferometry. In quantum optics, this gives G1(t 2 t9), which is the first-
order coherence Æy1(t9)y(t)æ averaged over the mean time�t~ tzt0ð Þ=2
(here y1 is the Hermitian conjugate of y). The information is incom-
plete, however, and other approaches must be used27. Wave interfero-
metry is more promising with electrons: measuring the time-dependent
current of an electronic Mach–Zehnder interferometer has been pro-
posed14 as an elegant way to determine the full coherence Æy1(t9)y(t)æ,
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but so far no such experiments have been done. Another approach is
performing shot-noise measurements. This is the approach followed
in the present experimental work. Photon shot noise has been exploited
using adaptive homodyne tomography27 to infer the unknown spectro-
temporal properties of a single photon mode u. A large local oscillator
field is mixed with the single photon in a beam splitter and its temporal
shape is tuned to maximize the output noise, providing a classical copy of
the unknown mode (Fig. 1b). For electrons, a large fermion field cannot
be used but the principle of homodyne mixing can be kept. A recent pro-
posal is to reverse the amplitude hierarchy16. Because it is the single-electron
source corresponding to the maximum fermionic amplitude (as jf æ 5 j1æ),
this is the local oscillator fermionic probe source whose amplitude has
to be weak so that simple information can be provided by the noise var-
iation at the beam-splitter output when mixing particles coming from
the two sources. For simplicity, let us consider zero temperature. When
a flux-quantized Lorentzian voltage pulse is applied to the left contact,
a leviton is sent towards the QPC beam splitter. Repeating the experi-
ment and recording the charge at the right contact gives the mean charge
ÆQæ 5 De and the charge partition noise ÆDQ2æ 5 D(1 2 D)e2. Now let
us apply a d.c. voltage VR to the right contact, rising the electrochemical
potential by eVR. The part of the leviton partition noise proportional toÐ eVR

0 ~Q eð Þ�~Q eð Þde, corresponding to the energy range e g [0, eVR], is

replaced by the partition noise of the right electrons reduced by the
factor 1{

Ð eVR

0 ~Q eð Þ�~Q eð Þde because of antibunching. Differentiating
the noise with respect to VR provides the diagonal part of the energy

density matrix of the leviton ~Q e~eVRð Þj j2. Remarkably, very little modi-

fication is necessary to access the non-diagonal part Æy1(e9 ? e)y(e)æ.
Let us superimpose on the right d.c. voltage the a.c. voltage VLO(t) 5

gLO(hn/e)cos(2pn(t 2 t)) with small amplitude gLO = 1, frequency n
and time delay t referred to the leviton emission time. This generates
at the QPC a weak fermionic field made of electrons in a superposition
of states with their initial energies shifted by 6hn and with probability
amplitudes gLOei2pnt/2 and 2gLOe2i2pnt/2, respectively, the probability
of keeping the initial energy being 1 2 gLO

2 < 1 (Fig. 1c). Their mixing
with the levitons at the beam splitter gives the antibunching probability
amplitude

a gLO,eð Þ~~Q� eð Þ 1{gLO
2

� �
z

1
2

~Q� ezhnð ÞgLOei2pnt

{
1
2

~Q� e{hnð ÞgLOe{i2pnt

Differentiating the noise with respect to eVR, and keeping only the a.c.
contribution, gives a noise variation proportional to
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Figure 1 | Schematics of quantum wave tomography. a, Experiment
principle. Periodic Lorentzian voltage pulses V(t) applied to the left contact of a
two-dimensional electron gas inject unit charge pulses called levitons which are
partitioned by an electronic beam splitter called a quantum point contact
(QPC). The split-gate voltage VG controls the transmission D of the one-
dimensional electronic mode formed at the QPC. A d.c. voltage VR (not shown)
and a weak a.c. voltage VLO(t) 5 (kgLOhn0/e)cos(2pkn0(t 2 t)) are applied to
the right contact The latter generates a small flux of electrons and holes
(red–blue wavy line) which interferes with the incoming levitons (blue bumps)
and is analogous to the local oscillator used in quantum optics. The red and
blue arrows indicate the directions of electron–hole and leviton excitation
propagation, respectively. Bicolour symbols indicate the outgoing states made
of levitons mixed with the small flux of electron and hole excitations. Measuring
the low-frequency current shot noise while varying VR for different harmonics
(k 5 0, 1 and 2) provides a tomographic measurement of the leviton energy
density matrix. b, Optical analogue. The local oscillator (LO) emits a
monochromatic photon field, here of high amplitude, which interferes in the
beam splitter with photons emitted by the source to be analysed. The photons
detected provide a tomographic measurement of the photonic state.

c, Experiment principle in energy representation. All quantities are step
functions of the energy with energy scale hn0. Left: the energy dependence of the
wavefunction of periodic levitons emitted from the left contact. Right: the
energy distribution of the right reservoir when the voltage VR 1 VLO(t) is
applied. For small gLO, an electron emitted with energy e arrives at the QPC
in a superposition of states of energy e 6 khn0. Its interference with the
levitons changes the leviton partition noise by a quantity proportional to
gLO ~Q eð Þ~Q ezkhn0ð Þ{~Q e{khn0ð Þ~Q eð Þð Þ, giving information on the
non-diagonal energy density matrix. fR 5 | Q(e) | 2. d, The 6 GHz periodic
Lorentzian voltage pulses are obtained from a frequency synthesizer by
combining four harmonics with appropriate phases and amplitudes and sent to
the left ohmic contact of the sample via 40 GHz d.c. transmission lines. To
generate VLO harmonics 1 and 2 are derived from the synthesizer, attenuated
and sent to the right contact. A time delay is added using a phase shifter. Bias
tees separate the high-frequency components from the d.c. voltage bias and the
detected low-frequency current noise. The latter is converted into voltage
fluctuations. A computer performs fast Fourier transform cross-correlations
after cryogenic amplification and fast acquisition. Appropriate d.c. voltage
biases are applied to the left and right contacts.
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gLORe½~Q� eVRð Þ~Q eVRzhnð Þe{i2pnt

{~Q� eVRð Þ~Q eVR{hnð Þei2pnt�
Fully quantum tomography can then be done by varying the voltage
frequency and time delay t, providing the real and imaginary parts of
the first-order coherence16. Because the leviton wavefunction in the
energy domain is real, we get

d DQ2h i
dVR

!gLO cos 2pntð Þ½~Q� eVRð Þ~Q eVRzhnð Þ

{~Q� eVRð Þ~Q eVR{hnð Þ�
ð1Þ

Because only positive energy is concerned, equation (1) gives ~Q eVRð Þ~Q
eVRzhnð Þ for 0 # eVR , hn, ~Q eVRð Þ~Q eVRzhnð Þ{~Q eVR{hnð Þ~Q eVRð Þ

for hn# eVR , 2hn and so on, providing a full determination of the
energy density matrix.

In our experiment, single-electron levitons are injected at a fre-
quency n0 by applying periodic Lorentzian voltage pulses from the left
contact. The full-width at mid-height is 2w 5 30 ps and the period is
T 5 n0

21 5 166 ps. To extract the diagonal and off-diagonal parts of the
energy density matrix, we follow the experimental approach discussed
above with current noise measured instead of charge fluctuations. With
VR 5 0 and in the absence of a.c. voltage, the partitioning of levitons
generates the low-frequency current noise spectral density SI

0(0) 5 4n0

ÆDQ2æ 5 4n0e2D(1 2 D) where double counting of the mode from spin
degeneracy is included. Because of the periodicity, yz e0ð Þy eð Þ

� �
~P

k d e0{e{khn0ð Þ~Q� ezkhn0ð Þ~Q eð Þ, where d is the Dirac delta func-
tion and k is an integer. Only energies separated by multiple of hn0

contribute to off-diagonal terms, and the frequency of VLO(t) must be
n5 6kn0. Because high harmonics give too small a signal, measurements
are restricted to k 5 0, 1 and 2.

The diagonal part (k 5 0) is obtained by measuring the difference
between the partition noise of single-electron levitons injected at fre-
quency n0, using the periodic Lorentzian voltage VL(t), and that of con-
tinuously injected electrons provided by a constant voltage equal to the
mean value of the voltage pulse �VL(t)~hn0=e. The zero-temperature
noise difference is18,28

DSk~0
I mRð Þ~

S0
I

hn0

ðmR

0

1{~Q eð Þ2
� �

de

0
@ {

ð?

mR

~Q eð Þ2 de{ mR{hn0j j

1
CA ð2Þ

On the right-hand side, the first term represents the noise of right elec-
trons emitted at energy below mR 5 eVR, whose shot noise is reduced
by antibunching with the leviton. The second term is the partition noise
of levitons for energy above mR. It is followed by the subtracted d.c. shot
noise. Because Q(e) varies by steps in hn0 intervals, equation (2) dis-
plays linear variation by parts. Introducing the notation ~Q eð Þ2~rl,l for
lhn0 , e , (l 1 1)hn0, this yields 0 for mR , 0, (2(1 2 r0,0)mR 1 hn0 2 mR)/
hn0 for 0 , mR , hn0, 2(1 2 r0,0) 2 2r1,1(mR 2 hn0)/hn0 for hn0 , mR

, 2hn0, and so on. The finite electron temperature Te < 35 mK <
0.12hn0/kB smoothens the singularities separating linear variations. A
finite-temperature expression, obtained in a Floquet scattering approach29,30,
is given in Supplementary Information. Figure 2a shows measurements
of DSI

k 5 0 versus mR for levitons (open blue circles). From the data we
extract rl,l directly from a fit including the small-temperature effects.
The solid red curve corresponds to the best four-parameter fit, from
which the four first rl,l (that is, l 5 0 to 3) are extracted (Supplementary
Information). Self-heating including a small temperature increase (35 mK
for VR < 0 to 47 mK for VR < 3hn0/e) has been included. The rl,l are
plotted in red in Fig. 2b. Comparison with theoretical values based on a
Floquet scattering modelling (in black) is good within the experimental
uncertainties.

For the measurement of the off-diagonal part (k ? 0), we mea-
sure the noise difference when switching on and off the amplitude of

VLO(t) 5 gLO(hn/e)cos(2pn(t 2 t)) superimposed on the right d.c.
voltage VR and synchronized with the Lorentzian pulses. The zero-
temperature shot noise difference is

DSk
I mRð Þ~

S0
I

hn0
2kgLOcos 2pkn0tð Þ

|

ðmR

0

~Q eð Þ~Q ezkhn0ð Þ{~Q eð Þ~Q e{khn0ð Þð Þde

ð3Þ

This expression also varies linearly by parts because ~Q eð Þ~Q ezkhn0ð Þ
~rl,lzk for lhn0 , e , (l 1 1)hn0 is a step function of the energy. For
example, for k 5 1 the integral in equation (3) is 0 for mR , 0, r0,1mR/
hn0 for 0 , mR , hn0, r0,1 2 r1,2(mR 2 hn0)/hn0 for hn0 , mR , 2hn0,
and so on. Finite-temperature expressions are given in Supplementary
Information.

Figure 3a, b shows measurements of DSI
k versus t for k 5 1, gLO

5 0.095 and k 5 2, gLO 5 0.0425 at fixed mR < hn0. Clear oscillations
are observed. The delay period in Fig. 3b is twice that observed in Fig. 3a.
Before going further, we emphasize that observation of these oscilla-
tions demonstrates off-diagonal coherence in an electronic orbital state,
here a leviton. No experiment has given direct evidence of off-diagonal
coherence of electrons in a conductor yet. We now compare the off-
diagonal terms extracted from the measurements with those predicted
for a leviton. Figure 3c, d shows the experimental variation ofDSI

k with
mR for k 5 1 and 2 (open blue circles), fixing t 5 0 to maximize the
signal. In both plots, the solid black curves represent the theoretical
signal expected for a leviton. The red dashed curves are the best fits,
from which the off-diagonal terms rl,l1k can be extracted. For k 5 2 a
four-parameter fit is used and l 5 0 to 3, and for k 5 1 a five-parameter
fit is used because a finite, but very small, hole excitation contribution
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Figure 2 | Measurement of the diagonal part of the energy density matrix.
a, The data (blue circles) display the shot noise measured when applying a d.c.
voltage hn0/e, minus the shot noise measured when sending single-charge
levitons at frequency n0. The data are plotted versus the d.c. voltage VR applied
on the opposite contact. The red curve represents the best fit to equation (2),
including finite temperature, from which the parameters rl,l are extracted. The
temperature Te is ,35 mK at VR 5 0 and ,48 mK at VR 5 3hn0/e. The
transmission is D 5 0.19 and SI

0 5 9.48 3 10229 A2 Hz21. Error bars, s.e.m.
calculated from the cross-correlation noise spectrum standard deviation in a
800 kHz bandwidth and after n < 100,000 acquisitions. b, Diagonal part of the
energy density matrix versus energy using the rl,l extracted from the fit.
Comparison with theory for levitons is in black. Error bars, s.e. calculated from
the best fit.
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Figure 3 | Off-diagonal part of energy density
matrix. a, b, Weak sine-wave voltages of
frequencies and amplitudes n0 and gLO 5 0.095
(a) and 2n0 and gLO 5 0.0425 (b) superimposed on
a fixed d.c. voltage eVR 5 hn0 applied on the right
contact. The data (blue circles) show the noise
difference obtained by switching on and off the
sine-wave amplitude, plotted versus the time delay
t between the sine-wave and the periodic
Lorentzian pulses. The oscillation of the noise with
t and the period doubled in b relative to a is the
signature of off-diagonal coherence. The red curves
are sinusoidal fits. c, d, Same shot noise difference
measurements (blue circles) but plotted versus
the d.c. right voltage with t 5 0, chosen to
maximize the signal. Te is ,35 mK at VR 5 0 and
,48 mK at VR 5 3hn0/e. The red curves are the best
fit of equation (3) with rl,l1k as free parameters,
including finite-temperature effects, with k 5 1 (c)
and k 5 2 (d). The black curves are comparison
with theory. Error bars, s.e.m. calculated as in
Fig. 2a but with n four times larger. e, f, Plot of
~Q eð Þ~Q ezhkn0ð Þ (red) using the parameters rl,l1k

extracted from the best fits of c and d with
k 5 1 (e) and k 5 2 (f), respectively. Expected
values from theory are shown in black. Error bars,
s.e. calculated from the best fit.
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WDF. c, Cut of the experimental and theoretical
WDFs at energy e 5 1.25hn0 (for energies
1.5hn0 . e. hn0 both the first and second
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(l 5 21) was found necessary to improve the fit. They are shown in
Fig. 3e, f. The errors bars are obtained from the standard error of the
fit. They are much larger than those in Fig. 2b because the measured
noise is about ten times smaller.

The noise oscillations with phase in Fig. 3a, b and the noise variations
with voltage in Fig. 3c, d are well reproduced by a model including only
the 35–50 mK thermal rounding. Supplementary Fig. 2 provides addi-
tional tomographic noise measurements performed on two-electron
sine-wave pulses. Here again good agreement is found between data
and theory. Deviation arising from decoherence effects due to electron–
electron interaction is not expected here because the two-dimensional
Landau quasi-particle lifetime is longer than the (50 mK) thermal time
for the typical energies probed here (Supplementary Information).

From the experimental values of ~Q eð Þ~Q ezkhn0ð Þ obtained above we
can now reconstruct part of the zero-temperature Wigner distribution
function17 (WDF) of the levitons: W �t,eð Þ~

ðz?

{?
yz ezd=2ð Þy e{ð
�

d=2Þie{id�t=B dd. The WDF gives the full information on the complex
wavefunction. It has been calculated for a single Lorentzian pulse14 and
for periodic pulses17. In the latter case, the WDF is also periodic. Its
expression in terms of the quantities rl,l1k is given in Supplementary
Information. Figure 4a and Fig. 4b respectively give three-dimensional
plots of the experimental and theoretical WDFs. Because the experi-
mental WDF is limited to the first two harmonics and the energy range
2hn0 # e , 3.5hn0, the theoretical WDF is truncated accordingly for
comparison. To better show the agreement between experiment and
theory, we provide in Fig. 4c a cut of the WDF at energy e 5 1.25hn0

(red, experiment; black, theory). Using the experimental errors of rl,l1k

(l 5 0) in Fig. 3e, f, we have generated the two red dashed curves in
Fig. 4c between which the experimental WDF is expected to be located.
For reduced times t/T around ,0.3 and 0.7 we clearly find robust regions
of negative WDF, a hallmark of a quantum state.

Finally, as a particular application of the WDF, the integration over
energy e gives the probability jQ(t)j2. Its experimental (red solid curve)
and theoretical (black dashed curve) variations with time are given in
Fig. 4d. The excellent agreement validates our experimental determina-
tion of the WDF from the tomographic noise procedure of ref. 16. This
provides better information on the temporal shape of the wavefunction
than the convolution jÆQ(t)jQ(t 1 t)æj2 given by the electronic Hong–
Ou–Mandel method used for levitons in ref. 18 or for single electrons
in ref. 31.

Using the known leviton state, we have demonstrated that the quan-
tum wave tomography of itinerant electrons can be done experimentally
using shot noise. Probing the off-diagonal energy density matrix opens
the possibility of studying more complex electron quantum states such
as entangled electron quantum bits in ballistic conductors or complex
electron quantum states built by interaction. Examples of the latter include
Kondo electronic states, fractional quantum Hall quasi-particles or elec-
tron Andreev pairs built by superconducting proximity effects.
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