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Abstract: We propose a new entry within the dictionary of the AdS/CFT duality at
strong coupling: in the limit of a large spin or a large R-charge, the anomalous dimension
of the gauge theory operator dual to a semiclassical rotating string is proportional to the
string proper length. This conjecture is motivated by a generalization to strings of the
rule for computing anomalous dimensions of massive particles and supergravity fields in
the anti-de Sitter space. We show that this proportionality holds for a rotating closed
string in global AdS space, representing a high spin operator made of fields in the adjoint
representation. It is also valid for closed strings rotating in S 5 (representing operators
with large R-charge), for closed strings with multiple AdS spin, and for giant magnons.
Based on this conjecture, we calculate the anomalous dimension δ of operators made of
fields in the fundamental representation, associated with high spin mesons, and which
are represented by rotating open strings attached to probe D7-branes. The result is a
√
logarithmic dependence upon the spin, δ ∼ λ ln S, similar to the closed string case. We
show that the operator properties — anomalous dimension and spin — are obtained from
measurements made by a local observer in the anti-de Sitter space. For the open string
case, this ensures that these quantities are independent of the mass scale introduced by
the D7-branes (the quark mass), as expected on physical grounds. In contrast, properties
of the gauge theory states, like the energy, correspond to measurements by a gauge theory
observer and depend upon the mass scale — once again, as expected.
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1

Introduction

Anomalous dimensions of high spin operators are important ingredients of gauge theories.
In perturbative QCD, the anomalous dimension grows with the logarithm of the spin. This
property played an essential role in the analysis of the approach to Bjorken scaling in deep
inelastic scattering, for |q 2 | → ∞ , as a consequence of asymptotic freedom [1, 2]. The
logarithm dependence for high spins appears to be valid at all loop orders [3–5].
At strong coupling, it is possible to investigate gauge theories using the gauge/string
duality [6–8]: for the case of N = 4 supersymmetric Yang Mills (SYM) theory, the
AdS/CFT correspondence provides a ‘dual’ description in terms of a string theory living in
the AdS5 ×S5 space-time. This in particular allows one to compute the anomalous dimensions of high-spin operators at strong coupling [9]. Within the context of the pure-gauge
N = 4 SYM theory, such operators are exclusively built with fields in the adjoint representation of the gauge group SU(N ). Specifically, ref. [9] computed the anomalous dimensions

of high-spin, twist-two, operators like Tr φI D(µ1 ... DµS ) φI via studies of the corresponding
‘dual’ object — a semiclassical closed string rotating in global AdS5 space-time. Within
this duality, time translations in global AdS5 correspond to dilatations in the gauge theory.
Accordingly, the conformal dimension ∆ of the gauge-theory operator can be identified
√
with the energy of the rotating string. In the high-spin limit S ≫ λ, this method yields
a logarithmic dependence of the anomalous dimension δ = ∆ − S upon the spin S, which
is similar to that found in perturbation theory (in both QCD and N = 4 SYM):
√


λ
S
ln √
δ = ∆−S ≃
,
(1.1)
π
λ
2 N is the ’t Hooft coupling and g
where λ = gYM
YM is the coupling of the gauge theory.
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3 Testing our conjecture versus closed strings
3.1 Closed string with high spin
3.2 Closed string with large R-charge
3.3 Multi-spin closed string
3.4 Giant magnon

Within perturbative QCD, a similar behavior at large S holds also for the twist-two
operators built with quark fields in the fundamental representation of SU(N ), with the
general structure
OS = Ψ̄ γ (µ1 Dµ2 . . . DµS ) Ψ ,
(1.2)

1

Indeed, within the planar limit N → ∞ under consideration, a Wilson loop in the adjoint representation
is equal to the square of the same loop in the fundamental representation; hence, fadj (λ) = 2ffdt (λ).
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where Ψ denotes the quark field. Once again, one expects this logarithmic behavior δ ∝ ln S
for S → ∞ to hold to all orders in perturbation theory, and also at strong coupling (at
least, within gauge theories involving matter fields in the fundamental representation and
for which the strong coupling limit is clear to make sense, like the N = 2 Yang Mills theory
that we shall focus on in this work). Besides explicit calculations in perturbation theory
at low orders, there are solid non-perturbative arguments in that sense.
One such an argument comes from the relation between the anomalous dimension of
twist-two operators with high spin S and the anomalous dimension of a cusp in a light-like
Wilson line [3, 4]: the coefficient f (λ) in the asymptotic expression δ ≃ f (λ) ln S for δ at
large S coincides with the cusp anomalous dimension. This relation is conjectured to hold
regardless of the value of the coupling and for any gauge-group representation of the matter
fields within the structure of the operator. (This has been checked in perturbation theory
in many gauge theories, including non-supersymmetric ones, and also at strong coupling
in the context of N = 4 SYM [10–14].) If extrapolated at strong coupling, it predicts that
the anomalous dimension of the quark-antiquark operator in eq. (1.2) at large S should be
half1 of the corresponding result for an adjoint operator, as shown in eq. (1.1).
Another compelling argument comes from the geometrical interpretation, proposed
in [15], for the ln S-dependence of the anomalous dimension δ at large S, and also for its
relation to the cusp anomaly. Once again, this interpretation is expected to hold for any
value of the coupling and irrespective of the gauge-group representation.
Notwithstanding, it would be interesting to have a direct calculation at strong coupling of the anomalous dimensions associated with high-spin operators involving fundamental matter fields, cf. eq. (1.2). In this paper, we shall propose a method in that sense,
based on the study of rotating open strings in the AdS5 ×S5 space-time represented in
Poincaré coordinates.
To describe our method, let us first recall that, in order to include fields in the fundamental representation of SU(N ) (‘quarks’) in AdS/CFT, one must introduce probe D7branes in AdS5 [16]. The dual gauge theory is the N = 2 Yang Mills theory with massive
quarks. Mesons of low spin are described as fluctuations of the D7-branes while high spin
mesons are represented by semiclassical rotating open strings attached to the D7-branes
in a Poincaré AdS5 space [17] (see also [18] for a review). The presence of the D7-branes
introduces a mass scale in the duality, the quark mass Mq , corresponding to the position of
the branes along the ‘radial’ direction of AdS5 . As a consequence, a rotating open string
representing a high spin meson is not invariant under dilatations. This situation contrasts
with the closed string case, where the dual gauge theory is conformal. So, the approach
pioneered in [9], which consists in computing the anomalous dimension δ from the dilata-
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tion charge ∆ = S + δ (which in turn is dual to the energy of a rotating closed string in
global AdS5 ), cannot be carried over to the case of an open string.
As an alternative approach, valid to parametric accuracy in the limit of a large spin
and/or large R-charge, we propose a method to compute the anomalous dimension δ of
the gauge theory operator dual to a semiclassical (closed or open) string from the string
proper length ℓ in the temporal gauge. More precisely, introducing the dimensionless
‘scale parameter’ γ ≡ RT0 ℓ, where R is the AdS5 radius and T0 = 1/(2πα′ ) is the string
tension, we conjecture that γ and δ are proportional to each other in the semiclassical limit
alluded to above. The proportionality constant (a pure number) is however not uniquely
determined, as we shall see on specific examples.
Our proposal, to be detailed in section 2, is motivated by the analogy with the corresponding calculations for (very) massive supergravity objects which are localized in AdS5 ,
like supergravity fields [7, 8] and point-like AdS particles [19]. In these well-known examples, the anomalous dimensions of the respective dual operators in the semiclassical limit
mR ≫ 1 are obtained as δ ≃ mR, with m the mass of the supergravity dual. As we shall
explain in section 2, our scale parameter γ is proportional to the integral over the string of
the masses of infinitesimal string bits measured by local observers in AdS (so, in that sense,
it plays the same role as the mass of an AdS particle). Then, in section 3, we shall test our
conjecture on several examples involving closed strings (dual to operators made of adjoint
fields), for which the respective anomalous dimensions have already been computed, via
the recipe introduced in ref. [9]. We shall thus demonstrate that the string length is indeed
proportional to the known anomalous dimensions, in several cases: a closed string with a
large spin S [9], one with a large R-charge [9], one with large multiple-spin [20], and finally
a giant magnon [21] .
In section 4, we address the main physics problem which has motivated our analysis:
the calculation of the anomalous dimension for the quark-antiquark twist-two operator in
eq. (1.2) at large S and strong coupling. To that aim, we shall assume that the string-theory
object dual to this operator is an open string rotating in AdS5 , with the string endpoints
attached to a D7-brane. This identification is by no means obvious (in fact, we are not
aware of similar observations in the literature), so let us briefly explain our motivation for
it. The main argument in that sense is an a posteriori one, namely, the consistency between
this (conjectured) duality and our final result for γ (the scale parameter for a rotating open
√
√
√ 
string). Specifically, in the high-spin limit S ≫ λ, we shall find γ ≃ 2( λ/π) ln S/ λ ,
which is the expected result for the anomalous dimension of the quark operator in eq. (1.2),
to parametric accuracy. The numerical prefactor is probably wrong: as compared to the
respective result for an adjoint operator, cf. eq. (1.1), we have a factor of 2, instead of the
expected 1/2. But as already mentioned, this numerical coefficient is not under control
within our method, and should not be trusted.
Another strong argument in favor of the duality between the rotating open string and
the quark-antiquark operator (1.2) is the fact that the respective scale parameter γ is found
to be independent of the infrared scale (the quark mass Mq ) of the gauge theory, as expected
for the anomalous dimension of a local operator. This scale invariance, which is manifest
on the expression for γ in terms of S shown above, emerges from the string calculation in

2

From the string length to anomalous dimensions

We consider a classical string embedded in the target space-time AdS5 ×S5 with metric gmn .
For definiteness, in this section we consider AdS5 with Minkowskian signature and Poincaré
coordinates, but our discussion below would also apply to an Euclidean space-time, and
also to AdS5 with global metric. A convenient choice of coordinates is
R2
(−dt2 + dx2 + dz 2 ) + R2 dΩ25 ≡ gmn dxm dxn ,
(2.1)
z2
where z is the holographic radial coordinate, xµ = (x0 , x1 , x2 , x3 ) ≡ (t, x) are the coordinates in the Minkowski space at the boundary of AdS5 at z = 0, and dΩ25 refers to S5
(see eq. (3.12) below for an explicit map on S5 ). The string embedding is parametrized as
X m = X m (τ, σ), where τ and σ are coordinates on the string world-sheet. The dynamics
of the string is governed by the Nambu-Goto action
Z
p
1
I= −
hαβ = gmn ∂α X m ∂β X n ,
(2.2)
dτ dσ −det hαβ ,
′
2πα
ds2 =

where α, β = 0 or 1, (σ 0 , σ 1 ) ≡ (τ, σ), and hαβ is the induced world-sheet metric. Writing
h ≡ det hαβ , one has
− h = (Ẋ · X ′ )2 − (Ẋ)2 (X ′ )2 ,
(2.3)
2

This invariance has also been exploited in ref. [17], at least implicitly (via a judicious choice of coordinates), but its consequences — like the scale invariance of the string calculation for the spin — have not
been discussed there.
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a very interesting way: the proper length ℓ of the open string remains invariant under the
AdS5 isometry corresponding to dilatations in the gauge theory. The effect of this isometry
is to rescale the radial position of the D7-brane, which in turn corresponds to a redefinition
of the quark mass Mq in the gauge theory. This invariance is quite non-trivial2 — it does
not hold e.g. for the energy of the string (which scales with the quark mass like Mq ), nor
for the separation between the string endpoints on the D7-brane (which scales like 1/Mq
and is indicative of the physical size of the meson state in the dual gauge theory). It is
related to the fact that, as alluded to above, the scale parameter γ is obtained from string
properties as measured by a local observer in the AdS space-time. That is, this invariance
is tributary to the warp factor relating local densities on the string to the corresponding
densities measured by a gauge-theory observer.
This discussion sheds new light on the way how the AdS/CFT correspondence works
in the presence of mass scales, as introduced by D7-branes. A local measurement in AdS
yields results which are independent of the mass scale and hence can be attributed to a
local operator. A gauge-theory observer, on the other hand, measures properties of the
gauge-theory state, like its energy or average size, which are sensible to the mass scale Mq .
The case of the spin is particularly interesting in that respect: this is at the same time an
attribute of the operator, cf. eq. (1.2), and of the meson state created by this operator.
And indeed, as we shall further discuss in section 4, both local observers in AdS5 , and
boundary observers using the gauge-theory time, find the same value S for the angular
momentum of the string.

where a dot (prime) refers to the derivative w.r.t. τ (σ), A·B ≡ gmn Am B n , and A2 ≡ A·A.
We chose the temporal gauge τ = X 0 and define
r
Z
R
∂X m ∂X n
R
γ ≡
dσ gmn
ℓ ≡
.
(2.4)
′
′
2πα
2πα string
∂σ ∂σ

string

0 is the density of the m-component of the canonical momentum on the string
where πm
world-sheet:
(Ẋ · X ′ )(X n )′ − (X ′ )2 (Ẋ n )
∂L
0
√
= −T0 gmn
,
(2.6)
πm
≡
−h
∂ Ẋ m

with L the Lagrangian density in eq. (2.2) and T0 = 1/2πα′ the string tension. Indeed, by
p
p
0 π0 =
using eqs. (2.3) and (2.6), one can easily check the identity −g mn πm
(X ′ )2 .
n
For a string living in a flat space-time with Minkowski metric η mn , the equivalence
between the integral expressions in eqs. (2.4) and respectively (2.5) has a limpid physical
interpretation. The quantity dm ≡ T0 dℓ represents the mass of an infinitesimal piece of
p
0 dσ is the (infinitesimal) spacestring with length dℓ = (X ′ )2 dσ. Similarly, dPm ≡ πm
√
time momentum of that piece of string. Hence the relation dm = −η mn dPm dPn is
recognized as the mass-shell condition for a relativistic ‘particle’ (here, a bit of the string).
The overall space-time momentum of the string is computed by integrating the momentum
R
0 . The mass M of the string is finally obtained
density over the string length: Pm = dσ πm
√ mn
as M = −η Pm Pn .
But for a string living in the curved AdS space-time, the situation is more subtle because the space-time momenta look different to an inertial observer living in the gauge
theory (‘on the Minkowski boundary of AdS5 ’) as opposed to a local observer in ten di√
mensions. This difference is due to the gravitational redshift (warp factor) g00 = R/z
multiplying the flat boundary metric in eq. (2.1). Yet, as we now argue, it is natural to
interpret the integrand in eq. (2.5) as the local ‘mass’ (or ‘virtuality’) of a bit of the string,
as viewed by a local observer in AdS space (i.e. an observer whose instantaneous position
in ten dimensions is the same as that of a point on the string and whose local time is
√
t̄ ≡ g00 t = (R/z)t). To see this, consider for simplicity a string stretching and moving
only in AdS5 , which has no momenta along the S5 directions; for such a string, one has
(with sum over i = 1, 2, 3)
q
q
p
z
0
0
mn
0
0
2
2
0
2
(π0 ) − (πi ) − (πz ) = (dĒ)2 − (dP̄ i )2 − (dP̄ z )2 , (2.7)
dσ −g πm πn = dσ
R
where

dĒ
z
= − π00 ,
dσ
R

dP̄ i
z 0
=
π ,
dσ
R i

–5–

dP̄ z
z 0
=
π ,
dσ
R z

(2.8)
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For definiteness, the quantities γ and ℓ will be referred to as the ‘string scale parameter’
and, respectively, the ‘string proper length’. For what follows, it is useful to notice that
the above integral can be equivalently rewritten as
Z
p
0 π0 ,
γ = R
(2.5)
dσ −g mn πm
n

are the string densities of the respective canonical momenta, as seen by the local observer.
They differ via the warp factor z/R from the respective densities which enter the calculation
of the physical 4-momentum, as seen by a gauge theory observer:
Z
Z
0
i
E = − dσ π0 ,
P =
dσ πi0 .
(2.9)

one can easily compute the canonical energy and momenta according to their definitions,
P0 =

∂L
,
∂ ẋ0

Px =

∂L
,
∂ ẋ

Pz =

∂L
,
∂ ż

(2.11)

and thus check that the following representation holds for the mass of the particle,
q
p
z
−g mn Pm Pn =
P02 − Px2 − Pz2 = m .
(2.12)
R

Eq. (2.7) provides a natural generalization of this formula to the case of a string.
In view of the above, we conjecture that the string scale parameter γ should have a
similar physical interpretation: for a semiclassical string with large spin, or R-charge, the
quantity γ should be proportional to the anomalous dimension δ of the dual gauge theory
operator. In the next section, we shall test this conjecture by comparing with known results
for single-trace operators in N = 4 SYM, as represented by rotating closed strings.

3

Testing our conjecture versus closed strings

In this section, we shall successively consider four different problems involving closed strings
with large angular momenta, which have been studied at length in the literature, and for
which the associated anomalous dimensions have been computed via the method introduced
in ref. [9] — that is, by exploiting conformal symmetry. For all these strings, we shall
compute the scale parameter γ introduced in the previous section and verify that it is
indeed proportional to the respective anomalous dimensions.
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This difference is important for our present purposes, in that it shows that the quantity
p
0 π 0 can be viewed as the mass of a bit of string in AdS, which in turn
dm̄ ≡ dσ −g mn πm
n
R
suggests an interesting physical interpretation for γ = R string dm̄.
Namely, it is well known that the AdS masses of local objects in AdS5 , like supergravity
fields or massive point-like particles, are proportional to the anomalous dimensions of the
corresponding operators in the dual gauge theory [7, 8]. The example of a point particle in
AdS5 with mass m is particularly inspiring for our present purposes. In the semiclassical
limit where mR ≫ 1, the anomalous dimension of the CFT operator dual to this AdS
particle is found as δ ≃ mR (see [19] for an explicit calculation). Note that this mass m
is a property measured by a local observer in AdS5 , in the same way as the infinitesimal
string mass dm̄ introduced above. Indeed, starting with the action for a point particle
moving in the (x1 ≡ x, z) plane,
s
 0 2
 2
 2
Z
Z
∂x
∂x
∂z
IP = −m dτ −g00
− gxx
− gzz
≡ dτ L ,
(2.10)
∂τ
∂τ
∂τ

3.1

Closed string with high spin

For a large spin S, the anomalous dimension of the twist-two operators made of adjoint

fields, such as Tr φI D(µ1 ... DµS ) φI , is known to have the form [22]
∆ − S = f (λ) ln(S) + O(S 0 ) ,

(3.1)

where f (λ) is the cusp anomaly [3, 4]. In the strong coupling limit of N = 4 SYM theory,
such an operator is dual to a closed string rotating in global AdS5 space [9], with metric
(3.2)

The string is folded and stretched thus forming a very thin loop, made of two parallel
straight lines, which rotates uniformly in the equator plane (ρ, φ) of S 3 : φ = ωτ . It
extends up to a maximum value of the radial coordinate ρ = ρ0 , which is related to the
angular velocity via
coth2 ρ0 = ω 2 .

(3.3)

It is understood that ω > 1. Note that all the coordinates and also the angular velocity
are dimensionless, and that the physical dimensions are given by appropriate powers of the
AdS radius R. Clearly, the string proper length is ℓ = 4Rρ0 , where the factor of 4 comes
by adding the four segments of the folded string. This, together with eq. (2.4), implies
γ = 4R

Z

ρ0

dρ
0

p
2R2
0 π0 =
−g mn πm
ρ0 .
n
πα′

(3.4)

As shown by the first equality above, the same value for γ can be inferred from the string
energy-momentum densities that can be read off eqs. (3.6)–(3.7) below.
The Nambu-Goto Lagrangian has the form
4R2
L = −
2πα′

Z

ρ0
0

q
dρ cosh2 ρ − ω 2 sinh2 ρ ,

(3.5)

from which the string energy and spin easily follow as (recall eq. (2.9))
E = −4

Z

ρ0
0

dρ π00

4R2
=
2πα′

Z

ρ0
0

and respectively
S = 4

Z

ρ0
0

dρ πφ0

4R2
=
2πα′

Z

ρ0
0

cosh2 ρ
,
dρ p
cosh2 ρ − ω 2 sinh2 ρ

ω sinh2 ρ
dρ p
.
cosh2 ρ − ω 2 sinh2 ρ

(3.6)

(3.7)

The anomalous dimension is then obtained as δ = E − S. (We recall that the energy
E in global AdS5 coincides with the total dimension ∆ of the dual operator, and that
δ = ∆ − (S + 2) ≃ ∆ − S for twist-two operators with large spin S ≫ 1.)
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ds2 = R2 (−dτ 2 cosh2 ρ + dρ2 + sinh2 ρ dΩ23 ) .

√
There are two interesting limits (we recall that R2 /α′ = λ):
√
I. Large string with high spin S ≫
λ. This corresponds to the limit ω → 1.
Writing ω = 1 + 2η , with η ≪ 1, we deduce from eq. (3.3) that ρ0 is large,
 
1
1
+ O(1) ,
(3.8)
ρ0 = ln
2
η

By using these equations, the scale factor in eq. (3.4) can be cast into the form
√


λ
S
√
.
ln
γ≃
π
λ

(3.9)

(3.10)

This is identical with the respective result for δ = E − S, as emerging from eq. (3.9) [9].
Note that the way how this matching works is quite non-trivial: the dominant terms,

of O 1/η , in the energy E and the spin S precisely cancel in their difference, so the

anomalous dimension δ is sensitive to the subleading terms of O ln(1/η) . By contrast,
the scale parameter γ is only logarithmically divergent as η → 0 and hence, to the accuracy
of interest, it is sensitive to the leading term in S alone. What truly matters for our present
purposes is that γ and δ are proportional to each other, and hence have the same parametric
√
dependencies upon λ and S. The fact that the proportionality coefficient appears to be
exactly one is likely to be a coincidence (this will not happen for other examples below).
Technically, this happens because, when ω → 1, the integrand in eqs. (3.6)–(3.7) for the
difference E − S approaches unity, and then the ensuing integral over ρ is exactly the
string length.
√
II. Small string with relatively low spin S ≪ λ. This corresponds to the limit
of a large angular velocity ω ≫ 1. Then eq. (3.3) implies ρ0 ≃ 1/ω, while eqs. (3.6)–(3.7)
yield [9]
√
√
λ
λ
, S =
≪ E,
(3.11)
E ≃
ω
2ω 2
√
√

and therefore γ ≃ (2/π) λ/ω is again proportional with δ ≃ E ≃ λ/ω, but the
proportionality factor is now different from unity. In physical units, one has γ ∼ δ ∼
√
λ1/4 S. Notice that this anomalous dimension is still large, δ & λ1/4 , albeit not as large
as in the case of a high spin, cf. eq. (3.10).
3.2

Closed string with large R-charge

As another example, which has also been treated in ref. [9], let us consider a closed string
rotating in S 5 with a large angular momentum J and which is dual to a CFT operator
with a large R-charge, equal to J. Choosing the metric on S 5 as
R2 dΩ25 = R2 (dθ2 + sin2 θ dφ2 + cos2 θ dΩ23 ) ,
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and from eqs. (3.6)–(3.7) that the energy and spin are large as well [9]:
√ 
√ 
 

 

λ 1
1
λ 1
1
E =
+ ln
+ ... ,
S =
− ln
+ ... ,
2π η
η
2π η
η

the string is folded, it rotates uniformly in the (θ, φ)-plane with φ = ωt, and it is stretched
along the θ direction up to a value θ0 given by
sin θ0 =

1
.
ω

(3.13)

γ ≃

√
R2
= λ.
′
α

(3.14)

This differs by a factor π/2 from the corresponding result for δ = E − J [9]. Once again,
this agreement at parametric level is quite non-trivial: separately, E and J involve leadingorder contributions which diverge logarithmically in the limit ω → 1, but which mutually
√
cancel in their difference. In the opposite limit where ω ≫ 1 and J ≪ E ≪ λ, one
√

finds θ0 ≃ 1/ω, hence γ ≃ (2/π) λ/ω , which differs by a factor 2/π from the correct
√
anomalous dimension in this regime, namely δ ≃ E ≃ λ/ω [9].
3.3

Multi-spin closed string

Consider now a multi-spin closed string, with two angular momenta S1 and S2 corresponding to rotations in two different directions of AdS5 , as studied in detail in ref. [20]. We
focus on the string solutions describing a circular closed string located at a fixed value
of the AdS5 radius, while rotating simultaneously in two planes in AdS5 with equal spins
S1 = S2 ≡ S. (This solution is a direct generalization of a two-spin flat-space solution
where the string rotates in two orthogonal planes while always lying on a 3-sphere.) Since
the AdS5 radius is fixed, ρ = ρ0 , it suffices to consider the S 3 sector of the global metric
in eq. (3.2), that is
dΩ23 = dθ2 + sin2 θdφ2 + cos2 θdϕ2 .
(3.15)
The string is rotating in the φ and ϕ angles and winding once around the circle 0 ≤ θ < 2π.
R 2π √
So, the string length is ℓ = 0
gθθ dθ = 2πR sinh ρ0 . As announced, the spin components
corresponding to rotations in the two angles have both the same magnitude,
R2
S1 = S2 = √
sinh3 ρ0 ,
′
2α

(3.16)

so the total spin strength is S = (R2 /α′ ) sinh3 ρ0 . The scale parameter γ can be written as
R2
R2
R
ℓ
=
sinh
ρ
=
γ =
0
2πα′
α′
α′



S
2
R /α′

1/3

,

(3.17)

which has the same parametric form as the respective anomalous dimension computed in
√
ref. [20], but is larger than the latter by a factor of 2 2/3.
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Rθ √
The proper length is ℓ = 4 0 0 gθθ dθ = 4Rθ0 , where the factor of 4 comes from the four
pieces of the folded string. The corresponding expressions for the string energy E, angular
momentum J, and anomalous dimension δ = E − J, can be found in ref. [9]. As before,
there are two interesting regimes, (i) ω → 1 and (ii) ω ≫ 1, and in both cases the scale
parameter γ = (R/2πα′ )ℓ turns out to be proportional to δ. Specifically, in the limit of
√
very large R-charge J ≫ λ, corresponding to ω → 1, one finds θ0 → π/2 and hence

3.4

Giant magnon

As an additional example of a closed string solution with a large angular momentum in
the ten dimensional AdS5 ×S5 space, let us now consider a giant magnon. This solution,
discussed in detail in ref. [21], has an infinite angular momentum in the S5 space, corresponding to an infinite R-charge in the dual gauge theory. The S5 metric can be written in
the form of eq. (3.12). For the solution possesing the least energy, one can use the results
of ref. [21], and consider a fixed time string profile. From this solution at constant time,
one finds the following string length:
π/2 q

gθθ

dθ2

+ gφφ

dφ2

= 2R

θ0

Z

π/2
θ0

sin θ cos θ0
p
dθ ,
sin2 θ − sin2 θ0

(3.18)

where the coordinate θ varies from π/2 to θ0 and back to π/2, and we used the relation
between the angles φ and θ for fixed time. Performing this integral, one finds ℓ = Rπ cos θ0
√
and therefore γ = R2 cos θ0 /2α′ = λ cos θ0 /2. This result for the scale factor γ is equal
to the anomalous dimension found in [21] multiplied by a factor of π/2.

4

Open strings and high spin mesons

In this section we shall consider open strings rotating in AdS5 , associated with mesons.
The system we want to describe consists of open strings rotating in AdS5 with endpoints attached to a probe D7 brane, which are dual to mesons in the N = 2 Yang Mills
theory having a very large space-time spin S. As stated in the introduction, we expect
these dual mesons to correspond to the leading-twist operators in the fundamental representation, as shown in eq. (1.2). More arguments supporting these interpretation will be
provided by our results below.
In order to describe our string configuration, we work with AdS5 space in Poincaré
coordinates and choose the metric as
ds2 =

R2
(−dt2 + dz 2 + dr2 + r2 dθ2 + dy 2 ) ,
z2

(4.1)

where the spatial coordinates on the Minkowsky boundary are in cylindrical form: (r, θ, y).
A high-spin meson is represented by a semiclassical rotating string with a steady profile
(r = r(z), θ = ωt , y = 0), which is symmetric around r = 0 and reaches a maximum
value z = z0 in the ‘radial’ direction [17]. The string endpoints are attached to a D7-brane
located at z = zD7 . The quark mass is related to the radial location of the brane via
Mq =

R2
.
2πα′ zD7

(4.2)

As discussed in [17], it is convenient to use the dimensionless coordinates r̃ ≡ ωr , z̃ ≡ ωz.
Chosing τ = t and σ = z̃, the Nambu-Goto action takes the form
I=−

R2 ω
πα′

Z

dt

Z

z̃0

dz̃
z̃D7

1 p ′2
(r̃ + 1)(1 − r̃2 ) ,
z̃ 2
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ℓ=2

Z

where a prime denotes a derivative with respect to z̃ and a factor of 2 has been included to
account for the string symmetry around r = 0. The string angular momentum is computed
as (below πθ0 = ∂L/∂ω)
r
Z z0
Z z̃0
R2
r̃2 r̃ ′ 2 + 1
0
S=2
dz πθ =
dz̃ 2
.
(4.4)
πα′ z̃D7
z̃
1 − r̃2
zD7
The string profile r̃(z̃) is determined by solving the following equation of motion:
(4.5)

with a boundary condition stating that the string ends orthogonally on the D7-brane:
dr̃
dz̃

= 0,
z̃=z̃

(4.6)

D7

and the following conditions at z̃0 , which express the symmetry of the string profile:
r̃(z̃0 ) = 0 ,
dr̃
→ −∞ .
dz̃ z̃=z̃

(4.7)
(4.8)

0

Eqs. (4.5)–(4.8) determine the maximal string penetration z̃0 as a function of the position
z̃D7 of the D7-brane, and the string profile r̃(z̃) for z̃D7 ≤ z̃ ≤ z̃0 . In particular, the
separation L = 2r̃(z̃D7 )/ω between the string endpoints on the D7-brane is also interesting,
in that it measures the typical size of the dual meson state in the gauge theory. We refer to
ref. [17] for detailed numerical studies of the solutions and also for analytical approximations
(some of which will be useful in what follows).
Calculating the string densities defined in eq. (2.6), one finds the scale parameter γ as
γ ≡ R

Z

dσ
string

Z z̃0
p
1p ′2
R2
0 π0 =
dz̃
−g mn πm
r̃ + 1 .
n
πα′ z̃D7
z̃

(4.9)

√
From now on, we shall focus on operators with large spin S ≫ λ. As explained in
ref. [17], this corresponds to the limit of a small angular velocity ω → 0; more precisely, the
relevant, small, parameter is z̃0 ≪ 1. This limit can be studied via a limited expansion in
powers of z̃0 around the well-known solution r̃st (z̃) corresponding to a static string [23, 24].
In this regime, the integral in eq. (4.9) is proportional to the large logarithm ln(1/z̃0 ).
Indeed, when z̃0 ≪ 1, the lower limit z̃D7 is even smaller: one has z̃D7 ≃ C z̃03 with C =
0.599 [17]. Also, to leading logarithmic accuracy, one can neglect the derivative r̃ ′ 2 under
the square root, in spite of the fact that it diverges at the endpoint z̃0 , as required by
eq. (4.8). To see this and also evaluate eq. (4.9) to the accuracy of interest, one can replace
r̃′ inside the integrand by the respective static solution [23, 24]:
′
r̃st
(z̃) = p

z̃ 2
z̃04 − z̃ 4
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2r̃ ′
r̃
r̃ ′′
−
+
= 0,
1 + r̃ ′ 2
z̃
1 − r̃2

(We have checked this approximation against the numerical calculation of the integral in
eq. (4.9).) Then, one can successively rewrite the integral in eq. (2.5) as follows


Z z̃0
Z
Z
Z
q
1 1 dy
1 1 dy
1
1
1 1 dy
1
′
2
p
p
≃
−1
r̃st + 1 =
dz̃
+
z̃
2 ε y
2 ε y
2 0 y
1 − y2
1 − y2
z̃D7


z̃0
= ln
+D,
(4.11)
z̃D7

This rewriting makes it clear that this parameter γ is independent of the infrared scale in
the gauge theory (the quark mass Mq ), a necessary condition for the anomalous dimension
of a local operator. It furthermore exhibits the right parametric dependencies upon λ and S
(in particular, the characteristic ln S-behavior) to be identified with the anomalous dimension of the quark-antiquark twist-two operator in eq. (1.2), up to a numerical coefficient.
Hence the result in eq. (4.14) simultaneously supports our conjectured dualities between
the rotating open string and the local operator (1.2) and, respectively, between the scale
parameter γ and the anomalous dimension δ. As before, this last identification holds in the
sense of a proportionality relation, in which the numerical coefficient is not under control.
And indeed, the overall coefficient in eq. (4.14) differs by a factor of 4 from the correct
respective value, as expected from the relation with the cusp anomaly for Wilson lines in
the fundamental representation (cf. the discussion in the Introduction).
By inspection of eqs. (4.12)–(4.13), it is clear that the dimensionless quantity z̃0 plays
the same role within this open-string context as the (dimensionless) angular velocity ω
within the closed-string calculation in section 3.1: this is a numerical AdS parameter
which (i) specifies the string theory object (here, an open string) which is dual to a gauge
theory operator with a given spin, and (ii) parameterizes the relation between the spin
and the anomalous dimension within the supergravity calculation. This parameter can be
eventually eliminated between S and γ, and then it totally disappears, as it should, from

– 12 –

JHEP08(2014)104

where y ≡ (z̃/z̃0 )2 , ε ≡ (z̃D7 /z̃0 )2 , and in the last integral we were allowed to replace the
lower limit by zero because ε ≪ 1 and the integral is regular at that endpoint. Then this
last integral is a pure number, evaluated as D ≃ 0.347 . We thus obtain
√   

2 λ
1
γ =
ln
+ O(1) ,
(4.12)
π
z̃0
√
where we have also used z̃D7 ≃ C z̃03 and λ = R2 α′ . Still in this regime at z̃0 ≪ 1, one
can estimate the spin as [17]:
√
λC
,
(4.13)
S ≃
πz̃0
√
which confirms that S ≫ λ, as anticipated. Let us also quote the respective result for
the separation between the string endpoints on the D7-brane: r̃(z̃D7 ) ≃ C z̃0 [17, 23, 24].
By eliminating z̃0 between eqs. (4.12) and (4.13), one can express the scale parameter
in terms of the spin S:
√


λ
S
γ ≃ 2
ln √
.
(4.14)
π
λ

z → (1 + ǫ)z ;
θ→θ ;

r → (1 + ǫ)r ;
dθ
→ ω(1 − ǫ) .
ω=
dt

t → (1 + ǫ)t ;

(4.15)

which leave the tilded variables r̃ and z̃ unchanged, This isometry changes the position zD7
of the D7-brane according to zD7 → (1 + ǫ)zD7 , hence it is tantamount to a rescaling of
the mass parameter Mq in the dual gauge theory: Mq → (1 − ǫ)Mq . However, quantities
like S and γ, which depend only upon the tilded variables z̃D7 or z̃0 , but not on ω or
zD7 (= Mq R2 /2πα′ ) separately, are invariant under this transformation, meaning that they
are independent of the mass scale Mq . More generally, the string equations of motion
and their solutions are invariant under this isometry when written in terms of the tilded
variables. (We implicitly used this symmetry to simplify the previous analysis.)
This situation should be contrasted with the string calculations of dimension-full quantities of the gauge theory, like the size L, or of the spectrum E, of the meson states. For
a high spin meson, the size is obtained as L ≃ 2C z̃0 /ω. When this result is expressed in
√
terms of the physical quantities Mq and S, one finds L ∼ S 2 /( λMq ), which represents
√
√
a large size, L ≫ λ/Mq ∼ zD7 , when S ≫ λ. (Notice that ∆L ∼ zD7 is the quantum uncertainty in the size of the meson, as predicted by the UV/IR correspondence in
AdS/CFT.) The meson energy is the same as the string energy measured by a gauge theory
observer (cf. eq. (2.9)), that is [17]
r
Z z0
Z z̃0
R2 ω
1 r̃ ′ 2 + 1
0
E = −2
.
(4.16)
dz π0 =
dz̃ 2
πα′ z̃D7
z̃
1 − r̃2
zD7
Clearly, neither L nor E can be expressed as functions of the ‘tilde’ variables alone; rather,
they also depend upon the mass scale Mq , as expected for bound states in a gauge theory.
One should perhaps emphasize here that the above arguments do not reduce to merely
dimensional analysis, but rather involve subtle aspects of the AdS/CFT dictionary, like
3

For the explicit form of the AdS isometries in Poincaré coordinates, see for example [25].
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physical predictions such as eq. (4.14). From this perspective, z̃0 should be viewed as a
pure number in AdS, on the same footing as mR in the case of an AdS particle (or a
supergravity field) with mass m. There is however an interesting difference between these
two dimensionless quantities, mR and respectively z̃0 = ωz0 , which reflects the peculiar way
how conformal symmetry is broken by the introduction of the D7-brane in AdS5 and, related
to that, the way how this symmetry is preserved in the calculation of special quantities, like
the spin S and the ‘anomalous dimension’ γ, which are guaranteed to be scale independent
in the dual gauge theory. Namely, for a point particle in AdS, the parameter mR is the
product of the two scalars (in the sense of general coordinate transformations in AdS5 ): the
‘particle mass’ m and the ‘AdS radius’ R. By contrast, in the problem of the rotating open
string, neither ω nor z0 are AdS scalars, rather they separately change under dilatations,
but in such a way that their product remains invariant.
To see this, recall that an infinitesimal dilatation in the boundary gauge theory corresponds to an isometry of the bulk theory3 with the following AdS5 transformations:

the difference between quantities measured by gauge-theory observers as opposed to local
observers in AdS. To see this, notice that if one was to evaluate the string energy as the
sum of the energy densities measured by local observers, that is (cf. eq. (2.8))
r
Z z0
Z z̃0
R
z 0
1 r̃ ′ 2 + 1
Ē ≡ −2
.
(4.17)
dz π0 =
dz̃
R
πα′ z̃D7
z̃ 1 − r̃2
zD7

∂ L̄
dS̄
=
,
dz
∂ ω̄
where L̄ = (z/R)L (this follows from dt L = dt̄ L̄, with t̄ ≡
ω̄ =

dθ
z
=
ω,
dt̄
R

(4.18)
√

g00 t = (R/z)t), while
(4.19)

is the angular velocity measured by the local observer. Hence, eq. (4.18) implies dS̄/dz =
dS/dz, and hence S̄ = S, as anticipated.

5

Final comments

Through our results in this paper, we brought strong indications in favor of two newly
conjectured dualities, which support each other.
First, we have proposed a new recipe for computing anomalous dimensions at infinitely
strong coupling for operators, from the N = 4 or N = 2 Yang Mills theories, which have
large spin or large R-charge, and whose gravity duals are semiclassical strings rotating in the
4

By itself, the ‘energy’ Ē cannot be a physical quantity in the gauge theory, since it is explicitly dependent
upon the AdS scales R and α′ . However, when forming√the dimensionless product RĒ, these dependencies
combine into the gauge-theory coupling factor R2 α′ = λ.
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then the result Ē would be independent of the quark mass Mq , albeit it would still have mass
dimension one, like the physical energy in eq. (4.16). We have no physical interpretation
for the dimensionless quantity4 RĒ, but this is very similar to our string parameter γ, as
it should be obvious from the discussion in section 2.
To summarize, a local measurement in AdS yields results which are independent of the
infrared scale and hence can be attributed to a local operator, whereas a coordinate-time
observer measures properties of the gauge-theory state, which are also sensible to the mass
scale Mq . So far, we have illustrated these two points of view using the examples of the
scale parameter γ (‘local observer in AdS’) and respectively the energy E (‘gauge theory
observer’). It is interesting to similarly consider the case of the spin. Indeed, this is at the
same time a property of the physical gauge state, and of the operator creating that state;
hence the same value S must be found both by a gauge theory observer, and by a local
observer in AdS. This is indeed the case, as we now explain.
Recall first that, in the case of the energy, the difference between the string densities
measured by the two types of observers is represented by the warp factor visible in eq. (2.8).
Consider now the respective densities for the spin. The one seen by the gauge theory
observer is dS/dz = πθ0 ≡ ∂L/∂ω. As for the local observer, this measures a spin density
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AdS5 ×S5 space-time (possibly supplemented by D7-branes). Specifically, we conjectured
a proportionality relation between the anomalous dimensions of interest and the string
scale factor γ introduced in eq. (2.4), which is the string proper length in appropriate
units. After testing our recipe against various problems involving closed strings, for which
the anomalous dimensions can be independently and precisely computed via the method
pioneered in ref. [9], we have considered the case of an open string with the endpoints
attached to a D7-brane, for which the traditional method [9] fails to apply. For this
problem, we found that the scale factor γ has the same parametric behavior at large spin as
the anomalous dimensions of twist-two operators, as known from closed-string calculations
(for the single-trace operators built with adjoint fields), and also from the connexion to the
cusp anomaly. This brought us to our second conjectured duality, that between a rotating
open string with large spin and the quark-antiquark twist-two operator shown in eq. (1.2).
An interesting byproduct of our analysis is a distinction between two types of physical
predictions from open string calculations in AdS5 with D7-branes. On one hand, there are
observables related to string properties measured by a ‘boundary’ observer from the gauge
theory; such observables express properties of the dual quantum state, like its energy or
size, and depend upon the infrared scale in the gauge theory. On the other hand, there
are quantities, like the scale parameter γ, which correspond to local measurements of the
string by an observer living in ten dimensions; these quantities are independent of the mass
scale in the gauge theory and are naturally interpreted as attributes of a local operator. A
quantity like the spin enters both categories (a property of the operator and of the quantum
state), and indeed it can be computed — on the string theory side — by either a local, or
a boundary, observer, with identical results.
Admittedly, a fundamental understanding of these new dualities is still lacking. We
have no rigorous justification for interpreting γ as an anomalous dimension (for instance,
we were not able to associate this quantity with the generator of some dilatation transformation), nor we understand the limitations of this interpretation (e.g., we do not know
why the proportionality coefficient is not under control). Also, our current definition of γ
is restricted the temporal gauge and it is not clear whether this can be extended to a more
general expression, which would make reparameterization invariance manifest. Also, we
do not know whether it would make sense to introduce this parameter γ for more general
strings, undergoing some complicated motion (e.g. an infinite string with one endpoint
attached to an accelerated heavy quark), and what should be its physical interpretation
in that case. We hope that such questions will trigger further investigations, leading to
conceptual clarifications and to new results.
For completeness, let us finally mention that anomalous dimensions corresponding
to open string configurations with large angular momentum J, corresponding to large
R-charge, have already been considered within the AdS/CFT correspondence, but for a
different space-time geometry, which also involves a plane wave background. For example,
ref. [26] discusses open strings in AdS5 ×S5 /Z2 with angular momentum J in S 5 space.
Both the anomalous dimension and the string length are found to be independent of J,
which is consistent with our conjecture of a proportionality relation between these two
quantities. In ref. [27], there is a discussion about open spinning strings with two S 5

spins in the same, plane wave, background. For these solutions, one can consider different
limits of a large R-charge. We have tested the two particular cases where one keeps one
of the spin components fixed, while letting the other component to approach infinity. The
result is, again, that the anomalous dimension and the string length are independent of
the R-charge, in agreement with the conjectured proportionality.
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