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ABSTRACT

Using recordings of swell from pitch-and-roll buoys, we @aeproduced the clas-
sic observations of long-range surface wave propagatigmaily made by Munk et al.
(1963) using a triangular array of bottom pressure measemésnin the modern data, the
direction of the incoming swell fluctuates by abetit0° on a time scale of one hour. But
if the incoming direction is averaged over the duration okaant then, in contrast with
the observations by Munk et al. (1963), the sources infdosedreat-circle backtracking
are most often in good agreement with the location of largens$ on weather maps of
the Southern Ocean. However there are a few puzzling failofgreat-circle backtrack-
ing e.g., in one case, the direct great-circle route is k@ddky the Tuamoto Islands and
the inferred source falls on New Zealand. Mirages like tlisup more frequently in the
bottom-pressure observations of Munk et al. (1963), wheveral inferred sources fell
on the Antarctic continent.

Using spherical ray tracing we investigate the hypothésisthe refraction of waves
by surface currents produces the mirages. With recongingodf surface currents inferred
from satellite altimetry, we show that mesoscale vortisiggnificantly deflects swell away
from great-circle propagation so that the source and recare connected by a bundle of
many rays, none of which precisely follow a great circle. H1®° directional fluctuations
at the receiver result from the arrival of wave packets thattiravelled along the different
rays within this multipath. The occasional failure of greatle backtracking, and the
associated mirages, probably results from partial tog@gceobstruction of the multipath,
which biases the directional average at the receiver.



1. Introduction

Following the disruption of the 1942 Anglo-American langigon the Atlantic beaches
of North Africa by six-foot surf 2), the forasting of surface gravity waves
became a wartime priority. These first surface-wave fotecagre based on weather
maps, and the relatively predictable propagation of s\aelli were used to determine op-
timal conditions for amphibious assault (von Storch andsdhsann, 2010; Bates, 1949).
Wartime work showed that long surface waves, generatedrmstregions of the globe,
can travel for many thousands of kilometers before breatmgjstant shorels_(,B_a_Lb_Qr_andiJ_[lsell,
). In the following decades, Munk, Snodgrass and cotktbrs observed that swell
generated in the ocean surrounding Antarctica travelsyaifaround the Earth (Munk and Snodgras:
11957; Munket al, [1963; Snodgraset al, [1966). Thus, after a transit of 5 to 15 days, the
waves created by winter storms in the Southern Ocean prauceer surf in California.

[B_arb_er_andiiLs_élL(,l%& used linear wave theory to relaedahge of a distant storm
to the rate of change of peak wave frequency at an observation. But the formula
of Barber & Ursell — seel(2) below — provides no informatioroabthe direction of
the source. The first attempt at measuring the directionefriboming swell was made
by[MLLrlK_eI_aﬂ 419_63) using an array of three pressure-transducers orethbattom off-
shore of San Clemente Island. The method is analogous tnastical interferometry
and was used to infer the direction of incoming wave-traiogifJune to October of 1959.
Assuming that swell travels on great-circle routes, thdsseovers combined Barber &
Ursell’s estimate of the range with interferometric directto locate storms in the South-
ern Ocean. Although these inferred sources could be retatstbrms on weather maps,
the location errors for some events were as muchoaf arc along the surface of the
Earth, ort000km. Moreover, there is a systematic error in the observatidiunket all
@): the inferred source is most often to the south of theah storm k@b).
Because of this southwards shift, three of the thirty irddistorms even fell on the Antarc-
tic continent, and several others on sea-ice. The unavi@dainclusion is that surface
waves do not travel precisely on great-circle routes. Edfestch as planetary rotation

JEZ), or the slightly spheroidal figure of the BEawere shown to be far too

small to explain the observed departure from great-circtbgp@gation. We now believe
that these mirages were caused by a combination of topograpstruction (Munk 2013)
and refraction by surface currents.

) advanced the hypothesis that the refractiGuidace gravity waves
by major ocean currents, particularly the Antarctic Cirgaar Current, might explain
the discrepancies reported by Muekall (1963). A packet of surface waves propagating
through these currents is in a medium that varies slowly erstiale of a wavelength. The
currents induce a doppler-shift in the surface wave frequen

Qa, k) = gk +u(x) -k, (1)

with k the wavevectork = |k|, u the surface velocity, ang the acceleration of gravity.
Over many wavelengths refraction by the currents changeditbction of propagation of
a wave packet so that it departs from a great circle. Givestinace current:(x, t), the

ray equations describe the coupled evolution of the locabwectork(¢) and the position
of the wave-packet(t), just as the propagation of light in a slowly varying mediuh f




lows the rules of geometrical optics (Whitham, 1960; Buli2909; L andau and Lifshitz,
11987). Using an idealized model of the Antarctic Circump@arrent as a parallel shear
flow, @1) solved the ray-tracing equations anchébappreciable deflections
for rays making a grazing incidence with the current.

Here we re-visit Kenyon’s hypothesis with the benefit of nrodeconstructions of
ocean surface currents and wave climate. In se@iwe analyze modern swell measure-
ments from pitch-and-roll buoys (Kuik, van Vledder & Holffaen, 1988). We observe
that the direction of incident swell measured by a deep-matey close to San Clemente
Island varies byt10° on a time scale of hours. After averaging over these direatithuc-
tuations to determine the mean direction, we use grededacktracking and find that for
most events there is excellent agreement between thedaaaitithe inferred source and
wave maxima on weather maps. But, in a few cases, greaedsaktracking places the
wave source on land, as muchi@s from the nearest storm on weather maps. Se@ion
develops the theory of spherical ray tracing, includingeffects of surface currents. In
section4 we compute ray paths through realistic surface currentsshod that because
of deflection by currents the source and the receiver areamed by a bundle of rays (a
“multipath”). None of the rays in a multipath follow the gtezrcle. In sectiorb we show
that refraction by surface currents can explain both theniade of the directional fluctu-
ations at the receiver and their quantitative dependene&wa frequency. We conclude in
section6 by proposing a mechanism based on the interplay betweeacsuctirrents and
topography to explain the systematic shift towards the ISantd the frequent inference of

sources on land in the observations by Metlall (1963).

2. Modern data

We have reproduced the observations of Barber and Utsﬂé()lﬁnd

) using modern measurements provided by recordingseds from pitch-and-roll

buoys deployed by NOAA's National Data Buoy Center (NDBC3ing) three-dimensional
accelerometers, these buoys measure the wave heightd paen'tbdirection,
@). The intensity of the swell can be characterized bySigmificant Wave Height
(SWH), defined as the average height of the highest one-thittte waves, and recorded
by the station every hour during a 20-minute sampling peridee SWH is usually of the
order of four times the root-mean-square surface elevation

NOAA Station 46086 is located in the San Clemente basin dudkt 32.5°N and
longitude118.0°W, close to where Munkt all (1963) used bottom-pressure transducers to
measure swell direction. The accelerometer buoy at std8086 has the great advantage
of floating in2000 meters of water, so that the influence of bathymetry is ndxég By
contrast, the station of Munét all (1963) was in approximately 100 meters of water, and
refraction by local bathymetry impacted the measured sivedttion mma).

The spectral intensity is provided in frequency bins spdegdmHz in the low-
frequency range, together with the mean direction of theaidor each one of these
bins. These directional spectra are based on an obserlatgtin of twenty minutes and
are delivered every hour. The arrival of swell from a distis@urce at buoy 46086 is in-
dicated by a strong spectral peak that shifts towards hifyfeguencies as time goes on,
with a timescale of several days: see Hifj. 1. The progressifeof the spectral peak to
higher frequencies is caused by the dispersive propagattsurface waves: longer waves
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Figure 1: Identification of two swell events recorded at NOB#ation 46086 in the San
Clemente basin. The “ramps” in a time-frequency plot sighalarrival of swell from a

distinct, distant source. Panel (a) shows the peak spéatrplency as a function of time
recorded for 14 days in November 2007; we study the eventongibetween the 6th and
10th of November. Panel (b) shows the peak frequency as &duaraf time recorded for

7 days in April 2007; we study the event between the 31st oftland the 3rd of April.

travel faster, so that fast low-frequency swell reachesehbeiver first[(&atbﬁLaMell,
1948).

To isolate swell events, we track the peak frequency of theftequency part of
the spectrum. To smooth the discretization from frequenig,we first locate the low-
frequency maximum in spectral intensity, before perfogrenweighted average of this
frequency with the frequencies of the two neighbouring busshg weights equal to the
spectral intensity in each of the three bins.

From each directional spectrum, we extract the incidenkeaoigthe swell, which we
define as the mean direction for the frequency bin with maxmspectral intensity: this
incident angle is computed every hour using 20-minute l@mgdes.

a. A case study: the event of November 2007

The left-hand side panels of Figl. 2 focus on the particulsitiking event in Novem-
ber 2007: there are four consecutive days of swell with SWat@indl.2 meters in panel
(e). Fig.[2(a) shows the wave propagation diagram. As firseoked by Barber & Ursell,
the peak frequency increases linearly with time and, using /gk, one can infer the
distancel between the source (the storm) and the receiver (buoy 460886)the slope
of the frequency versus time on the wave propagation diagram

df g
o Il )

Above, f = w/(2n) is the frequency in Hertz. Using a linear fit to the early pdrthe
swell event reported in figuté 2, we find a distanc&@f° of arc between the storm and
buoy 46086. The intersection of the fitting line with tfie= 0 axis gives the date of birth

3



0.07
0.065¢
— 0.067
N
L
* 0.055¢
0.05¢
6 7 8 9 10 0.045 1 2 3 4
November 2007 [days] April 2007 [days]
(a) (b)
230 260
2 220} . ..., 7 250
2 ° M o, 2 . . .
g 210¢ e ..u .l ; .. - « * 8 240 ° ® o® ® . °
S, o« o & ° o o ° =} . . .
° o e . .. .. - . ° 230+ o . . . .
> 200 . o® '.:' . % % % ) « J . “ . ° ®
8 . . - § 2200 oo, 4S50 e Th T
£ 100/ el SR e T
S . - g 210t .
o L ‘O o
2 180 £ 200} )
170 190
6 8 10 0 1 2 3 4
November 2007 [days] April 2007 [days]
(© (d)
E E
T I
= 7
0.5¢
0 ‘ ‘ ‘ 0 1 2 3 4
6 7 8 9 10 ]
November 2007 [days] April 2007 [days]
(e) ®

Figure 2: Two swell events recorded at NOAA Station 4608&ha$an Clemente basin.

Panels (a), (c) and (e) correspond to a swell event recordlddvember 2007, and panels
(b), (d) and (f) to a swell event recorded in April 2007. Thp panels show the estimated
peak frequencyf as a function of time.f increases linearly with time due to dispersive
propagation of surface waves. The middle panels show tlh@gntangle measured clock-

wise from North by the buoy. The incident angle fluctuatesiadba mean value cf04°

for panel (c) and®24° for panel (d). The bottom panels show the SWH in meters.
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Figure 3. Color contours indicate significant wave heightV{d in meters from the
ECMWF ERA reanalysis on October 30th, 2007, at midnight GBhgwn using a South
Polar projection. The thick black line is the sea-ice limithe solid black grid shows
great-circle routes from the NOAA station 46086, and linesanstant range from this
station. The red spot, which is very close to the region ofimam SWH, indicates the
source inferred from swell recorded at Station 46086.

of the storm which is Octobe&9th 2007, at around 23:00 GMT.

To infer the direction of the source we turn to the incidemgda signal in Fig[ 2(c).
There aret-10° fluctuations in the direction of the incident waves at theybWde remove
these fluctuations by averaging, and so find that the wavealkairstation 46086 comes
from 204°, measured clockwise from North. We hypothesize that-thé° directional
fluctuations in Fig[ R(c) are too large to be simply instrutaénoise, and that there might
be physical information in the directional measurements.rgturn to further discussion
of this point in sectiorb e.g., see Fid._11 and the supporting discussion.

The inferred range and direction locate the wave source ath&e maps that are
made available by the European Center for Medium-Rangeh&ekbrecasts (ECMWF).
The ECMWF interim reanalysis (Des all, 2011) provides sea-ice cover, 10-meter wind
speed, and also SWH computed using the WAM wave model anahigatson of altimeter
data [(Hasselmanet al, [1988; Komeret all, [1996). We identify the southern sources of
swell, corresponding to southern-ocean storms, as stomag inaxima in 10-meter wind
speed, and as large SWH. In Figl 3 we compare the relevant EEWH with the
source inferred from the accelerometer buoy recordings (g dot). The buoy data
analyzed above predict a storm at a rang&6of° on a great-circle route making an angle
of 204° going clockwise from North at the buoy, on Octol@th 2007 at 11 pm. The
inferred location, shown as a red dot in F[g. 3, is in excel@rrespondence with the
SWH maximum. In the example of Fid.] 3, great-circle backtiag works very well:
refraction by surface currents and topographic effects atospoil the inference of the




Figure 4: A mirage: the swell recorded at NOAA station 4608érss to originate from
New Zealand. The inferred location (the red dot) is dispdaleg approximatelyl 0° of
arc from the region of maximum SWH. Color contours indicat®tsin meters for the
ECMWF ERA reanalysis for the storm of March 23rd, 2007 at 6avilGT he solid black
grid shows great-circle routes from the NOAA station 4608&] lines of constant range
from this buoy.

source.

b. Another case study: the event of April 2007

The agreement shown in Fig. 3 is the most frequent situatsfownd in our analysis
of the data from accelerometer buoys: for 14 of the 18 swghals we analyzed, the
inferred source corresponds to a maximum in ECMWF surfacesaight within5° of
arc. But we also found a few examples for which the swell digras very clean e.g.,
Fig. [d(b), yet great-circle backtracking resulted in a batingate of source location. In
the right-hand panels of Fi¢ll 2, and in FIg. 4 we focus on thenein April 2007. The
SWH at station 46086 is of the order of 1 meter and the frequehthe swell increases
linearly with time. Yet in Fig[# the direction of the infed&source is approximatell)°
from the maximum in ECMWF surface wave height. Moreover, theerror puts the
inferred source of this April 2007 event on New Zealand. Thigage is reminiscent of
the Antarctic sources inferred by Musek all (1963).

Mirages seem to occur preferentially when there is shalpography, or even land,
close to the great-circle route between the storm and theivesc In the case of Fig.
4, a dense part of the Tuamotu Archipelago betwe&nto 18° South andi48° to 140°
West —see Fig. 50 of Munét all (1963) — blocks the wave packets propagating on the
great-circle route between the storm and the receiver. @ytythat are deflected strongly
enough by surface currents to go around this Tuamotu bl@ckag reach the receiver.
In anticipation of results from sectiofy a possibility is that because of the distribution




of surface currents, some wave-packets were deflected Wwist duamotu blockage, so
that the inferred source appears on New Zealand: the miragai [4 results from the
interplay between Tuamotu blockage and refraction by sar€arrents.

3. Waves on the surface of a sphere

Modeling the results of sectiahrequires tracing rays on the surface of a sphere, in-
cluding the effects of refraction by surface curre @) developed this ray
theory, including shallow-water effects and rotation, Without considering ocean cur-
rents. In this section we provide an account of the relevaetny required for the model
in sectiord.

a. The ray equations in spherical coordinates

Let us denote the phase of a wavepacketSify,t). Then the frequency and local
wavevector are respectivelyd, S andk = V.S. The dispersion relation can be written
in terms of S(x,t) as 9,5 + Q(x, VS) = 0. This partial differential equation is the
Hamilton-Jacobi equation for a mechanical system witloactiand Hamiltoniarf2. The
solution is accomplished via Hamilton’s equations, whichhis context are also called
the ray equations. These are evolution equations for thégos (¢) and wavevectok(t)
of the wave-packe09).

For the spherical problem at stake, we use latitidend longitudep, with unit vec-
torse, ande,. The conjugate momenta are thep = 0,5 andp, = J,S5. Using the
expression for the gradient in terms of latitude and lordgt{uhe wavevector is

_ by D¢
k= Rew_'_RCOSQﬂe(z)’ (3)

with R the radius of the Earth. The current velocityus= u (¢, ¢)e, + v(¢, ¢)ey,, and
(@) then gives the Hamiltonian in terms©f ¢ and their conjugate momenta:

_ /9 12 v(Y, 9) u(y, 9)
Q(1, ¢, Py, Py) \/;p tPy— +p¢RCOS¢, (4)
where
pg 1/2
def
(e ) ®)

The spherical ray equations are then obtained fftim, ¢, py, p,) via:

b — _ 9 Py Y

¢ - 8171;)9 - \/; 2p3/2 _'_ R I (6)

- g Py 1 u

¢ =, \/;Qp?’/z COSQQ/)+RCOSQ/)’ 0



and

2 .
. [g Py sing  py Py u
= — Q — —_ - - _ -
Py % R 2p3/2 cos®yp R Dy R % cos)’ ®)
9 = Py, Po Osu

An alternate method for deriving ray equations in sphegeaimetry is given in Hashet a
(@). In the special case of propagation through a stdhogu = 0, the conjugate mo-
mentump,, is constant and equatioris (6) through (9) reduce to thdsackiEs 2) and
describe great circle propagation.

b. A special solution

An educational solution of the ray equations is obtaineddnsalering the Cartesian
case with a uniform currerif flowing along the axis of: see Fig[b. If the sourc§ is
at the origin, and the receivétis atxr = r cos a e, + rsin o e, then the ray connecting
S to R is a straight line, despite the Doppler shift correspondm@. Thus, in planar
geometry, a uniform current does not bend rays.

This straight-line propagation, while simple in principie perhaps counterintuitive.
Thus it is worthwhile to understand straight-line propagathrough a uniform current
by explicit solution of the ray equations. In cartesian getm) the dispersion relation is
Q = \/gk+Uk,, with wave vectok = ke, +k,e, and total wavenumbér= , /2 + k;
The cartesian ray equations are

1k, /g 1k, /g

P=0.0=Ut 55k P=0 =55 4o
and ' '
k, =—0,0=0, ky=-0,0=0. (11)
The wave numberk, andk, are constant, and the solution bf{10) is therefore
x=(U+cosfuy)t, y =sinfu,t, (12)

where(k, , k,) = k(cos 3,sin ) andv, = +/g/4k is the group velocity. Eliminating
betweenr andy in (12), and requiring that the ray pass through the receiver;, one
finds that the direction?, of the wave vectok is given by

vysin(f —a) =Usina. (13)

The relevant case in oceanography/is< v,, so that[(IB) can always be solved farin
Figure[® the slight inclination of the wave vecterto the straight-line ray pati R is the
small angles — a.

The importance of this simple solution is that it shows there relation between ray
bending and thepeedof currents.

The difference betweem andf is a previously unremarked source of error for direc-
tional inferences which suppose that the wave vektws precisely parallel to the direc-
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Figure 5: A ray from a sourc# to a receiverR is not bent by a uniform currerif. The
wave vectork is inclined to the ray-path so that part of the group velociiynpensates
for advection by the current. For clarity, this schematiovgf a large value of the angle

8 — a between the rayRS and k. Realistic surface currents are weak compared to the
group velocityv, and hences — o is at most one degree.

tion of propagation e.qg., as assumed by us in se@j@md previously by Snodgrassall
(119_6ﬂ5) and Munlet all (119_6_$). With a typical velocity of oceanic surface currdiits- 0.3
m/s and swell witfb00 m wavelength, we obtaili/v, ~ 0.02, hencex — (3 is of the order

of 1°: the directions of the wave vectok is therefore a good, but not perfect, estimate
of the direction of the straight ray betweéhand k. By contrast, in the following we
show that non-uniform currents induce ray-bending, resyin the direction of the wave
vectork at the receiver being a poor estimate of the direction of thece, with errors
often larger thari(0°.

c. Ray bending and the vertical vorticity of currents

Returning to the spherical case, in the absence of curteatsaiutions of((6) through
(9) are great-circle geodesics (analogous to the straigétih Fig. [3) connecting the
source to the receiver. Non-uniform currents will refractbend the rays away from
great-circle paths. In fact, it is the vertical vorticity afirrents that is crucial for bending
rays away from great cwcleh(&enﬁdmﬂﬂﬂlsth&ibﬂhﬂw_amumm

The connection between ray bending and vertical vortisigimplest in the case When
waves travel much faster than currents. For example, swtllawvavelengtth00m has a
group velocityv, = /g/4k of 14m s™!, which is much faster than the velocity of typical
surface currents (at mosin s™1). In this limit of fast wave-packets, the ray equatidds (6)
through [9) reduce to the simpler and more insightful cumeequation




which is valid to first order infu| /v,. Above,¢ is the vertical vorticity of the current,

def Oy — Oy (u cos 1))
N R cos ’

§(x) (15)
and y is the geodesic curvaturey is the curvature of the trajectory projected onto the
local horizontal plane. A curve with zero geodesic curvaigra great circle in the present
context.

Rays are thus deflected by vorticity just as the horizonggéttory of a charged par-
ticle is bent by a vertical magnetic field: vorticity is angdms to the magnetic field. The
magnetic-field analogy is the starting point of an altermiggvation of equatiori(14): in
the limit of slow currents, the magnitude bfvaries very little, and the group velocity of
the waves remains almost constant, at the initial vajug. Let us approximate the square
root in the dispersion relatiofill(1) by the parabola which th@ssame slope at the initial
value ofk:

U3
Qx, k) ~ 2ﬂ|k\2 + u-k + constant . (16)
g

This quadratic expression is the same as the quadratic kbemaih for a negatively charged
particle in a weak magnetic field x A(x), where A(x) is the vector potential. In di-
mensionless form, the Hamiltonian is:

H(z,p) = 3lp+ AP + 3|V x AP, 17)
~ i|p|* + A-p+ O(A?), (18)

wherep is momentum. The last expression corresponds to the wddklifieit. The
charged particle experiences a Lorentz force, and itscti@je is well-known to have
a local curvature proportional to the strength of the magrfetld y = |V x A|/|p|

n@S). For the wave-problem governed by the appabe dispersion relation
(16), this translates into ray curvaty®e x u|/vy), which is the relation[(14).

The significance of(14) is that looking at a map of surfaceieity, one can assess
which features will strongly deflect swell, and in which ditien the rays will bend. The
result also shows that wave propagation through this maviaedium is isotropic, despite
the direction determined by the velocity field= u (1, ¢)es + v(¢, ¢)e,. We usel(14) to
understand and interpret the results obtained by integrati the exact ray equatioris (6)

through [(9).

4. Deflection of swell by surface currents

Maps of surface currentg(x, t) are made available by satellite altimetry and scat-
terometry: the Ocean Surface Current Analysis in Real-(@8CAR) dataset gives the
surface-current velocity field with a spatial resolutiorooie-third of a degree and a tem-
poral resolution of 5 days (Bonjean and Lagetloef, 2002)CAR estimates the velocity
u(x, t) required to determine the trajectory of swell by integnatib the ray equation§{6)
through [9). We interpolate the OSCAR surface velocity fieléarly onto a triangular
mesh, before integrating the ray equatidds (6) throlgh {®) aforward Euler method.

One-third of a degree does not fully resolve mesoscalecityriind thus computations

10



based on OSCAR underestimate the deflection of gravity wayesrrents. This underes-
timate indicates unambiguously that surface-currenaogion is quantitatively sufficient

to explain fluctuations of-10° in the direction of the incoming swell shown in Fig. 2(c)
and2(d).

a. A point source in the Southern Ocean

To model the observations of sectidywe begin by considering a point-source in the
Southern Ocean, at latitud&°S and longitudd 60°E. This source emits surface waves
in every direction, and with different wavelengths. For aegi initial wavelength, we
numerically integrate the exact ray-tracing equatidnstti@®ugh [9), starting from the
source point and with different initial orientations of thavevectork. We assume that
the emission is isotropic and so we shoot rays with the indtigection of k£ uniformly
distributed on the unit circle, with & x 10~ radian step (approximately one minute of
arc). Six rays determined by this procedure are shown in[@igOut of all the emitted
rays, an observer receives only the few rays which conneddhrce to the receiver. Thus
we keep rays which reach the receiver within a radius of 3@icelumiles. The thick curve
in Fig.[8 is an example of such a ray. Because the ray conmgtiinsource to the receiver
in Fig. [8 is not a straight line we conclude that swell is diigantly deflected from a
great-circle route by the OSCAR currents. For rays inciderthe receiver, we define the
deflection anglé as the angle between the great-circle route and the direatithe ray at
arrival. We use the conventigh< 0 if the ray at arrival is South of the great-circle route
between source and receiver.

If an observer backtracks along the great circle indicatethb direction of arrival
of the thick ray in Fig.[B, and determines the range wilh [@¢ntthe inferred source is
over sea-ice and almost on Antarctica. In other words, cgfma by OSCAR currents has
produced a mirage.

Fig.[@ compares the left and right hand sides of equaliondlbf)g a ray connecting
the southern source to the receiver. The two curves coiraidest to within the line
width. This validates the weak-current approximation use€d4) and shows that rays are
bent from great circles only where there is strong surfacgoity i.e., in localized current
systems such as the Antarctic Circumpolar Current (ACQ@®,slbtropical frontal zone
and the equatorial current system. The thick ray of FFij. 6engpuoes strong refraction
when crossing these three features, and then travels mdessoon great circles between
these current systems. For example, after leaving the 8oucean the thick ray in Fig.
Is on a great circle headed away from the receiver. Buteedma by a large equatorial
eddy subsequently bends the ray onto a great circle passimggh the receiver.

We conclude that fluctuations in incident direction obsdrakthe receiver are not the
result of accumulation of many small random deflectionstelad, the model indicates that
there are two or three large deflections of a ray that are egedavith major hydrographic
features of the surface current system.

b. An extended source in the Southern Ocean

For a given surface velocity field, several rays — none of Wiaite great circles —
connect the source to the receiver. An example is shown iar&@. We refer to the
collection of rays that connect the source to the receivar‘asultipath”.

11
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Figure 6: Swell with\ = 500m emitted by a point-source in the Southern Ocean. This
figure uses an azimuthal equidistant projection so thatt gieges passing through the
receiver (and only these) appear as straight lines i.e.déisbed straight lines are great
circles. The color scale shows vertical vorticity of OSCARface currents; in st. The
thick-curve is a ray that connects the source to the recele thin curves are five other
rays. Using great-circle backtracking (red dashed lirie imferred source is far from the
true source.
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Figure 7: For the thick ray in Fig[]6 the ray curvature (blugjimost equal to the
surface vorticity divided by group velocity (red dashedheTlsmooth black curve is low-
pass filtered curvature. The strongest refraction occumnvwthe ray crosses the ACC
and equatorial current. Weaker refraction occurs as th&aagits the subtropical frontal
zone.

As we did with the directional data in Figl 2, an observer camstruct the “average
inferred source” at the location of the mean position of thdtiple inferred sources.
This mean deflection is denoted @, where the brackets denote averaging over all rays.
For a point-source of swell, the average inferred sourcsuslly significantly displaced
from the actual source, with values of the orderdf® for swell with initial wavelength
A = 500m. An extreme example is presented in figure 8, where refnadiy surface
currents is so strong that the average inferred source smmh However, real storms have
a typical extension of several hundreds of kilometers amailshnot be considered to be
point-sources.

To determine the influence of this spatial extension, we rhadeextended source
by a disk of radiust®, or 440 km, around a center located at latitusi®S and longitude
172° E. We assume a uniform density of incoherent point sourcgdarthis disk. It is
then easier to solve numerically the backward problem: veetstays “backwards” from
the receiver with a constant steplaf-* radian in initial direction (approximately twenty
seconds of arc). We keep only the rays that have a nonzenmseacten with the swell-
emitting disk in the Southern Ocean. To compute the diractibthe average inferred
source, we perform a weighted average of the angular directf the rays that intersect
the extended source. The weight of each ray is equal to thgheof its intersection
with the swell-emitting disk: the contributions from incaent sources inside the disk
add up on each ray. The insert in figlte 8 shows a typical ragipabbtained with this
extended source for swell with wavelength= 500m. A wide bundle of rays connects
the source to the receiver. We find that the average infeoents is close to the center of
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Figure 8: A bundle of rays connects the source to the recéiver500m). Blue rays reach
the receiver within 30 nautical miles. The red spot indisdtee average inferred source.
Insert: same analysis performed with an extended source of radjwdelimited by the
red circle. The average inferred source coincides with #rgear of the circle withir2°
(not shown). This figure uses an azimuthal equidistant ptioje centered on the receiver
and the color scale shows vertical vorticity of OSCAR suefaarrents¢ in s—*.
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the actual source: contributions to the average deflectmmn the different points inside
the emitting-disk average out to almost zero. Going from®aay frame of the OSCAR-
data to the next one, the average deflectirfluctuates weakly around zero, with a root-
mean-square (rms) value of the ordedffor swell with 500m initial wavelength: most
often, the average inferred source is inside the swelltgmgitdisc. Assuming gaussian
statistics for the average deflecti@#), such a lows® value of the rms fluctuations means
that an average deflection of° or higher has a probability lower than 0.04. This does
not rule out the possibility of a larg@) occasionally occurring because the OSCAR data
underestimate the actual vorticity of surface currents laechuse 0.04 is not 0: if we
analyze 25 events we might hope to see one examplel6f average deflection. This
is consistent with the analysis from sectidnmirages due solely to the effect of surface
currents are rare events. An additional ingredient seearsfibre necessary to explain the
more frequent occurrence of strong average deflection®inlikervations by Munk et al.,
together with the systematic displacement of the infercetices towards the South of the
actual storms. We return to this in sectién

5. Fluctuations in the direction of swell

We return now to thet10° directional fluctuations in Fid.12(c) and 2(d). Previously,
to estimate the location of the source, we removed theseaufitions by averaging. But
in this section we investigate the hypothesis that the #aqu dependence of directional
fluctuations contains information about the strength ofstindace vorticity field.

Let us assume that, during a storm, surface wave packetsratte@ somewhat ran-
domly along the different rays that connect the storm to ¢éloeiver. These different wave
packets will not reach the receiver at the same time, andttieudirection of the incident
swell should fluctuate in time, with fluctuations of the ordétypical values ot visible in
Fig. [8. Our hypothesis is that propagation of wave packetsgathe various component
rays of the multipath in Fig[]8 results in thel0° fluctuations in incident angle shown
in Fig. [2(c) and2(d). To investigate this further we first werize the fluctuations in
direction induced by surface currents, using the twentys/eAOSCAR data to perform
a Monte Carlo computation. We then compare this predictiothé pitch-and-roll buoy
data.

a. Directional fluctuations in model based on OSCAR currents

To gather statistics on the deflection of the rays, we refeapoint-source analysis
of sectiord for each 5-day OSCAR surface velocity field recorded betw@etober 1992
and October 2011. From this extensive simulation, we comghe probability density
function (PDF) of the deflection anglé, which is defined as the angle between the ray at
arrival and the great-circle route. This PDFasé shown in figuré®(a) using four different
values of initial swell wavelength. The root-mean-square (rms) deflection is arourfd
for wavelengthA = 250m. The rms deflection decreases with increasing wavelength.
Indeed, longer waves are faster and thus less refracteddaegado the curvature equation
(I4): when considered as a functionéaf' \, the four PDFs collapse onto a single master
curve: see Figl]9(b). This collapse indicates an rms deflechgle proportional to the
frequency of the swell,

Orms= 218f, (19)
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Figure 9: (a) Probability density function of the deflectanmgle. The typical deflection is
around10°, which is consistent with the measurements of Manh&l. and the observation
of section2. Waves with larger wavelength are faster and less refra¢d he four PDFs
collapse onto a master PDF when considered a functiéw/of

with Oymsin degrees and in Hertz.

The order of magnitude of typical deflectiércan be understood as follows: accord-
ing to the curvature equatioh (14), when a ray crosses an wittlysize ¢ and typical
vorticity &, (see Fig[L1D), the direction of propagation is deflected bgragie

g~ St (20)
Uy
— 4y, 1)
g

wherev, = g/(47 f) has been used.

Out of the three current systems that refract the swell, t6€ Aas the most intense
vorticity (large &;) whereas the equatorial current has the largest eddiage(@®r The
subtropical frontal zone has weaker eddies with small sapelscan be neglected for this
rough estimate. Because the ACC is close to the source aritbfarthe receiver, the
ACC has a smaller impact on the deflectiéihan the equatorial current system: even
after strong refraction in the ACC, rays escape this firstanursystem rather close to the
source point. If the ACC were the only vortical refractonketn source and receiver, then
the observer would make only a small error in inferring theippon of the source. But
the equatorial current system is close to the receiver. tegaheddies bend some rays so
that they hit the receiver, which results in large valueg.dflence an order of magnitude
of 0 is given by the angular shift due to a few, or even one, eddiierefjuatorial current
system. With\ = 500m, and using = 400km and¢, = 10~5s™! for a typical eddy in the
equatorial current system, one obtains frém 1) 9°.

Although Kenyon'’s intuition that surface currents refrédoe swell was correct, he
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Figure 10: Bending of a beam of parallel rays by a strong Gansgortex { =
Eoexp(—(r/0)?), with &/+/gk = 5/ and/k = 40. In this illustration the vortex is
unrealistically strong in order to show the ray pattern;listia vortices produce much
smaller deflections.

focused on the time-averaged ACC and neglected both theagiaurrent and the role
of the eddies. The latter are crucial to explain the direaidluctuations due to OSCAR
currents. Indeed, to determine the role of the average misireve time-averaged the
twenty years of OSCAR data before simulating the same @uatee as in sectiofa: the
time-averaged surface currents produce a negligible digife| of the rays (typically
1.5° for A = 500 m), which shows that the strong fluctuations visible in fig8rare due
to the small-scale eddies, particularly their intenseieiyt and not to the time-averaged
currents.

b. Directional fluctuations in the pitch-and-roll buoy data

To gather statistics on the fluctuations tbfn the buoy data shown in Fig.] 2, we
analyzed 18 swell events recorded between 2004 and 200%e Ti8eevents were selected
because the signal was particularly clean i.e., there wavidence of multiple sources in
any of these 18 events. For each swell event, we removed the waue and the linear
trend in the incident angle signal. We consider the remgifiurctuating/(¢) as a function
of the peak frequency(t) instead of time. We divide the signal into small binsfin
and we compute the root-mean-squérer each bin. The result is displayed in Flg.] 11,
together with the predictions from the analysis of the OSGRRa. The rms value of
indeed shows a linear dependence with frequency, as peddiot refraction by surface
currents. More surprisingly, the prefactor of the lineawv ia very well captured by the
OSCAR data analysis. We were expecting to underestimateffibet of surface currents
using the coarse OSCAR data so the agreement in[Eig. 11 megfurtuitous. But the
orders of magnitude are definitely compatible.

The good comparison in Fig. 11 is also hostage to errors @ctional measurements
at NOAA station 46086. A significant uncertainty is that ticeeglerometers on NDBC 3m
discus buoys (such as buoy 46086) are known to be a littleynmisat least they are nois-
ier than accelerometers on Datawell Directional WavesiderReilly et al, 11996). The
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Figure 11: Root-mean-square fluctuations in incoming swi#ction measured by a
pitch-and-roll buoy, averaged over 18 storms, as a funabioswell frequencyf. Er-
ror bars are evaluated using the square root of the numbafwés in each frequency bin.
The dashed-line is the resdli (19) from the analysis of OSCAR.

discus-buoy noise is known to bias estimates of spread, drg dot influence estimates
of mean direction (O'Reillyet all, [1996). To further allay these concerns, the November
2007 case study has been repeated by Sean Crosby (persomalin@ation) using mea-
surements made by a Datawell buoy deployed at NOAA NDBCmtat6232 (32.53IN
and 117.4312W). Datawell buoys have the advantage of measuring acdéyrat¢h the
mean direction and the spread of the swell, using 26-milartg-samples. The Datawell
directional measurements are consistent with the NDBCltsesdirectional spread in-
creases in time as the peak frequency increases. The fliectsiah incident angle (or
“mean direction” signal) are greater than the Datawell @ateésel, and their magnitude in-
creases between the beginning and the end of the swell évsgde results are consistent
with our hypothesis that some part of the observed direatiinctuations is due to ray
bending by surface currents.

6. Discussion and conclusion

Because of refraction by surface currents, a storm and aegestation are con-
nected not only by the great-circle route, but by a multipathoundle of rays with an
angular width which is much larger than the angular widthhaf storm. Wave packets
travel on these many rays before reaching the receiver,halbeds to strong temporal
fluctuations in the incoming direction measured at the veeei The root mean square
fluctuations in the directional signal at pitch-and-rolblgut6086 are consistent with pre-
dictions using ray-tracing through the mesoscale voytigithe OSCAR dataset.

Most often, the fluctuations average out in time and the m@acttbn measured by
the buoy over several days coincides with the actual doeabf the storm. However,
mirages do occur. These rare events are observed when mibst sfvell from a single
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Figure 12: Interplay between surface currents and shalkdwinetry. (a) The black line

is the great-circle route. The blue and green rays connestdtirce to the receiving station
from Munk et al. (1963). They are deflected-hy0° by mesoscale vorticity at the equator.
The Northern ray hits Cortez bank, and does not reach thezezc&n observer sees only
the Southern ray and great-circle backtracking puts thececan Antarctica (dashed red
line). (b) Local bathymetry in meters near San Clementedslaortez bank blocks the
Northern ray.
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storm is deflected in the same direction. The mirage effectbeagreatly enhanced by
topography: if topographic features close to the greateiroute obstruct part of the ray
bundle, then the average direction of the incoming swelllmanery different from the
direction of the storm.

The historical case of Munét al. (1963) probably results from such an interplay be-
tween surface currents and topography, summarized fallpWmunk (2013) in the sim-
plified schematic Figl_12. We represent the great-circleertnetween a storm and the
receiver off San Clemente island, together with the extreags experiencing a refraction
of respectively+10° and—10° by mesoscale vorticity in the equatorial current. Now close
to the receiver is Cortez bank, a shallow bathymetric stinecthat selectively blocks rays
that travel North of the great-circle route without affectirays that approach from the
South. An observer therefore measures mostly wave pac&eisig from South of the
great-circle route, and infers a source on Antarctica.

Satellite observations provide modern confirmation of loaigge propagation of ocean
swell (Heimbach and H Imann, 2000; Colkerrdl,, [2009). But the source-location
problem remains an issue: recent inferences of storm setotew Munk et all (1963)
and backtrack along great circles. This ignores refradigrcurrents and the resulting
increase in the width of the swell beam. It is interesting theough the curvature formula
(d4), vorticity¢ emerges as a key environmental variable that controlsatedraof surface
gravity waves. NASA's Surface Water and Ocean Topograptejiga promises to greatly

improve resolution of mesoscale vorticity (Etial, 2012; Fu and Ferrari, 2008): better

wave forecasts might be an unexpected outcome of this missio
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List of Figures
1 Identification of two swell events recorded at NOAA StatéB086 in
the San Clemente basin. The “ramps” in a time-frequencygiptal the
arrival of swell from a distinct, distant source. Panel (a)wss the peak
spectral frequency as a function of time recorded for 14 dajovember
2007; we study the event occurring between the 6th and 10tlowémber.
Panel (b) shows the peak frequency as a function of time decofor 7
days in April 2007; we study the event between the 31st of kard the
BrAd OfADIIL « o o 3
2  Two swell events recorded at NOAA Station 46086 in the Sam€hte
basin. Panels (a), (c) and (e) correspond to a swell eventded in
November 2007, and panels (b), (d) and (f) to a swell everdrdsa in
April 2007. The top panels show the estimated peak frequéasya func-
tion of time. f increases linearly with time due to dispersive propagation
of surface waves. The middle panels show the incident anglgsored
clockwise from North by the buoy. The incident angle fluctisaaround
a mean value 0204° for panel (c) and224° for panel (d). The bottom
panels showthe SWHinmeters. . . .. ... .. ... ......... 0 a4
3  Color contours indicate significant wave height (SWH) inteng from
the ECMWF ERA reanalysis on October 30th, 2007, at midnighiTs
shown using a South Polar projection. The thick black linéhis sea-
ice limit. The solid black grid shows great-circle routesnfrthe NOAA
station 46086, and lines of constant range from this stafitwe red spot,
which is very close to the region of maximum SWH, indicatesgburce
inferred from swell recorded at Station 46086. . . . . . . . . ....... |5
4 A mirage: the swell recorded at NOAA station 46086 seemsitpnate
from New Zealand. The inferred location (the red dot) is @isped by ap-
proximatelyl10° of arc from the region of maximum SWH. Color contours
indicate SWH in meters for the ECMWF ERA reanalysis for thoerstof
March 23rd, 2007 at 6am GMT. The solid black grid shows gogate
routes from the NOAA station 46086, and lines of constangeafiom
IS DUOY. .« + v v e e e e e [ 6
5 Aray from a sourcé to a receiverR is not bent by a uniform currerdf.
The wave vectok is inclined to the ray-path so that part of the group ve-
locity compensates for advection by the current. For glatis schematic
shows a large value of the angle- « between the raykS andk. Realis-
tic surface currents are weak compared to the group velogiynd hence
B —aisatmostonedegree. . .. .. .. . ... ... 1 o
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Swell with A = 500m emitted by a point-source in the Southern Ocean.

This figure uses an azimuthal equidistant projection sodhest circles
passing through the receiver (and only these) appear aghdtliaes i.e.,

the dashed straight lines are great circles. The color steles vertical
vorticity of OSCAR surface currentg,in s—*. The thick-curve is a ray
that connects the source to the receiver. The thin curvds/arether rays.
Using great-circle backtracking (red dashed line), therigfd source is far

from the true source. . . . . . . . . .. D

For the thick ray in Fig.[J6 the ray curvature (blue) is almegtal to
the surface vorticity divided by group velocity (red dashethe smooth
black curve is low-pass filtered curvature. The strongdstcgon occurs
when the ray crosses the ACC and equatorial current. Weak®action
occurs as the ray transits the subtropical frontal zone.

A bundle of rays connects the source to the receiyer(500m). Blue
rays reach the receiver within 30 nautical miles. The red spbcates
the average inferred sourcdnsert: same analysis performed with an
extended source of radids, delimited by the red circle. The average in-
ferred source coincides with the center of the circle withinot shown).
This figure uses an azimuthal equidistant projection cedten the re-
ceiver and the color scale shows vertical vorticity of OSC#Rface cur-

rents,Eins . . L [h

(a) Probability density function of the deflection angléeTypical deflec-
tion is aroundl 0°, which is consistent with the measurements of Mehk
al. and the observation of secti@h Waves with larger wavelength are
faster and less refracted. (b) The four PDFs collapse ontasitenPDF
when considered afunction 6§/\. . . . ... ... .. ... ......
Bending of a beam of parallel rays by a strong Gaussiarex@rt=
Eoexp(—(r/0)?), with &/+/gk = 5/7 and¢k = 40. In this illustration
the vortex is unrealistically strong in order to show the pagtern; realis-
tic vortices produce much smaller deflections.

Root-mean-square fluctuations in incoming swell dlcesctneasured by a
pitch-and-roll buoy, averaged over 18 storms, as a funatioswell fre-
quencyf. Error bars are evaluated using the square root of the nuafiber
values in each frequency bin. The dashed-line is the rd&8)tftom the
analysisof OSCARdata. . . . ... ... ... .. ... ........
Interplay between surface currents and shallow bathym@l The black
line is the great-circle route. The blue and green rays odrthe source to
the receiving station from Munk et al. (1963). They are dédeédy+10°
by mesoscale vorticity at the equator. The Northern ray@igez bank,
and does not reach the receiver. An observer sees only thtbeSouay
and great-circle backtracking puts the source on Antadiiashed red
line). (b) Local bathymetry in meters near San ClementengslaCortez

bank blocks the Northernray. . . . . . .. .. ... ... ... ..... []
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