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In this paper we demonstrate under what conditions a pseudo-spin degree of freedom or character can be ascribed to Majorana bound states (MBS). These exotic states can be created at the
boundaries of non-interacting systems, corresponding to D, DIII and BDI in the usual classification
scheme, and we focus on one dimension. We have found that such a character is directly related to
the class of the topological superconductor and its description by a Z, rather than a Z2 , invariant
which corresponds to the BDI class. We have also found that the DIII case with mirror symmetry,
which supports multiple MBS, is in fact equivalent to the BDI class with an additional time-reversal
symmetry. In all cases where a character can be given to the Majorana states we show how to
construct the appropriate local operator explicitly with various examples. We also examine the
consequences of the Majorana character by considering possible hybridization of MBS brought into
proximity and find that two MBS with the same character do not hybridize. Finally, we show that
having this character or not has no consequence on the braiding properties of MBS.
PACS numbers: 73.20.-r, 73.63.Nm, 74.78.Fk

I.

INTRODUCTION

In his seminal 2001 paper, Kitaev introduced a simple
toy model of a 1d topological p-wave superconductor of
length L.1 Local Majorana operators were introduced by
decomposing each local annihilation and creation electronic operators cj and c†j at a given site j into a pair of
local Majorana operators defined by γa,j = (cj + c†j )/2,
γb,j = (cj − c†j )/2i. The topological phase is characterized by two localized Majorana fermions at both extremities of the chain. When the pairing and hopping
amplitudes are equal, the Majorana operators γa,1 and
γb,L decouple from the Hamiltonian. These are the zeroenergy modes characterized by Majorana operators γa,1
and γb,L . Although in this decomposition, the indices a, b
may appear somehow arbitrary (note also that a and b
can be exchanged), they are related to the trivial feature
that a Majorana operator is always built from two different fermionic operators in any realistic condensed matter Hamiltonian. One may wonder whether - and under
which conditions - we can associate to this label a kind
of pseudo-spin degree of freedom or ‘character’. In the
Kitaev chain, if a Majorana fermion of type ‘a’ is localized at one end of the chain, then necessarily a Majorana
fermion of type ‘b’ is localized at the other extremity.
In this paper, we will be focusing on non-interacting 1d
systems.
In order to attribute some physical meaning to this
‘character’, we are looking for a local operator V which
(i) anti-commutes with the Hamiltonian H, {H, V} = 0,
(ii) obeys V 2 = 1, and (iii) is unitary and thus distinct
from the particle-hole symmetry operator. Such an operator is an example of a chiral symmetry.2 The first
two properties ensure that the Majorana bound states
which can appear can be characterized as eigenstates of

V with two possible eigenvalues defining the aforementioned ‘character’ of the Majorana fermion. Moreover,
it follows that if the Hamiltonian has reflection symmetry, then these Majorana bound states will be localized
at the two boundaries. Any continuous change to the
Hamiltonian which does not close the gap and leaves the
symmetry intact will preserve this. Thus we always have
localized Majoranas with a definite character, provided
the above conditions are satisfied.
Since we focus on 1d particle-hole symmetric noninteracting systems, they belong to one of the following
three classes: BDI, D or DIII depending on the presence
or absence of different anti-unitary symmetries.3 These
symmetries are referred to as time-reversal symmetries
and at the single particle level satisfy T 2± = ±1 for
BDI/DIII and are absent for D. In systems belonging
to the topological class BDI, the symmetry associated to
the operator V is the composite of the time-reversal and
particle-hole symmetries and is also known as the chiral
symmetry, the existence of which is already well-known.2
We prove the equivalence between the chiral symmetry
and our character operator for this class. The character
however can also be viewed as a local property of the
MBS, a property we will extensively exploit to analyze
various examples. Each ‘type’ of Majorana is localized
on a different boundary of the system. In the class D, one
no longer has the symmetry which allows this classification. In 1d the existence of this character can be directly
related to the change in topological invariant from Z for
BDI to Z2 for class D as the possibility of having many
Majorana states at the end of a wire4 requires them to
have a well-defined character. This is because, as we will
demonstrate, Majorana states without such a character
generically destroy each other on contact, recombining to
form finite energy Dirac particles.
DIII topological superconductors are time-reversal in-
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variant and have a Z2 invariant.5–8 Thus generically they
behave like class D but with Kramer’s pairs of Majorana
states. However in addition to time-reversal symmetry
they can also still have a so called mirror symmetry M
where M2 = −1.5 We show that when [H, M] = 0 one
also has {H, V} = 0 and a character can be defined. In
these cases the same conclusions for the BDI class can be
applied to the Kramer’s pairs of Majorana bound states
and one can have many Majorana states. When this mirror symmetry is broken, then {H, V} =
6 0 and the DIII
class behaves like class D, which are both described by a
Z2 invariant. The possible existence of the many Majorana states in the presence of the mirror symmetry indicates that it should have a Z invariant,5 and we show that
this case is in fact equivalent to the BDI class with an additional time-reversal symmetry which does not change
the symmetry class. Note that we are not arguing simply
that the low energy sector is BDI, as can arise in some D
systems,4 but rather that in this case the full symmetry
of the Hamiltonian is BDI, and not DIII, without further
approximation. It has already been noted that multiple
particle-hole symmetries or time reversal symmetries of
the same type do not alter the classification scheme as the
multiple of, for example, two time-reversal operators is a
unitary operator.2 However this does not in itself decide
which class a system with two different types of time reversal symmetries belongs to, and consequently what its
topological invariant is. The simultaneous presence of
two different time-reversal symmetries is still ambiguous
in the Schnyder et al. classification scheme,2,3 and we argue here that this class should be properly thought of as
a subset of BDI. We prove that although the DIII class
also possesses a chiral symmetry this can not be related
to a character.
The interest in Majorana bound states is partially fuelled by their possible application to quantum
computing.1,9 To this end the non-abelian braiding properties of the Majoranas are key.10–12 We consider the implications for the braiding properties for Majorana states
which have no well defined character, where the usual
mapping to a Kitaev chain is modified. Majorana states
with definite character can be shown to either hybridize
to finite energy states, or to be protected and remain at
zero energy. Which of these occurs depends on whether
the Majoranas have the same character, when they are
therefore protected, or a different character when they
will hybridize. Majorana states which exist without character are much less robust and their mutual interaction
will, unless one can carefully tune the appropriate overlaps to zero, destroy the zero energy Majorana states.
The resulting finite energy states remain localized at the
edges, but do not retain the Majorana anti-commutation
relations which occur uniquely at zero energy. We go on
to demonstrate that the character or absence of it has no
known effects for the braiding properties of the Majorana
states. Indeed, as one wishes for the states which are to
be braided to hybridize between themselves, thus avoiding problems caused by degeneracies at zero energy, the

case where the full system allows a well defined character
needs to be avoided.
The paper is organized as follows. In Sec. II, we examine under which symmetry conditions we can build the
Majorana character. In Sec. III we demonstrate the consequences of the Majorana character by considering possible hybridization and destruction of Majorana bound
states brought into proximity. In Sec. IV we consider
the implications of Majorana character or its absence on
their braiding properties. We then summarize our results
and offer some perspectives in Sec. V.

II.

CHARACTERIZING MAJORANA STATES

Before characterizing the Majorana states, let us introduce our notations and conventions.

A.

Particle-hole symmetry operator and notations

We will use the Nambu basis throughout the paper:
(†)
= {c†j↑ , c†j↓ , cj↓ , −cj↑ }, where cjσ annihilates (creates) a particle of spin σ at a site j. The corresponding
wavefunction is ψjT = {uj↑ , uj↓ , vj↓ , vj↑ }. We will also
use τ~ to denote the Pauli matrices in the particle-hole
~ as the Pauli matrices in the spin subsubspace and σ
space. We confine ourselves to discussing only generic
Bogoliubov-de-Gennes Hamiltonians, H, which are antisymmetric under the particle-hole transformation C =
eiζ σ y τ y K̂, i.e. {H, C} = 0 and C 2 = 1. Here K̂ is
the complex-conjugation operator, and ζ is an arbitrary
phase which, without loss of generality, we will set to
zero for convenience. Therefore the Hamiltonians have
spectra (±1 , ±2 , . . . , ± d ), where d is the Hilbert space
2
dimension.
Now consider two eigenstates of the Hamiltonian ξ±1 ≡
ξ(±1 ) such that (H ∓ 1 )ξ±1 = 0. Let
X
ξ1 =
[ujσ cjσ − σvjσ c†jσ ] ,
(1)
Ψ†j

jσ

then by applying the particle-hole transformation
X
∗
ξ−1 =
[−σvjσ
cjσ + u∗jσ c†jσ ] .

(2)

jσ

Here σ =↑, ↓ should be taken as σ = ±1 whenever a
numerical value is required. If the system is in a topologically non-trivial phase then Majorana states will be
present at the boundaries.13–17 In the thermodynamic
limit, system size L → ∞, the energy of these states
goes to zero exponentially, limL→∞ 1 ∼ e−L/` , where
` is a constant. It is then always possible to construct
two Majorana states out of these degenerate solutions.
These Majorana states can be localized at each boundary, though naturally other bases are possible. As a
Majorana is its own anti-particle then a Majorana must
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be an eigenstate of C with an eigenvalue of magnitude
1, C |γi = eiζ̃ |γi. Once again we can always tune the
phase to be ζ̃ = 0 by changing the irrelevant overall phase of the eigenstates. Therefore if we calculate
the expectation value, with γ T ≡ {uj↑ , uj↓ , vj↓ , vj↑ } =
{uj↑ , uj↓ , u∗j↓ , −u∗j↑ }, then we find
| < γ| C |γ > | = |2

X

σujσ vjσ | = |2

j,σ

X

σ|ujσ |2 | = 1 .

j,σ

(3)
This is equivalent to imposing the appropriate anticommutation relations on the Majorana states. All nonzero energy eigenstates must satisfy
< ξn | C |ξn >=< ξn |ξ−n >= 0 .

B.

(4)

General symmetry considerations

The systems we consider generically possess the property that {H, C} = 0 with C 2 = 1. We assume that we
also have some V which satisfies {H, V} = 0 for a given
Hamiltonian H with V 2 = 1. Although the condition
| V |2 = 1 would be sufficient, as V and C must commute
the stronger condition V 2 = 1 is required. Additionally
the operator V should commute with all other symmetry
operators of the Hamiltonian. As the operators C and
V are assumed to be distinct and we have C λ = λ∗ C
where λ is a complex number and λ∗ the complex conjugate, V must satisfy V λ = λ V. Now let us suppose
we have two zero energy states ξ±1 , where as before for
a finite system zero energy really means exponentially
small in the system size. These states are related by
C ξ±1 = ξ∓1 and V ξ±1 = ξ∓1 , however C iξ±1 = −iξ∓1
and V iξ±1 = iξ∓1 . Constructing
the orthogonal Majo√
√
rana states γ1 = (ξ1 + ξ−1 )/ 2 and γ2 = i(ξ1 − ξ−1 )/ 2
we immediately have that C γ1,2 = γ1,2 but that V γ1 =
γ1 and V γ2 = −γ2 . The two eigenvalues ±1 define the
Majorana character.
There are three symmetry classes which we must consider. Firstly we have class BDI and class DIII which
have a time-reversal invariance operator, T ± , satisfying
[H, T ± ] = 0 and T 2± = ±1 respectively. Then we have
class D which has no time-reversal symmetry.

1.

Class BDI

For the BDI class, the anti-commutation relation
{H, V} = 0 and V 2 = 1 are ensured for V defined by
V = C T + . V is sometimes called the chiral or sub-lattice
symmetry. This symmetry allows one to assign a chiral
character to the Majoranas as we shall see, and this in
turn allows many Majorana states to exist at the end of
a wire without recombining. This is in agreement with
such a system having a Z invariant. In the simplest cases
T + = K the complex conjugation operator and many

other BDI cases can be transformed to this one by a
global transformation, see App. A.

2.

Class D

For class D, we find that it is not possible to assign a
character to the Majorana states and only a single Majorana can exists at one end of a topological wire. Such
a system has a Z2 invariant.
To prove this, let us assume that we can define an operator V that satisfies our requirements, namely: {H, V} =
[C, V] = 0 and V 2 = 1. Then we can define an operator T = C V. We see that such operator T must obey
[H, T ] = 0 and T 2 = 1. Therefore this means we are
in the BDI class and not in the D class as originally assumed. Therefore this proves that class D has no character. Physically this makes sense if we regard the Majorana character as allowing the coexistence of other Majorana bound states. As this is impossible in class D in
1d due to the Z2 topological invariant, there cannot be
any character in class D.

3.

Class DIII

For class DIII we shall consider two cases. Firstly if
we do not have mirror symmetry then the system is in
the same situation as for the D class and we still have
no character. The same proof as for the D case can be
given. We note that an operator defined by V̄ = C T −
2
can not be used as V̄ = −1.
The second DIII case corresponds to the Hamiltonian
having an extra-symmetry, a so-called mirror symmetry
introduced in Ref. 5. Mirror symmetry is defined by a
unitary operator M which commutes with the Hamiltonian, C and T − and also has M2 = −1.5 This is in fact
a Hamiltonian with the symmetry [H, T + ] = 0 in addition to the physical time-reversal invariance of the DIII
class [H, T − ] = 0. That mirror symmetry and simultaneous T ± symmetries are equivalent one can easily see
by the relation T + = T − M. It follows directly from the
properties of T − and M that [H, T + ] = 0 and T 2+ = 1,
which are of course the definition of T + . Similarly, if one
starts with T + and T − , it then naturally follows that
one can construct an operator M where [H, M] = 0 and
M2 = −1. The operator V remains the same as for the
BDI class and all properties of these states transfer to
the Kramer’s pairs. As before V = C T + .
This demonstration shows that a DIII system with a
mirror symmetry should be thought of as a member of
the BDI class instead. As multiple Majorana states are
possible, it must be characterized by a Z and not a Z2
invariant, as was recognised early in Ref. 5.
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In both cases we have defined the pairing as
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FIG. 1. (Color online) Schematics of a superconducting wire
a) in the presence of a perpendicular homogeneous magnetic
field B and spin-orbit coupling α and β, b) in the presence of
a rotating magnetic field B.

III.

i
1 Xh † d
Ψj ∆j Ψj+1 + H.c. .
2 j

CONSEQUENCES OF THE CHIRAL
MAJORANA CHARACTER ON
HYBRIDIZATION

(11)

t is the nearest neighbor hopping, µ a chemical potential,
the magnitude of the superconducting pairing
and ∆s,d
j
assumed to be induced by a proximity effect. The superconducting phase is κj . Additionally there is a magnetic
field of strength B,
X †
~ Ψj ,
HB = B
Ψj ~nj · σ
(12)
j

To investigate the robustness of the Majorana states
at the ends of a wire we will consider a ladder made by
two coupled wires, Hν with ν = 1, 2, described by the
Hamiltonian


H1 Hc
H=
.
(5)
Hc† H2
Hc is the coupling between the wires. As a first step we
diagonalize H1,2 using


N1 0
N=
(6)
0 N2
†
where N1,2
H1,2 N1,2 are diagonal. For Hν we introduce a
general one dimensional tight-binding Hamiltonian on L
sites

Hν = H0 + HB + Hso + Hs + Hd ,

τx + iτy
τx − iτy
+ ∆js,d e−iκj
.
2
2

(7)

There are already several possible experimental realizations of Majorana fermions, though definitive proof is still
lacking.18–22 The models introduced here are sufficient to
capture the essential physics of these various systems. In
Fig. 1 schematics of the wire systems are presented.
Suppressing for the moment the wire index µ, the hopping and chemical potential are

X †
t
H0 =
Ψj [(µ − t)τ z ] Ψj − Ψ†j τ z Ψj+1 + H.c. .
2
j
(8)
We consider two different forms of superconductivity induced by proximity to a substrate. Firstly we have swave superconductivity, for the BDI and D topological
superconductors,
X †
Hs = −
Ψj ∆sj Ψj .
(9)
j

For DIII we consider d-wave superconducting pairing
induced by proximity with a dx2 −y2 superconducting

which can locally vary its orientation in a direction given
by the unit vector ~nj .23–25 Such a magnetic field could
for example be created by considering local magnetic
moments of magnetic adatoms on a superconducting
surface.26–33 For class DIII we must have B = 0 for timereversal invariance.
Finally we can have spin-orbit coupling
i
X1h †
Hso = −
Ψj (iασ y + iβσ x )τ z Ψj+1 + H.c. . (13)
2
j
Both Rashba and Dresselhaus terms are present, given
in a low-energy approximation by ασ y and βσ x respectively. In this approximate form there is no difference
between the effects of Rashba and Dresselhaus couplings
and a global spin rotation around the z direction suffices
to align the spin-orbit coupling along, for example, σ y .
Note that in this model all terms except for the magnetic
field and spin-orbit coupling are invariant under a global
spin rotation. We set t = ~ = a = 1, where a is the
lattice spacing.
The inhomogeneous magnetic field, which can vary its
direction arbitrarily, can be described by a unit vector
~nj = (cos ϑj sin ϕj , sin ϑj sin ϕj , cos ϕj ) ,

(14)

though we will generally focus on examples where
ϕj = 2πkϕ (j − 1)andϑj = 2πkϑ (j − 1) .

(15)

We are interested in two different cases with either spinorbit coupling or inhomogeneous magnetism, though the
composite can also be considered.34
If both wires are assumed to be in the topological
regime then the matrix elements of N1† Hc N2 which couple the topological edge states to the bulk states are
small, and the problem approximately decouples into a
bulk and edge part. We are only interested in the Majorana states and so we focus on the effective Hamiltonian


−1
0 M−− M−+
1 M+− M++ 
 0
Hγ =  ∗
.
(16)
∗
M−− M+−
−2
0 
∗
∗
M−+ M++
0
2
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The matrix elements are given by
Mab = hξ(a1 )|Hc |ξ(b2 )i ,

(17)

where H1,2 ξ(a1,2 ) = a1,2 ξ(a1,2 ) with a = ±1 and
limL→∞ 1,2 → 0. We will now explicitly use this last
property, setting 1,2 ≈ 0. The eigenvalues of Eq. (16)
are then


2
2
2
2
(18)
λ4 − λ2 |M++ | + |M+− | + |M−+ | + |M−− |
2

+ |M++ M−− − M+− M−+ | = 0 .
Eq. (16) can also be written in the Majorana state basis, which appears the same after a substitution of the
eigenfunctions. We use both formulations in the following arguments. When all four matrix elements vanish,
then all four Majorana states survive. When only the
O(λ0 ) term vanishes then only two Majorana states survive, this is a finely tuned example and is not usually
seen. The extension to cases where there are more than
two zero energy states in the wires is straightforward and
we do not give it explicitly.
The overlap can be written for eigenstates ±ν where
ν± ν± ν±
(ψjν± )T = {uν±
j↑ , uj↓ , vj↓ , vj↑ } explicitly as
X [t0i,j ]σσ0 


1a ∗
2b
u1a
u2b
iσ − viσ
jσ 0 + vjσ 0
2
i,j;σσ 0


1a ∗
2b
+ u1a
u2b
(19)
iσ + viσ
jσ 0 − vjσ 0
X ij
≡
Mab .

Mab = −

i,j

We have used a coupling of the form
X †
Hc = −
Ψνi t0i,j τ z Ψν̄j ,

(20)

ν,i,j

which obeys particle-hole symmetry and has spin structure t0 . In order for this matrix element to vanish it is
sufficient that there is the same chiral Majorana character on any pair of two coupled sites belonging to the
two wires and that t0 does not break the chiral symmetry. This is one of the most robust ways to make the
overlap vanish, though it is not the only possible way.
This is clearest for the case where Sjy = 0 and κj = 0,
then the eigenstates of the Hamiltonian are real and the
Majoranas are purely real at one end of the wire and
ij
imaginary at the other. Therefore all Mab
= 0 provided
0
ti,j is short ranged and does not extend along the entire system. This argument extends directly to all planar
spin textures and homogeneous superconducting phases,
as the required transformations do not alter Mab .
A.

Coupling BDI wires

We can now consider a variety of different scenarios starting with coupling BDI wires. First, by taking
~nj = {0, 0, 1} and βν = 0, with α1 = ±α2 > 0 we can

flip the chiral character of Majoranas in the wire 2 by
changing this sign. Note that flipping α → −α is not the
only way of reversing the Majorana character, shifting
from µ =→ 2 − µ has the same effect. By varying the
coupling between the wires, t0i,j , we find the conditions of
destroying the Majorana states. Second, by coupling the
two wires at one single point, we can consider two wires
of different types joined end to end. By calculating the
hybridization of Majorana states in disconnected wires
when they are brought together, it is possible to predict
under what conditions Majoranas destroy each other or
co-exist, and to relate this to the Majorana’s character.
The same situation exists if we have αν = βν = 0 and
a varying magnetic field confined to a plane, as can be
seen in 2d arrays.35,36
If {H, V} 6= 0 then only for fine tuned examples can we
have Mab = 0. Generically the Majoranas will hybridize
and gain a finite energy. This follows from the obserij
vation that Mab
is no longer fixed to zero and therefore
Mab = 0 requires either a careful cancellation in the sum
over position or a tuning of the coupling t0i,j . In this case
the full system is in the D class, even though each wire
separately is BDI and the coupling can be trivial.
Although it is true to say that Majorana states with
the same character will not hybridize, if they have opposite chiral character the overlap emphcan still be zero,
again this requires some fine tuning. For example if
µ1 = 0 and µ2 = 2 with all other quantities being equal
between the wires, then the Majorana states of the independent wires will be orientated in opposite ways. Consequently in one wire the state V = 1 will be on the left and
in the other wire it is the V = −1 state that will be on the
left. Provided t0i,j = t0 δij we still have Mab = 0. A small
amount of disorder is however enough to couple the states
giving Mab 6= 0. This is an example of weakly protected
topological states in a topologically trivial phase, referred
to elsewhere as hidden symmetry.37 In fact if {H, V} =
6 0
then Mab = 0 due to two possible reasons. Firstly there
can be an emergent symmetry in the low energy sector in
which case effectively we recover {H̃, V} = 0 for an approximate low energy Hamiltonian H̃, and secondly we
can have some form of fine tuning of the coupling or weak
topology.
The case where we have both [H, T − ] = 0 and
[H, T + ] = 0 is similar to the simple BDI case where
the states now exist in Kramer’s pairs protected by the
T − symmetry. For example a system with d-wave pairing, Rashba spin-orbit coupling, and no magnetic field,
i.e. Hν with B = ∆sj = 0 has both [H, T + ] = 0
and [H, T + ] = 0. It can support multiple Kramer’s
pairs of Majorana states at each end with a character
V = C T + = σ y τ y . Breaking T − takes us back to the
usual BDI case with no Kramer’s pairs. Breaking T + destroys the symmetry protecting the multiple Majoranas
and we can have only a single Kramer’s pair at each end
of the wire.
We can summarize the findings in the following way.
For wires in the BDI class then the Majorana states are
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protected provided the ladder has the same symmetry
and the wires are weakly coupled. Strong coupling can
drive the system through a topological phase transition
back to a topologically trivial regime. This is not possible
with weak coupling as the topological phase transition
requires a closing of the bulk gap. If the symmetry is
broken then all the Majorana states are normally gapped,
though if the ladder remains topologically nontrivial then
a single Majorana at each end survives.

B.

Coupling D and DIII wires

If we start with wires with D symmetry then, except
for very carefully tuned examples, the Majorana states
are unprotected and become gapped. The DIII case is
essentially similar to the D case. We remind the reader
that the DIII symmetry with mirror symmetry is considered as a subset of BDI (see Sec. II).
If we have two wires with slowly varying superconducting phases κj , where the variation is confined to the
bulk of the wires then we are in the D class. Now as we
can locally define a character at a single end of the ladder we should be able to have multiple Majorana states,
although we are in D. In fact such a situation has an effective low energy theory in the BDI class and the Majoranas can only survive to the extent that one can neglect
the corrections to this effective model which lift it out of
the BDI class.

C.

Coupling Kitaev chains

If we consider coupling Kitaev chains rather than full
spinfull Hamiltonians then we can consider other possibilities. One can define a time-reversal operator which
operates in the sublattice space of the ladder, T − = λy K
where λx,y,z are Pauli matrices operating in the ladder
subspace. It is then possible to construct DIII ladders
from D wires and BDI ladders from BDI wires, additionally we can impose the mirror symmetry in this second
case. With the mirror symmetry the many possible Majorana states which can be formed at the end of a wire
are protected. For class D the states are in fact protected
by the time-reversal invariance of the DIII ladder, if this
is broken then they will become gapped as predicted by
the absence of a well defined character.
We now give explicit examples. The full system Hamiltonian can be written as

H=

H1 0
0 H2

ν

tνij and superconductivity ∆νij eiφij , are
X †
Hν =
Ψνj µν τ z Ψνj
+

X
ij

+ Hc .

(21)

The wires, where we have included longer range hopping

Ψ†νi



ν
∆ij

ν

0
ν

−e−iφij

eiφij
0


−

tνij τ z


Ψνj .

where Ψ†νj = {c†νj , cνj }, where cνj annihilates (creates) a
spinless particle at a site j on wire ν. We also introduce
Ψ†j = {Ψ†1j , Ψ†2j }. This chain can support two Majorana
bound states when its symmetry class is D, and many
Majorana bound states when its symmetry class is BDI.
If we consider two BDI wires with the symmetry
{Hν , V} = 0 where in this case V = τ x , then provided
{H, V} = 0 all Majorana states are protected and the full
system is still BDI. For example
X †
Hc = t0
Ψj λx τ z Ψj .
(23)
(†)

j

A coupling which breaks {H, V} = 0, or a combination
for different BDI wires which breaks this symmetry, ends
up in a D ladder with no Majorana states surviving. Note
we are by construction in the topologically trivial regime
of the D ladder.
We can also construct a coupling which gives us the
effective time-reversal invariance, [H, T − ] = 0, for T − =
λy K, given by
X †
Hc = ∆0
Ψj λy τ z Ψj .
(24)
j

If the wires we couple are in the BDI class then this
extra symmetry corresponds to mirror symmetry in the
ladder Hamiltonian, and we have many Kramer’s pairs of
Majorana states. If we couple D wires then we have no
mirror symmetry and only a Kramer’s pair of Majorana
states is possible, in agreement with the symmetry class.
Note that in this case the Majorana bound states of the
uncoupled D chains survive as the Kramer’s pair in the
DIII ladder, they are protected by the time-reversal invariance. Longer range coupling between the wires does
not change these conclusions.
We have extensively checked all the results of the analysis in this section, which is based on the hybridization
of the zero energy states inside the gap, by performing
an exact scaling analysis on the low energy states as a
function of system size. Numerically solving the tight
binding Hamiltonian Eq. (20) we can unambiguously test
whether the Majorana states survive. In all cases, provided inter-wire coupling is weak t0 . t/5, the results are
all verified.
IV.



(22)

j

BRAIDING CHARACTERLESS
MAJORANAS

To understand if the characterless Majoranas
({H, V} 6= 0 ) would braid differently we consider a
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generic example of such states and map the corresponding model to the Kitaev model. In the limit of large
magnetic fields it is possible to map the spinfull problem
to a simpler low-energy model similar to a Kitaev
chain.11 First we consider the continuum limit of our
model for slowly varying magnetic fields. After a gauge
transformation which fixes the local spin direction to
be parallel to the magnetic field, see App. B, we have a
homogeneous Hamiltonian with a vector potential. The
~ r) = U † (~r)∇U(~r). This
vector potential is defined as A(~
can be understood as the term which appears in the
lowest order expansion of the effective spin-orbit term
~ R
~ i ) where R
~ i is the real space position of the
Sij ≈ ~δ · A(
i site and once again ~δij is the nearest-neighbour hopping
vector from j to i. Naturally, for the one-dimensional
systems considered here, such terms are non-zero only
along the x-direction. We find
~ j ) = i [∂x ϕσ y + ∂x ϑ (cos ϕσ z − sin ϕσ x )] . (25)
Ax (R
2
The Hamiltonian, Eq. (7) with α = β = ∆dj = κj = 0
and ∆sj = ∆, then becomes
XZ
†
z
H≈
dxψσ,x
[ˆ
 − µ + Bσσσ
] ψσ,x
σ

Z
−∆
dxψ↓,x ψ↑,x + H.c.
(26)
Z
1
+ dxψ↑,x [∂x ϕ − i∂x ϑ sin ϕ] ∂x ψ↓,x + H.c. .
2
2
/(2m) and the diagonal contribution to the
ˆequiv − ∂xx
gauge potential has been neglected. At low energy, and
for sufficiently small spin-orbit terms this can be mapped
to a spinless model via

∂x ϕ − i∂x ϑ sin ϕ
∂x ψx and
2B
∼ ψx

ψ↑,x ∼
ψ↓,x

resulting in the effective single band model
Z
H∼
dxψx† [ˆ
 − µeff ] ψx
Z
−
dx|∆eff |e−iφeff ψx ∂x ψx + H.c. .

(27)

(28)

The effective parameters are
µeff = µ + B ,

∆ 
∂x ϕ2 + ∂x ϑ2 sin2 ϕ , and
|∆eff | =
2B
∂x ϑ sin ϕ
φeff = tan−1
.
∂x ϕ

(29)

We have an effective Kitaev model with a spatially varying superconducting pairing and phase.
As an example we consider a combination of a precessing and rotating field, given by Eq. (15), which gives rise

to characterless Majoranas ({H, V} 6= 0 ). The effective
parameters become

2π 2 ∆  2
kϕ + kϑ2 sin2 (2πkϕ x) , and
B
kϑ sin(2πkϕ x)
= tan−1
.
kϕ

|∆eff | =
φeff

(30)

However such a phase variation plays no role in the braiding properties of the states, and can be deformed continuously without affecting the results, provided the gap is
not closed.10,11 Thus we would expect that at a junction
of three wires, the braiding operations with such characterless Majorana states remain the same as those predicted for the simpler ({H, V} = 0) models. Moreover,
our observation re-enforces the fact that the braiding of
the Majorana states should not be affected by magnetic
impurities.
V.

CONCLUSIONS

We have investigated the possibility of characterizing
the Majorana bound states which occur in topological
superconductors. We find two distinct cases. On the one
hand, which we call case (A), we have all systems with
a time-reversal symmetry whose anti-unitary operator
squares to 1. This is the BDI class. We found that this
class also includes time-reversal invariant systems with a
mirror symmetry (which was originally considered as a
subset of the DIII class with mirror symmetry5 ). This
includes for example all s-wave and d-wave superconductors with spin confined to a plane and a homogeneous
superconducting phase. In these systems it is possible to
find an operator V which satisfies the anti-commutation
relation {H, V} = 0, and to unambiguously identify a
Majorana character, and thus two different types of Majorana states. These are the eigenstates of V with eigenvalues ±1. States with opposite character are localized
and well separated. We have provided several examples
of systems in which writing down the V operator is possible, as well as the explicit form of the Majorana character
operator for each example. It is also possible for the spin
degree of freedom to be replaced by a sub-lattice degree
of freedom, the same arguments then apply.
For case (B) where no operator V satisfies {H, V} = 0,
it is impossible to ascribe a character to the Majorana
states, these are the D and DIII topological superconductors. We want to point out however that the labelling
of the Majorana states, associated with their character,
can be extended to systems where the properties hold
at least locally, for example to SNS ring junctions along
which the superconducting phase varies slowly, or to SNS
junctions with different SC phases in the two SC regions.
In as much as the conclusions of the character can still be
applied there is a low energy effective theory in a higher
symmetry class (BDI).
We have also considered the consequences of the existence of the two types on Majoranas on their hybridiza-
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tion/scattering and braiding properties. For case (A) it
can be shown that states with opposite character can hybridize, destroying each other, whereas states with equivalent character can not hybridize provided {H, V} = 0
holds. This is in agreement with the expectations from
the topological invariant. Case (A) is always in the BDI
class. In 1d BDI has a Z invariant, allowing for multiple Majorana bound states at a single end. For case
(B) hybridization to a finite energy state is the norm,
the exceptions being all finely tuned, though not impossible to find, examples. We note that case (B) is in fact
the desired behaviour for braiding of Majorana states at
junctions of wires. That the existence of multiple Majorana states is not possible is in agreement with the system
being described by a Z2 invariant.
We have also considered the implications of case (B) on
the braiding properties of the Majorana states by mapping one characteristic ({H, V} 6= 0) model to a Kitaev
chain with inhomogeneous superconducting phase. We
find that the non-abelian braiding remains intact. A
good confirmation of this would be a numerical analysis of braiding on characterless Majorana bound states.
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If we focus on a spinfull Bogoliubov-de Gennes (BdG)
Hamiltonian with only real elements, (see for example the
Hamiltonian in Eq. (7) where the superconducting phase
is zero and the spin is confined to the xz-plane), then
V takes a particularly simple form: V = σ y τ y . That V
anti-commutes with the Hamiltonian follows immediately
from the particle-hole symmetry and the realness of the
Hamiltonian. In this case T + = K and therefore V =
C T + is satisfied.
By rotating from the trivial case we can find the generic
operator V. We start with a system with some generic
spin density which is confined to a plane. Consider a
global rotation between two orthonormal bases ψ̃ = Tψ
T=e

e

y
− iφ
2 σ

τ0 .

V = (cos[θ]σ y − sin[θ] cos[φ]σ x − sin[θ] cos[φ]σ z ) τ y ,
(A2)
acting locally in space (the spatial dependence will be
suppressed where it is not explicitly required). The rotations in spin space, along with the change of phase between the particle and hole spaces which follows, define
the full 6-d space in which the set of possible V operators
exist.
An arbitrary but homogeneous superconducting phase
of κ requires the transformation V → G† V G where
 iκ/2

e
0
0
0
 0 eiκ/2
0
0 

(A3)
G=
−iκ/2
 0
0 e
0 
0
0
0
e−iκ/2
is the gauge transformation which sets the superconducting phase to zero in the Hamiltonian.
As we have a universal planar spin density then the
angles θ and φ can be calculated from two, non-parallel,
~1,2 ,
spin vectors at different spatial points. Let these be S
then the spin density is confined to the plane perpendicular to the unit vector
n̂s =

~1 × S
~2
S
,
~1 × S
~2 |
|S

(A4)

and passing through the point (0, 0, 0). The necessary
rotation is that which turns this into ŷ, so that the spin
density is confined to the xz plane and the Hamiltonian
is real. Therefore we can write
n̂s = (sin θ cos φ, cos θ, sin θ sin φ) ,

(A5)

from which we can calculate θ and φ. We can therefore
rewrite the operator, Eq. (A2), as

Appendix A: Planar spin configurations

z
− iθ
2 σ

the ‘original’ basis of our problem, {ψi }. Then from
{H̃, Ṽ} = 0 with Ṽ = σ y τ y we have V = T† ṼT resulting
in

(A1)

We rotate the Majorana polarization from a basis in
which the spin is confined to the xz-plane, {ψ̃i }, to

~∗ ·
V = −τ y σ

~1 × S
~2
S
,
~1 × S
~2 |
|S

(A6)

~ ∗ refers to the complex conjugate of
where naturally σ
~ . Global changes to the superconducting phase can be
σ
trivially incorporated, and we do not add them here explicitly for the sake of clarity.

Appendix B: Gauge transformation for magnetic
inhomogeneity

To understand why a spatially varying magnetic field
can generate Majorana states it is helpful to make a
gauge transformation and find the spin-orbit like terms
which are generated by the gauge potential.40,41,27,42
This procedure is well known, but we repeat it here
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for clarity and completeness. This gauge transformation rotates the spin direction to that defined locally
by the magnetic field. In such a basis the particles
have anPeffective spin-orbit like coupling. A rotation
Ψjσ = σ0 U j,σσ0 Ψ̃jσ0 which diagonalizes the magnetic
field term such that
U †j ~nj

~ Uj = σ
·σ

z

The new interesting term is generated in addition to H̃0
by the contributions like c̃†i U †i U j c̃j and is

H̃so = −

(B1)

t
2

X

ij
z
Ψ̃†iσ Sσσ
0 τ Ψ̃jσ 0 ,

(B5)

<i,j>,σσ 0

is
U j = e−

iϑj
2

σz −

e

iϕj
2

σy

τ0 .

(B2)

where

This gauge transformation results in the Hamiltonian
H0 + HB + Hso + Hs → H̃0 + H̃B + H̃so + H̃s .

(B3)

The last term is generated by the gauge transformation
from the hopping in H0 . The s-wave pairing term is invariant under such a rotation. We note that d-wave pairing would be modified, a case we do not consider here. By
construction HB → H̃B , a diagonal homogeneous magnetic field. More explicitly
X †
Ψ̃j [(µ − t)τ z + Bσ z − ∆τ x ] Ψ̃j
H̃0 + H̃B + H̃s =
j

−

∗
1
2

3

4

5

6

7

8

9

10
11

12

13

14
15
16

t X † z
Ψ̃ τ cos ϕij cos ϑij Ψ̃j . (B4)
2 <i,j> i

nsedlmayr@hotmail.com
A. Y. Kitaev, Physics-Uspekhi 44, 131 (2001).
S. Ryu, A. P. Schnyder, A. Furusaki, and A. W. W. Ludwig, New Journal of Physics 12, 065010 (2010).
A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Ludwig, Phys. Rev. B 78, 195125 (2008).
S. Tewari and J. D. Sau, Phys. Rev. Lett. 109, 150408
(2012).
F. Zhang, C. Kane, and E. Mele, Phys. Rev. Lett. 111,
056403 (2013).
F. Zhang, C. Kane, and E. Mele, Phys. Rev. Lett. 111,
056402 (2013).
C. L. M. Wong and K. T. Law, Phys. Rev. B 86, 184516
(2012).
X.-J. Liu, C. L. M. Wong, and K. T. Law, Phys. Rev. X
4, 021018 (2014).
C. Nayak, S. H. Simon, A. Stern, M. Freedman, and
S. Das Sarma, Rev. Mod. Phys. 80, 1083 (2008).
D. A. Ivanov, Phys. Rev. Lett. 86, 268 (2001).
J. Alicea, Y. Oreg, G. Refael, F. von Oppen, and M. P. A.
Fisher, Nat Phys 7, 412 (2011).
Y.-L. Wu, B. Estienne, N. Regnault, and B. A. Bernevig,
Phys. Rev. Lett. 113, 116801 (2014).
S. Ryu and Y. Hatsugai, Phys. Rev. Lett. 89, 077002
(2002).
M. Sato, Phys. Rev. B 79, 214526 (2009).
M. Sato and S. Fujimoto, Phys. Rev. B 79, 094504 (2009).
R. M. Lutchyn, J. D. Sau, and S. Das Sarma, Phys. Rev.
Lett. 105, 077001 (2010).

−
+
−
x
Sij = iσ y sin ϕ−
ij cos ϑij − iσ sin ϕij sin ϑij
−
+iσ z cos ϕ+
ij sin ϑij ,

(B6)

±
and we have defined ϕ±
ij = (ϕi ± ϕj )/2 and ϑij =
(ϑi ± ϑj )/2. In 2-d systems a mapping between simple
magnetic fields varying in the defined manner and spinorbit coupling is not possible.36 For the 1-d systems we
will focus on here it is straightforward.

17

18

19

20

21

22

23

24

25

26

27

28

29

Y. Oreg, G. Refael, and F. von Oppen, Phys. Rev. Lett.
105, 177002 (2010).
V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P.
A. M. Bakkers, and L. P. Kouwenhoven, Science 336,
1003 (2012).
M. T. Deng, C. L. Yu, G. Y. Huang, M. Larsson, P. Caroff,
and H. Q. Xu, Nano Letters 12, 6414 (2012).
A. Das, Y. Ronen, Y. Most, Y. Oreg, M. Heiblum, and
H. Shtrikman, Nat Phys 8, 887 (2012).
E. J. H. Lee, X. Jiang, M. Houzet, R. Aguado, C. M.
Lieber, and S. De Franceschi, Nature Nanotechnology 9,
79 (2014).
S. Nadj-Perge, I. K. Drozdov, J. Li, H. Chen, S. Jeon,
J. Seo, A. H. MacDonald, B. A. Bernevig, and A. Yazdani,
Science 346, 602 (2014).
S. Gangadharaiah, B. Braunecker, P. Simon, and D. Loss,
Phys. Rev. Lett. 107, 036801 (2011).
M. Kjaergaard, K. Wölms, and K. Flensberg, Phys. Rev.
B 85, 020503 (2012).
I. Martin and A. F. Morpurgo, Phys. Rev. B 85, 144505
(2012).
T.-P. Choy, J. Edge, A. Akhmerov, and C. W. Beenakker,
Phys. Rev. B 84, 195442 (2011).
S. Nadj-Perge, I. K. Drozdov, B. A. Bernevig, and A. Yazdani, Phys. Rev. B 88, 020407 (2013).
J. Klinovaja, P. Stano, A. Yazdani, and D. Loss, Phys.
Rev. Lett. 111, 186805 (2013).
B. Braunecker and P. Simon, Phys. Rev. Lett. 111, 147202
(2013).

10
30

31

32

33

34

35

M. Vazifeh and M. Franz, Phys. Rev. Lett. 111, 206802
(2013).
Y. Kim, M. Cheng, B. Bauer, R. M. Lutchyn, and
S. Das Sarma, Phys. Rev. B 90, 060401 (2014).
K. Pöyhönen, A. Westström, J. Röntynen, and T. Ojanen,
Phys. Rev. B 89, 115109 (2014).
A. Heimes, P. Kotetes, and G. Schön, Phys. Rev. B 90,
060507 (2014).
J. Klinovaja, P. Stano, and D. Loss, Phys. Rev. Lett. 109,
236801 (2012).
D. Wang, Z. Huang, and C. Wu, Phys. Rev. B 89, 174510
(2014).

36

37

38

39

40
41

42

N. Sedlmayr, J. M. Aguiar-Hualde, and C. Bena, Phys.
Rev. B 91, 115415 (2015).
E. Dumitrescu, T. D. Stanescu, and S. Tewari, Phys. Rev.
B 91, 121413 (2015).
E. Dumitrescu, G. Sharma, J. D. Sau, and S. Tewari,
“Equivalence of topological mirror and chiral superconductivity in one dimension,” (2015), arXiv:1501.00985.
C.-K. Chiu, J. Teo, A. Schnyder,
and R. S.,
arXiv:1505.03535 (2015).
F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).
B. Braunecker, G. I. Japaridze, J. Klinovaja, and D. Loss,
Phys. Rev. B 82, 045127 (2010).
J. Klinovaja and D. Loss, Phys. Rev. X 3, 011008 (2013).

