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Abstract

We prove that, given a certain isometric action of a two-dimensional Abelian group
A on a quaternionic Kéhler manifold M which preserves a submanifold N C M, the
quotient M’ = N/A has a natural Kahler structure. We verify that the assumptions
on the group action and on the submanifold N C M are satisfied for a large class
of examples obtained from the supergravity c-map. In particular, we find that all
quaternionic Kéhler manifolds M in the image of the c-map admit an integrable
complex structure compatible with the quaternionic structure, such that N C M
is a complex submanifold. Finally, we discuss how the existence of the Kahler
structure on M’ is required by the consistency of spontaneous N = 2 to N = 1
supersymmetry breaking.


http://arxiv.org/abs/1111.0679v1

Introduction

Since the work of Galicki and Lawson [GL] it has been known that a quaternionic ana-
logue of the well-known symplectic reduction exists. In fact, as shown in [ACDV], any
isometric action of a Lie group G on a quaternionic Kahler manifold (M, g, Q) of nonzero
scalar curvature gives rise to a g*-valued section P € I'(Q ® g*) of the quaternionic
structure Q C End (T'M). P is called the moment map and by taking the quotient
{P = 0}/G one obtains a new quaternionic K&hler manifold, provided that the usual

regularity assumptions are fulfilled.

In this paper, however, we are interested in constructing Kahler manifolds out of
quaternionic Kahler manifolds. Such a procedure is needed in order to break supersym-
metry from N = 2 to N = 1 in supersymmetric theories of gravity in four spacetime
dimensions [FGP, L, LST1, LST2|. The reason is that quaternionic Kéhler manifolds
of negative scalar curvature occur as scalar manifolds of N = 2 supergravity, whereas
N = 1 supergravity requires the scalar manifold to be Kéahler. A natural but rather
restrictive way to relate quaternionic Kéhler manifolds to Kéahler manifolds of lower di-
mension is to consider Kdhler submanifolds (N, gy, Jn) C (M, g,Q), such that gy = g|n
and Jy € I'(Q|n). It is shown in [AM] that the dimension of such a submanifold cannot

exceed 2n if M has nonzero scalar curvature, where dim M = 4n.

Our new idea is to drop the Kéhler condition on (V, gy, Jy) still maintaining the inte-
grability of Jy € I'(Q|n). The final Kéhler manifold M’ is then obtained as an appropriate
quotient M" = N/A of N. To define the quotient we make use of two commuting Killing
vector fields &1, &, which generate a free proper isometric action of a two-dimensional
Lie group A. The necessary technical assumptions on &, &, for our construction are for-
mulated in terms of the corresponding moment maps Pj, P, € I'(Q)), see Theorem 5 and

Corollary 1. The main result can be summarized as follows.

Theorem 1  Let M be a quaternionic Kahler manifold of nonzero scalar curvature,
N C M a submanifold and &, & Killing vector fields of M which satisfy the assumptions
of Theorem 5 and Corollary 1. Then M’ = N/A carries an induced Kdhler structure,

where A is the transformation group generated by &1, &s.

The main body of the article is devoted to the investigation of several classes of
examples. As a first and simplest example we take N = M = Hj = H}; the real hyperbolic
four-space (which coincides with quaternionic hyperbolic line) and obtain M’ = H{. Then
we study the quaternionic Kéhler manifolds (M, g, @) in the image of the c-map [CFG, FS].

These manifolds have negative scalar curvature and are associated with a (projective)



special Kahler domain Mg, the geometry of which can be encoded in a holomorphic
prepotential F'(Z) = F(Z',...,Z"). As a first step in the study of the c-map examples

we obtain the following general result, see Proposition 1 and 2.

Theorem 2 Let (M, g, Q) be a quaternionic Kdhler manifold in the image of the c-map.
Then the quaternionic structure @ of M admits a global orthonormal frame (Jy, Ja, J3)
such that the almost complex structure J; € I'(Q) is integrable. (M, Js) is the total
space of a holomorphic submersion M — Mg, with all fibers biholomorphic to the domain
R 44V C C*!, where dim M = 4n and

n—1

V = {(z0,21,...,7,) € R" |z > fo — 2} (0.1)

i=1

This should be contrasted with the situation for complete quaternionic Kéahler mani-
folds of positive scalar curvature, which do not even admit an almost complex structure
compatible! with the quaternionic structure [AMP]. Some interesting properties of the
complex structure Js are described in Proposition 1 and Proposition 2. We then define a
complex submanifold

N C (M, Js),

see Proposition 4, associated with a choice of a null vector vg € T M., where M, g — My,
is the affine special Kahler manifold associated with M. The complex codimension of
N C M is r + 1, where r is the rank of a certain complex matrix (G 4p), which depends
on the choice of vy, see equation? (3.16) and the remark on page 16. The structure of the
complex manifold NV is described in Proposition 5. In particular, we find that N is always

the total space of a holomorphic submersion
N — M},

where M/} C My is a complex submanifold and the fibers are biholomorphic to Bg™! x C.
The inclusion N C M maps the fibers of N — M/, into the fibers of M — Mg,. Next we
define two Killing vector fields &;,& on M, which depend on the choice of vy. We show
in Proposition 6 that they are tangent to N C M and generate a holomorphic, free and
proper action of the additive group A = C on N. We then have the following result, cf.

Theorem 6.

Note that the complex Grassmannians Gr2(C") (n > 3) do admit a complex structure which is
even Kahler for the quaternionic Kéahler metric but it does not belong to the quaternionic structure.
It is known that these complex Grassmannians are the only complete quaternionic Kahler manifolds of

positive scalar curvature which admit an almost complex structure [GMS].
2Note that vg = > DA9/0Z4|z,+ c.c. .



Theorem 3  The resulting quotient M' = N/A is always the total space of a holomorphic
submersion

M — M},
where the fibers are isomorphic to the complex ball Bg_l ~ CH"™ ' with its standard

complex hyperbolic metric of constant holomorphic sectional curvature —4. The projection
N — M' = N/A maps the fibers of N — M. to the fibers of M' — M.

We also show that M’ is complete if and only if the base manifold M/ is complete, see
Remark on page 23. Let us emphasize a subtle but crucial point in the construction. The
fibers M, = 7= !(p) of 7 : (M, g, J3) — My, consist of a solvable Lie group G endowed
with a family of left-invariant metrics gg(p) and left-invariant skew-symmetric complex

structures Jg(p):

(Mp>g|Mp> J3|Mp) = (GagG(p)a JG(p))a pE Msk-

The group G is precisely the Iwasawa subgroup of SU(1,n + 1), which is the group of
holomorphic isometries of the complex hyperbolic space CH™" = U(1,n + 1)/(U(1) x
U(n+1)) =SU(1,n+1)/S(U(1) x U(n+1)). Since G acts simply transitively on CH" "1,
we can identify the Kahler manifold CH™ ™ with (G, gean, Jean), Where (Gean, Jean) is a

left-invariant Kahler structure on G:
CH”+1 = (Gv YGean Jcan)-

From the Riemannian point of view, the fibers (M, g|y,) = (G, ga(p)) are as nice as
possible. They are all isometric to (G, gean) = CH™, although the metric gg(p) is never
independent of p € Mg,. However, in view of the above discussion, the Hermitian manifold
(G, 96(p), Ja(p)) cannot be Kahler, since 2n + 2 = dim G > £ dim M = 2n. This means
that Jo(p) does not coincide with the canonical (parallel) complex structure J.q,(p) on
(G, ga(p))H™, for which (G, ga(p), Jean(p)) = CH™ ™ = (G, gean, Jean). One can show
that (G, Jo(p)) is not even biholomorphic® to CH™"!. This is related to the non-positivity
of the quadratic form on the right-hand side of the inequality defining the complex domain
R + 4V c C"™ = (G, Jg(p)), see (0.1). Summarizing, we have that

(G’gG(p)) = (G’gcan) = CHTH_l bU-t (Ga JG(p)) % (G> Jcan) = CHnJ’_l-

It turns out that when passing to the quotient M’, the fibers M), p € M, become
all isometric and biholomorphic to CH™!. In fact, we show that by considering the
submanifold N, := N N M, C M, which is biholomorphic to CH"~! x C, and its quotient

3A proof of this fact can be found in [CH], which includes the classification of skew-symmetric left-
invariant complex structures on (G, geqn) = CH™ 1,
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M) = N,/A we reduce the domain M, = R"** + iV 2 CH™*' to M) = (R**' + V) N

C*! =R ! + ¢V’ where now
n—2
V' ={(zo,1,...,Tp_0) € R" g > fo}
i—1

is defined by a positive definite quadratic form. Therefore, R*~! + iV’ is biholomorphic
to CH™ 1.

More detailed information is obtained in Section 3.2.1 and Section 3.2.2 when the
prepotential is either quadratic or of the form F = %, where h is a homogeneous
cubic polynomial with real coefficients. As usual in the physics literature, the latter class
will be simply referred to as having cubic prepotential. It is particularly interesting for
string theory compactifications and contains a wealth of homogeneous as well as inho-
mogeneous examples. We show that in the case of cubic prepotential the dimension of
M’ can be as large as dim M — 8 with dim M arbitrarily big. In the case of quadratic

prepotential the structure of M’ is completely determined as follows, cf. Theorem 7.

Theorem 4  The Kdhler manifolds M’ obtained from the above quotient construction
applied to the quaternionic Kdhler manifold M = %

isomorphic to H{C‘_l X Hg_l, provided that M/, C Mg, is complete. In this case, the

— My = Hg_l are always

holomorphic submersion M' — M/ is trivial and M} = M.

So in this case, dim M’ = dim M — 4.

The mathematical results obtained in this paper are motivated by the consistency
of spontaneous N = 2 to N = 1 supersymmetry breaking [FGP, L, LST1, LST2| and in
Section 4 we briefly discuss this relation. Quaternionic Kahler manifolds appear naturally
in N = 2 supergravity theories as part of the scalar field space. The Higgs mechanism
responsible for the supersymmetry breaking requires two massive vector fields coupled
to two Killing vector fields that fulfill the assumptions of Theorem 5. Furthermore, an
N =1 effective action can be defined below the scale of supersymmetry breaking and is
obtained by integrating out all massive degrees of freedom. Integrating out massive scalars
corresponds to taking a submanifold N C M, while integrating out two massive vector
fields corresponds to taking the quotient with respect to the two-dimensional Abelian Lie
group A generated by the two Killing vectors, as specified in Theorem 1. Consistency
with N = 1 supersymmetry implies that the resulting scalar field space M’ = N/A should
be Kahler.



1 Basic results about quaternionic Kahler manifolds

In this section we recall some known facts about quaternionic Kéhler manifolds, see e.g.
[ACDV] for more details.

Definition 1 A quaternionic Kahler manifold (M, g, Q) is a Riemannian manifold (M, g)
which is endowed with a parallel skew-symmetric quaternionic structure () C End T M.
If dim M = 4 we require, in addition, that Q - R = 0. (This condition is automatically
satisfied if dim M > 4.)

Let (Jq)a=123 be an orthonormal local frame of @) such that J3 = J;J,. Then
Vip=—(ws ® Jy, —w, ® Jg), (1.1)

for some triplet of connection forms w,, where (a, f,7) is always a cyclic permutation of
(1,2,3). These one-forms are related to the fundamental two-forms ¢, = g(-, J,) by the

following structure equations:

Vpa = dwe + ws A ws, (1.2)

scal
4n(n+2)

curvature of (M, g) by that of HP", with 4n = dim M. Quaternionic K&hler manifolds

are Einstein; in particular, v is a constant.

where v = stands for the reduced scalar curvature, the quotient of the scalar

Now let ¢ be a Killing vector field on a quaternionic Kahler manifold of nonzero scalar
curvature, i.e. v # 0. Then @ is invariant under the flow of &, as well as under parallel

transport. This implies that the endomorphism field V¢ is a section of the normaliser
NQ)=Q®Z(Q)
of Q in so(T'M). Here Z(Q) stands for the centraliser of ). Note that
N(Q)p = sp(1) @ sp(n) Vpe M,

where sp(n) is the Lie algebra of the compact symplectic group Sp(n), which is usually
denoted by USp(2n) in the physics literature. Let us use

P:=(V6)? eT(Q) (1.3)

to denote the projection of V& onto (). The section P : M — () is called the moment

map associated with &. Its covariant derivative is given by:

VP = g 3 al6) ® (1.4)

For the last formula, see [ACDV] Proposition 2.
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2 The new quotient construction

Theorem 5 Let (M, qg,Q) be a quaternionic Kdahler manifold of nonzero scalar curva-
ture, &1, & two Killing vector fields with corresponding moment maps P; € I'(Q), i = 1,2,
N C M a submanifold and X(N) the space of smooth vector fields on N such that:

(1) &ilns So|lv € X(N), [&1,&]lv =0 and |&1] = [&| #0 on N,

(ii) PiPs|n is a section of Q|n which preserves TN and maps &i|n to f&|n, where

f € C*(N) is some nowhere vanishing function.

Then the integrable distribution D C T'N spanned by &1|n, &2|n has an induced transversal
Kdhler structure (h,J). The complex structure J is induced by I := %P1P2|N e I'(V,Q),

which defines an integrable complex structure on N.

Remarks: 1) We will show below that for the quaternionic Kahler manifolds (M, g, Q)
in the image of the c-map there exists a global orthonormal frame (Jy, J3, J3) of @ such
that the almost complex structure J3 is integrable. The above construction will then be
applied to an appropriate complex submanifold N of (M, J3).

2) The quaternionic Kéahler manifolds in the image of the c-map include all the known ho-
mogeneous quaternionic Kahler manifolds of negative scalar curvature with the exception

of the quaternionic hyperbolic spaces Hyj, n > 2.

Proof: Let us use N = Dt = TN/D to denote the Riemannian normal bundle of D in
N. We then define the transversal metric h € T'(S?*N*) as the restriction

h = g|N><N-

It follows from (i-ii) that I := %Png € I'(N, Q) is an almost complex structure. We can
choose an orthonormal local frame (J,)a=123 of @ such that J3 =1 on N and J3 = J;Js.
Since I preserves D C TN, TN and therefore N = D+ C TN, we can define

J:=I|y € T(N,End N).

Clearly, J, is a skew-symmetric complex structure on the Euclidian vector space (N, h,),
for all p € M. We claim that (h, J) defines a transversal Kahler structure for the foliation
of N defined by the integral surfaces of the distribution D. This means that (h,J)
induces a Kahler structure on any submanifold S C N transversal to D and that the

Kéhler structures on a pair of such submanifolds S, S’ C M intersecting the same leaves



are related by the corresponding holonomy transformation of the foliation. To prove this
it suffices to check that

Leg = 0, (2.1)
Ll = 0, (2.2)
(X,Y] e I(T}°N), forall X,Y eI(T}°N), (2.3)
dp = 0, (2.4)

where ¢ is the pull back of the fundamental form ¢ = h(-,J-) to a two-form on N.
Explicitly,
@loarn =0,  Plpen = .

The equation (2.1) holds because the &; are Killing fields. The Lie derivative L1 of
I € T(N,Q) is again a section of @y, since any isometry of a quaternionic Kéhler
manifold of nonzero scalar curvature preserves the quaternionic structure (). In order to
prove (2.2), it thus suffices to check that:

(Lﬁi])gl = Lfi(lgl) - I'ingl = Lfi (62) = 0.
The equation (2.2) implies that on N we have
1 1
P = (V)9 = (Ve — L) = Swi&) i+ Swa(&) 2 (mod R).
Combining this with the equation Py P,|y = fJs|x we obtain that, on N,
1 1

P = §w1(§z’)=]1 + §W2(fi)<]2> (2.5)

where the vectors v; := (w1(&),wq(&;)) € R? satisfy
vr Log,  |uiffva] = 4f (2.6)

on N. This shows that the one-forms wy, wy are pointwise linearly independent on N. In

fact, their restrictions to D are linearly independent. Hence,
K :=kerwy |y Nkerwy|y C TN

is a distribution complementary to D. We will now show that X = N. To see this, we

calculate the covariant derivative of P, on N:
1 1
VPZ = §(VW1(€Z)) X Jl + §(VWQ(§,)) X J2

1 1
—5001(&)(002 X Jg — W3 X Jg) — 5&)2(&)(0)3 X Jl — W1 X Jg)

—?m@wrwﬁm0®&(mﬂTM®®L@Rmy



Comparing with (1.4), we obtain

vp3(&i,+) = wi(§i)wa — wa(&i)wr

along N. This implies that K = N. It also shows that the two-form v¢3 —w; Aws vanishes
on D ATM along N and coincides with vp3 on N. This means that

. (1.2)
vp = (o3 —wi Awa)|y =" dws|n,

proving (2.4). It remains to check the integrability condition (2.3), which shows that
I defines a complex structure on N. The equation (1.1) implies that VxI = 0, for all
X € N = XK. Using the symmetry of the Levi-Civita connection and the fact that IN = N,

we can easily check that

X —iIX,Y —ilY] = [X,Y]—[IX,IY]—i([X,IV]+ [IX,Y))
= [X,Y] - [IX,IV] —iI([X,Y] - [IX, IY)),

for all X, Y € I'(N). It remains to calculate [§; — &, Y —ilY] for any Y € X(N):
. . (2.2) . . . 1,0
[51 —’ng,Y—Z[Y] = [51 —’ng,Y] —Z][gl _Z£Q,Y] ETI M.

This proves (2.3). |

Corollary 1  If, in addition to the assumptions of Theorem 5, the vector fields &i|n,
&|n generate a free and proper action of a two-dimensional Abelian Lie group A on the
submanifold N C M, then the quotient M’ := N/A is a smooth manifold, which inherits
a Kaihler structure (h,J) from the transversal geometry of the integrable distribution D.
The projection (N, g) — (M', h) is a Riemannian submersion and a principal fiber bundle
with structure group A. Moreover, (N, 1) — (M',J) is holomorphic, where I € T'(N, Q)
is the (integrable) almost complex structure which maps &1|n to &|n. If, more generally,
the proper action of A is only locally free with finite stabilisers, then (M', h,J) is a Kdhler
orbifold.

3 Examples

3.1 Hyperbolic 4-space

As a first example, let us consider the four-dimensional hyperbolic space

SOp(1,4)
o 4 o\t
M = Hi = =g



The solvable Iwasawa subgroup L of SO¢(1,4) = Isomg(M) acts simply transitively on M
and we can identify M with the group manifold L endowed with a left-invariant metric g
of constant curvature —1. (M, g) is a quaternionic Kéhler manifold with the quaternionic
structure ) spanned by three left-invariant complex structures J,, o = 1,2,3. The Lie
algebra

[:(=LieL=a+n
is the orthogonal sum of a three-dimensional Abelian nilradical n = span{X, = J,Xo|a =

1,2,3} and a one-dimensional subalgebra a = RX,, where Xj is a unit vector such that

adx, |, = Id. Decomposing the Levi-Civita connection
1 _
VY =5 D wa(X) LY +VxY, X Y€l

such that VxJ, = 0, one can easily compute w, = —X, where (X) is the dual basis of
r*.
Let us use k,, a = 0,1,2,3, to denote the (right-invariant) Killing vector field which

coincides with the left-invariant vector field X, at e € L. A straightforward calculation
shows that

ko(p) = Xolp) ZIEQX

0

ke = e 7 X,,

at p = exp(z) € L = M, where x = > 2*X,. This allows us to compute the moment

maps P, of the three commuting Killing vector fields k,:

P = (Vk)? = —(£;,,)° Zwa (ky)Jy = ——e—x Ji,

since (L)% = 0 for any right-invariant Killing vector field k and w, = —X. Summarising,
we have shown that )
Pa = —56_:0 Ja s (31)

in accordance with [FGP]. Thus we have
PPk = fk‘g , 4f = |k’1|2 = |k’2|2 = 6_2x0 > 0, (32)

and we can choose & = k;, 1 = 1,2, in agreement with conditions (¢ — #i) in Theorem 5.
The Killing vector fields ki, ko generate the left-action of the normal subgroup A, =
expay C L, ap = span{Xj, X»}. Therefore, we can apply Theorem 5 and Corollary 1
to N = M. The quotient M’ = M /A, is the complex hyperbolic line M’ = H{, which
again has constant curvature —1 and admits the simply transitive solvable group L/Aj of

holomorphic isometries.
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3.2 Quaternionic Kahler manifolds in the image of the c-map

There is a class of quaternionic Kéhler manifolds of negative scalar curvature of the form
M = Mg x G, where M is a (projective) special Kahler manifold of dimension 2n — 2
and G is the solvable Twasawa subgroup of SU(1,n + 1), which is a semidirect product
of a (2n + 1)-dimensional Heisenberg group with R. For simplicity we will assume from
now on that M admits a global system of special coordinates. Such manifolds are called
(projective) special Kahler domains. Note that the quaternionic Ké&hler metric on M
cannot be a product metric, since quaternionic Kahler manifolds are irreducible. The
construction of these manifolds out of the special Kéhler base is called the (supergravity)
c-map [CFG, FS|. It has been recently shown that the quaternionic Kéhler manifold
M is complete if My is complete [CMX]. As we will show, the class of quaternionic
Kahler manifolds in the image of the c-map gives numerous examples for the quotient

construction introduced in Theorem 5.

In the following we will briefly describe the construction of the c-map, see [CFG, FS,
CMX] for more detailed information. Any (projective) special Kéhler manifold My, can
be realised as the base of a holomorphic C*-principal bundle M,y — M. The total

space M,q has the structure of an affine special Kahler manifold, which admits special

holomorphic local coordinates Z4, A = 1,...,n, such that the geometric data of M, are
encoded in a holomorphic function F(Z!,... Z") called the holomorphic prepotential.t
The functions 2* = Z*/Z™, a = 1,...,n — 1, induce local coordinates on My, and the

Kéhler potential K (z) of My can be explicitly expressed in terms of the prepotential F'.
In fact, K(z) = K(z,1), where

K(Z) = —In(2ZANpZ"®), Nup =Im Fup, (3.3)

where the subscripts on F' denote derivatives with respect to Z4 e.g. Fy = 0F/0Z4.
The solvable Lie group G admits a natural system of global coordinates 5 (¢, b, at, b 4),

A =1,...,n. Abasis for the right-invariant vector fields on G is given in these coordinates

4Readers familiar with the supergravity literature might prefer to label the coordinates by I =
0,1,...,n—1, as is done from Section 3.2.2 onwards.

5In supergravity theories arising as effective theories of type II compactifications the scalar mani-
fold My is spanned by deformations of the metric and the Neveu-Schwarz B-field, while (¢, b,a™,b A)
correspond to the dilaton, the axion and the 2n real Ramond-Ramond scalars, respectively.

11



o -0 0 0
1~ _ 5= _1,A Z 1l Z
ko =355 %gs 20" A ~ 2bagy
9 9 (3.4)
kA = W + bAa_(i ’
0,0
Oby dp
These vector fields obey the commutation relations
[k¢7 kid;] :k(i) ) [k(ba kA] = %kA ’ (3 5)
[/%,/};A] :%]%A ) [kAvl%B] = 551% ) .

with all other commutators vanishing.

Recall that a quaternionic vielbein on a quaternionic Kéhler manifold (or, more gener-
ally, on an almost quaternionic Hermitian manifold) (M, g, @) is a coframe which belongs
to the Sp(n)Sp(1)-structure defined by (g, @), cf. [ACDGV]. More explicitly, it is a system
of complex-valued one-forms U*™, A =1,2,m = 1,...,2n, such that the metric takes the
form

9= eapernU @ U™ (3.6)

and such that the quaternionic structure () on T'M corresponds to the standard quater-
0 1

-1 0 )

Note that the metric and quaternionic structure are completely determined by specifying

nionic structure on the first factor C? of the tensor product C2®C?". Here € =

a quaternionic vielbein.

In [FS] it was proven that
. L (U e —v —-E
= V2 v B u e (3.7)

is a quaternionic vielbein of a quaternionic Kéhler structure (g, Q) on a domain M if the

one-forms U™ are defined by
u = 1e%/2% 74(dby — Fppdad®) |

v = 1e*[de™ — i(d¢ + byda? — aAdbA)} ,

. _ (3.8)
EY = — 197 KP PNAB(dby — Fpeda®) |
e’ =T,PdZ4 = eldz" .
Here (Z4), A = 1,...,n, are the homogeneous coordinates of My, which are functions

on the affine special Kahler domain My,
HAb = (eab7 _Zaeab)

12



is defined using the vielbein e,® on M. In the above formulas one may simply put
(Z4) = (2%,1) to obtain differential forms which are manifestly defined on M = My, x G,
rather than horizontal C*-invariant forms on M,y X G — Mgy x G. It is shown in
[CMX] that, although the prepotential F' and the vielbeins are coordinate dependent,
the quaternionic Kéhler structure does not depend (up to isomorphism) on the choice of

special coordinates.

Remark: It is also shown in [CMX] that a global quaternionic Kahler structure can be
defined even if M, cannot be covered by a single system of special coordinates. In that
case one has to replace M = Mg x G by the total space of a possibly nontrivial bundle

over M.

Using the quaternionic vielbein given in (3.7) we can define three almost complex
structures J, on M by
U™ o J, = —i(o,) 5 UP™ , (3.9)

where (0,)"; are the su(2) generators

L (01 L (0 i L (10
wﬂg_<1o>’ Wﬂ3_<i 0)’ w93_<0-4>’

Then @ = span{J,|a = 1,2,3} is a skew-symmetric parallel quaternionic structure with

respect to the quaternionic Kahler metric
g=ut+vo+» (e’e’+ E'E") (3.10)

on M defined by (3.6). (Recall that vt = tu =3 (u @ U+ R u).)

N[

Proposition 1  The almost complex structure Js is integrable for any quaternionic
Kahler manifold (M = Mg x G,g,Q) in the image of the c-map. Moreover, the fac-
tors of the product Mg, X G are complex submanifolds of the complex manifold (M, Js).
The restriction of Js to the first factor coincides (at any point of M) with the original
complex structure J on the Kdhler manifold Mg, whereas the submanifold G = {p} x G C
Mg x G = M with the Hermitian structure induced by (g, J3) is not Kdihler. Neverthe-
less, the submanifold G C M with its induced metric is isometric to the complex hyperbolic

space Hg“ with the Kahler metric of constant holomorphic sectional curvature —4.

Proof: According to (3.7) and (3.9), the one-forms u, v, e®, E® constitute a basis for the
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space of (1,0)-forms of J3. We can compute their exterior derivative to be [FS]

ZANgdZB — ZAN 45dZB
_ 1 =

du = (—§(v+v)+ 2 7AN 2P
db=—vAt+uAu—ENE,

)/\u—E/\e,

de® = —w Aeb |

ZANpdZP — ZAN gpd 2P
27AN 7B

+eAu+ 2(ZANsp ZP) I ANAENCPIIL EY A dFpe

dE® = (—w“b — (v +0)dy + 5;}) A EP

where w is the connection one-form of M, and the index b is lowered by means of the
Kronecker symbol. Since there is no (0, 2)-form appearing on the right-hand side, J5 is
integrable in virtue of the Newlander-Nirenberg theorem. The two distributions tangent to
the factors of the product manifold My, x G are defined byu =v=El =u=9v=E*=0
and e’ = &® = 0, respectively. This shows that both distributions are Js-invariant and,
hence, that the leaves are complex submanifolds. The formula e® = e2dz® implies that
the complex structures J3|y, and J coincide. It is known that a Kéhler submanifold
S C M of a quaternionic Kéhler manifold M, such that the complex structure of S is
subordinate to the quaternionic structure, has at most dimension 3 dim M [AM]. Since
dimG =2n+2, 2n = % dim M, G C M cannot be a Kahler submanifold with the complex
structure induced by Js. Alternatively, one may check by a direct calculation that the
fundamental two-form ¢3 = g(+, J3) is not closed. For a proof of the last statement of the

proposition see [CMX]. O

In the next proposition we give more detailed information about the complex structure
Js.

Proposition 2

(i) The complex structure Js on the quaternionic Kdhler manifold M = Mgy, x G is of
the form J3 = J + Jg, where J is the complex structure of the projective special
Kdhler domain Mg, and (Ja(p))pen, @S a smooth family of left-invariant complex

structures Jg(p) on G.

(i) The projection m : M — Mg is a holomorphic submersion with fibers (G, Ja(p))
biholomorphic to the domain

n—1

F(n+1):={(w wy,...,w,) € C""|Rew’ > Z(ImwA)Q — (Imw,)?*} c C"*,
A=l

for all p € Mg,. The total space (M, J3) admits a fiber preserving open holomorphic
embedding into the trivial holomorphic bundle Mgy x C*H1,
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Proof: (i) By Proposition 1, the complex structure J; on M = Mgy x G is the sum of
the complex structure J on the base and a family of complex structures Jg(p) on the
fibers {p} x G = G. To prove that Js(p) is left-invariant it suffices to check that the
Lie derivative of the one-forms (3.8) with respect to the right-invariant vector fields (3.4)

vanishes. That is a straightforward calculation.
(ii) We define a fiber preserving holomorphic embedding ¥ : M — My x C**! by ¥ =

(7, w% wa), where
w’ = e (¢ + a*(ba — Fapa®)), wai=ba — Fapa®. (3.11)

One can easily check that the functions w®, w4 are Js-holomorphic, cf. [LST2]. We claim

that ¥ maps M biholomorphically onto the domain defined by the inequality

Rew’ > — N4 Tmw, Imwp. (3.12)
In fact, for fixed p € My, the linear map

R?™ 5 (a?,bp) — (wy) € C"

is an isomorphism, whereas the variable w® = e=2¢ + z(qg + a?w,) is constrained by the

inequality Rew® > a4 Imw,. Expressing (a?) by (w,) yields
at = —N*BImuwg

and thus (3.12). For fixed p € Mg we can choose the special coordinates such that
(N4B(p)) = diag(—1,...,—1,1). This shows that 7 is a holomorphic submersion with
fibers biholomorphic to F(n + 1). O

Given the explicit form of the vielbein (3.7) the SU(2) connection w® reads [FS]

w' = i(a—u), W= u+a,

. o 3.13
w? =10 —0)—1e" (Z2NapdZP — ZANpdZP) . (313)

It can be checked that the natural action of G on M = M x G preserves the Ferrara-
Sabharwal metric g [CMX]. The moment maps Py of the Killing vectors ky given in (3.4)

take the following simple form

1
Py =3 > walkn) o - (3.14)

This follows from Vky =V, — Ly, since Ly, J, = 0.6

6Note that the formula (3.14) differs by a factor 1/2 from that of [M], since our definition (1.3) of the
moment map differs from that of [M] by the same factor. This can be easily checked with the help of
formula (1.4).
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In order to define the submanifold N C M to which we will apply the quotient
construction of Theorem 5, we choose constant complex vectors (C'4) and (D?) # 0 and

a constant C, where D obeys

> Nap(Zo)D*D" =0 (3.15)
A,B=1
at some point Zy = (Z3,..., Z}) € Mag. Here M, is identified with a domain in C* by
means of the special coordinates. Since the affine special Kihler metric Y Nap(Zy)dZ4dZ5
is indefinite, such a vector (D%) does always exist. We will assume that the rank of the

matrix

GAB ZD FABC (3.16)

is constant in a neighborhood of Zj. Then, by restricting to that neighborhood, we can

assume that the rank is constant on M,q. That implies that the system of equations
ZD Fap(Z)=Cp = ZD Fap(Zy) (3.17)

defines a complex submanifold M/, C M,y of complex dimension n — r, where r =

l"k(GAB).

Proposition 3 r < n—1 and M/,

N fibers over a complex submanifold M C Mg of

dimension n — 1 —r. In particular, My is of dimension zero if (Gag) has mazximal rank.

Proof: Since Fp is homogeneous of degree zero, the vector (Z4) is in the kernel of the
matrix (G4p), which implies 7 < n — 1. Due to the homogeneity of the equation (3.17),
M/\

3 A
.\ 1s a cone over a complex submanifold M/ C M. O

Remark: More generally, for the smoothness of M/, it is sufficient to assume that the
rank of (G4p) is constant on a complex submanifold containing (a neighborhood of Zj
in) the analytic set defined by (3.17).

Now we define a subset N C M by the system

D*Fap(Z)=Cp,  D*ba— Fapa®)=C. (3.18)

We claim that N C M is submanifold of codimension 2r + 2. More precisely, it is a
subbundle of M/ x G with fibers of codimension 2. To see this it suffices to recall that
the first equation of (3.18) defines the submanifold M} C M and to note that over

points of M/, the second equation reduces to
Dby — Cpa® = C,
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which is a system of two real affine equations. The two real equations are independent
if and only if the vector (D4, Cj) is not a complex multiple of a real vector. The latter
property follows from the fact that that vector belongs to the tangent space L = Typ(z,)C
of the Lagrangian cone € = {dF(Z)|Z € M,y C C"} C T*C" = C?>", which satisfies
LN L=0,see [ACD].

Proposition 4  Under the above assumptions, N C M is a complex submanifold with

respect to the complex structure Js. More precisely, the homogeneous equation
DAy — Cyra® =0 (3.19)

defines a subgroup G" C G of codimension 2 and N = M/ x S is the product of the
complex submanifold M} C Mgy and a submanifold S C G, which is a left-translate,
S = xG", of the subgroup G" C G by an element x € G satisfying the inhomogeneous
equation

DAy — Cpa =C. (3.20)

The fibers {p} x S C {p} x G, p € M., are complex hypersurfaces with respect to the
complex structure on {p} X G C M induced by Js.

Proof: In order to prove that N C M and the fibers of N — M/, are a complex subman-

ifolds, it suffices to show that the one-form
d(DA(by — Fapa®)) = DA(dby — Fapda®) + DAaPdF,p

is of type (1,0). This is obvious for the second term. In order to analyse the first term,

we decompose
DA = c¢Z4 + HA,

where HAN 578 = 0 and ¢ € C. Then
DA(dby — Fapda®) = —cie K270y + ¢, FY,
where the coefficients ¢, € C are determined by the equation —See?=5/2[] PNAE = B,
This proves that D?(dby — Fapda®) is of type (1,0).
To check that (3.19) defines a subgroup G" C G, we recall” [CMX] that in the coor-
dinates (¢, ¢, a*,bg) the group multiplication in G is given by:
(6,0, a,0)-(¢/, 9, ', V) = (o4, ot +e~ (™t —a"ba), ate™?d , b+e™V). (3.21)

"Our additive variable ¢ is related to the corresponding variable A in [CMX] by A = —2¢.
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From this formula we see that the set of solutions of (3.19) is closed under multiplication

and contains the neutral element and the inverse
(¢7 qu a, b)_l = (_¢7 _62¢Q~67 —e¢a, —€¢b)

of any element (¢, ¢, a, b) satisfying (3.19). Let 2 € G be any element satisfying (3.20).
Using the multiplication law (3.21) we can easily check that G”" is a subset of the solution
space of (3.20), which we know is an affine subspace of G = R?"*2 of codimension 2. This
proves that *G” coincides with the set of solutions of (3.20), that is, with the fiber of
N — M. O

In the next proposition we give more detailed information about the complex subman-
ifold N C (M, J3).

Proposition 5

(i) The complex structure induced by J3 on N = M) x S is of the form J+ Jg, where J
is the complex structure on M}, and (Js(p))penmy, is a smooth family of left-invariant

complex structures on S = xG" = G,

(i) The projection my : N — MY is a holomorphic submersion with fibers (S, Js(p))
biholomorphic to Bg_l x C, for all p € M. The total space (N, J3) admits a fiber

preserving open holomorphic embedding into the trivial holomorphic bundle M} xC™.

Proof: (i) It follows from Proposition 2 and Proposition 4 that the complex structure of
N is of the form J + Jg, where Jg = Jg|s. Identifying S = xG” with the group G C G
by means of the left-translation with =%, we can consider Jg as a complex structure on
the group G”. Then the left-invariance of Jg follows from that of Jg.

(ii) Using the fiber preserving open holomorphic embedding W of 7 : M — My into My, X
C*! defined in (3.11), we see that my : N — M, is embedded into 7[» by one complex
affine equation D4w,4 = C, which reduces the trivial bundle M}, x C**' ¢ My x C*! to
a trivial bundle = M/ x C™ and the fiber F(n+1) of w to F'(n—1) x C. In fact, for fixed
p € My we can choose special coordinates such that (N42(p)) = diag(—1,...,—1,1) and
D =1(0,...,0,1,1). Then the fiber is defined by

n—1

Rew® > Z(ImwA)2 — (Imwy,)?, Wy +wn_y = C.
A=1

Elimination of w,, yields the domain

n—2

{(’,...,wy_1) € C"[Rew’ —2Im CImw,—y + (ImC)* > > (Imwy,)*} C C”,
A=1
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which is biholomorphic to F/(n—1) x C by the affine transformation (w°, wy, ..., w,_1) —

(w® —2 Im C Imw,,_; + (Im C)%, w1, ..., w,_1), where
n—2
F'(n—1) = {(w°, wy, ..., wy_3) € C"|Rew® > Z(ImwA)Q} cCcr
A=1
Now it suffices to note that F’(n — 1) is biholomorphic to the ball Bg™". O

Before we go on, let us summarize what we found so far by the following commutative
diagram consisting of holomorphic fiber preserving embeddings:

M=MyxG < MyxCrtl
U U
A Vin A n

N =M} xS — M) xC",
where the horizontal embeddings are open and the vertical ones are of complex codimen-
sion 7+ 1. Recall that r is the complex codimension of M} C My, S is a left-translate of
a subgroup G C G and C* C C"*! is an affine hyperplane (which is linear if S = G").
The fibers of M — Mg, are biholomorphic to F'(n + 1), whereas the fibers of N — M/,

are biholomorphic to Bg_l x C.

Let us now define two Killing vectors &;, i = 1,2, on M by
&1 = Re D4+ Re Cuk® + Re Ok
& = Im Dy +Im Cuk® + Im Chy .
From (3.14), (3.13), (3.8) and (3.18) we see that both P, and P, lie in the plane spanned
by J; and J,. Therefore, we find PP, = fJ; for some function f. Furthermore, there

(3.22)

is Jsk1 = ko. Hence we can apply Theorem 5 and Corollary 1, provided that &, & are

tangent to N and generate a free and proper action. This is shown in the next proposition.

Proposition 6  The vector fields &1, &5 generate a free and proper holomorphic action
of a vector group R* = C on the submanifold N C M. In the coordinates (2, ¢, b, a?, ba)
the action of (A1, o) € R? is given by (2,6, ¢, a,b) — (2, ¢, ¢, d’, V), where

¢ = ¢—MReC —X\ImC, (3.23)
o = a*+ )\ ReD? + A\ Im D4,
Vy = ba+AMReCy+ AImCy.

In the holomorphic coordinates (2%, w°, w,) the action of X = A\ +iXy € C is given by

(Zaa w(]’ wA) = (Za7 CO’ CA)} where
_ — N2 _ ., _
¢ = W' +iADwy —iNC + iZDA(CA — FupD?), (3.24)

A = _
a4 = wa+t §(CA — FapD”). (3.25)
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Proof: First Note that

&iln = ReDAi + RecAi — Reég ,
Ba b 06 3.26)
0 0 ~ 0 )

We can easily check that &,& are tangent to N = {D4, — Cha® = C}. In fact,
this is a consequence of the two equations DACy — C4yD* = 0 and DACy — CxD* =

—2iDAN45D? = 0. Let us use <p§- to denote the flow of the vector field §; and put

P =t opyt, A=A+ ik
Then (3.26) shows that |y is given by (3.23). We see that in these coordinates the action
consists of translations along a plane. In particular, it is free and proper. Expressing ¢* in
holomorphic coordinates yields (3.24)-(3.25), which shows that the action is C x N — N

is holomorphic. O

The Kéhler manifold M’ = N/A constructed from Corollary 1 is of real dimension
4(n — 1) — 2r, where r was the complex codimension of M} C Mg,. Thus the minimal
dimension of M’ is 2(n — 1), which is attained when the base manifold M)} is discrete.

The maximal dimension 4(n — 1) is attained, when M/ = M.

Theorem 6  Let (M’ h) be the Kdhler manifold obtained as above from the quotient
construction of Corollary 1 applied to a quaternionic Kdahler manifold (M = Mgy x G, g)
in the image of the c-map. Then M’ is the total space of a holomorphic submersion over
the complex submanifold MY, C Mg with fibers biholomorphic to Bg_l. The metric of the
fiber is given by

hap =1e*[d2® 4 2i((Im 2),0%)day | + Le* 7,6 day, | (3.27)

with respect to some global system of holomorphic coordinates (x°, x1,...,2,_2) on the
fiber. As a consequence, the fiber is isometric (but not biholomorphic, unless n < 2) to

HE™1 with its metric of constant holomorphic sectional curvature —4.

Proof: Since the action on N generated by &; and &, is holomorphic, see Proposition 6, and
preserves the fibers of the holomorphic submersion 7y : N — M/, we have an induced
holomorphic submersion 7’ : M’ — M. We know already (see the proof of Proposition
5) that my : N — M, is holomorphically embedded into 7|y : 77 (M}) — My
with fibers of complex codimension one and that 7—!'(MZ) is an open subset of the
trivial bundle M}, x C"*!. The fiber S = 2G” of 7y is the intersection of the fiber
G = F(n + 1) of m[y, with the complex affine hyperplane defined by the equation
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D4w, = C in the holomorphic fiber coordinates (w® wy). Let V4 be any vector such
that VA(Cy — FapDP) # 0 holds on some neighborhood U C MJ. Such a vector
exists, since Cy — FapD®? = (Fyp — Fap)DP? = —2iN,3D? and D # 0. Consider the
subgroup G’ C G defined by the homogeneous equations DAw, = VAw, = 0. One
can check that G’ is isomorphic to the Iwasawa subgroup of SU(1,n — 1). The reason is
that the canonical symplectic form w on R*" is nondegenerate on the real subspace I of
R?" which corresponds to the complex subspace of C" defined by DAwy = VAwy = 0
under the isomorphism (a?,bp) + (w4). In fact, II' is complementary in II** to the
plane II C I C R?" spanned by the real and imaginary part of the complex vector
(DA, Cp). The plane IT is precisely the kernel of w on II*. (Note that for the same reason
G" is not isomorphic to the Iwasawa subgroup of SU(1,n).) The complex submanifold
S' = 2@’ C S = xG” intersects all the orbits of the vector group A generated by the
two Killing vector fields & and & transversally and exactly in one point, as follows from
(3.25). Therefore, it is biholomorphic to the quotient A \ S, which is the fiber of the
holomorphic submersion 7/ : M’ — M. This proves that the fiber is biholomorphic
to G’ endowed with a left-invariant complex structure J' = J'(p), p € M. Using the
fact that G and, hence, G’ C G” normalizes A in G, one can show that the fiber
metric corresponds to a left-invariant metric ¢’ = ¢’(p) on G'. Since Napdwadwp < 0 on
{DAwy = VAwy,} =2 C"2 C C" we get that (G',.J,¢') = CH" L.

In order to make the above argument more explicit, let us compute the Kahler metric of
the fiber of M” — M/, in holomorphic coordinates and show that it is indeed the complex
hyperbolic metric of constant holomorphic sectional curvature —4. The metric of M is
given by (3.10). Let us recall that (IT%) is the matrix which represents the projection
T Mg — T Mg, with respect to the special holomorphic coordinate frame on M,y and a

unitary frame on M. By the definition of the projective special Kahler metric, we have

Nag
ZNZ

NucZCNppZP
(ZNZ)2

= 0 IT4 TS, + (3.28)
where ZNZ = Y. ZAN,pZP = &

of the left hand side yields

, cf. (3.3). Multiplying (3.28) with the inverse matrix
68 = —2e KM IIN TP + 28 Ny 2€2Z" . (3.29)
Restricting to the fiber over a point p € M/, and using the identity (3.29) we find

gan =d¢? + 1e|d¢ + bada® — a*dba|* — Le**(dba — Facda®)N ' 48(dbg — Fppda®)
+ 2e5722| 74 (dby — Fapdd®)|? ,

which is the canonical metric of F'(n + 1). Using the coordinates (3.11) the fiber metric
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gsb = g|r—1(p) takes the following form:

Jtib = i64¢|dw0 — 2i(Imw) N4 Bdwp|? — %ez‘z’deN_lABde + 268722 ZAdw 4| .
(3.30)
The metric hgy, := h|ay of the fiber M = (7')~(p) of 7' : M" — M, is obtained by first
restricting ggp, to the submanifold N, := 75! (p) € 7~ !(p) defined by D*w, = C and then
taking the quotient by the isometric R2-action generated by the Killing vector fields &;
and &. These vector fields can be combined in the holomorphic vector field

. . . - 0 =
kf = 52 + 251 = _2(51 — 7152) = DANAB% — 21DA(IH1'UJ)A@ s

see (3.24)—(3.25). Since the quotient map 7 : N — M’ = N/A is a Riemannian submer-
sion, as is its restriction 7, : N, — M, the metric hg, on M, = F(n — 1) is determined
by the degenerate symmetric tensor field
Jan (K, ) gan (k. -) + f]_ﬁb(;ﬁa ) gan(k, -)

9an (k. k) ’

(7p)"hab =Jan —
G;K > 0 and therefore Y~ ZAN, 5 DP #

,wa| corresponding to the holomorphic

where gan, = g|n, = gsb|n,. Since S ZANpZB =
0, we see as above that the equivalence classes [w°

C-action generated by k each contain exactly one representative which fulfills
Zhwa=0.

Recall that the index A runs from 1 to n. In particular, the n + 1 holomorphic fiber
coordinates are (w® wy, ..., w,). By a linear change of special coordinates (Z4), if neces-
sary, we can assume that at our base point p we have Z' = 1. Because (Z*) always has
positive norm and (D#) is null, we know that D® # D'Z® for some a € {2,...,n}, let us
say for a = n. Therefore, we can find coordinates {z°,x,},a = 2,...,n — 1, for the fiber
of M — M, as follows. We put o = 1/(D™ — D'Z") and observe that the map

(20, 20) = (w°,w,) = (xo, a((Z"D* — 2°D")z, — Z"C), 2a, a(C — (D* — Dlza)xa)) ,

(3.31)
is an affine isomorphism from C"~! onto the affine subspace £ C C"*! defined by D4w, =
C and Z4w, = 0. Therefore, it induces a biholomorphic map from an open subset of
C" ! onto M), = N,/A = ENN,. On the complex hypersurface H := EN N, C N,
(defined by Z4w,4 = 0) we have

ZAd'LUA:O, DAde:(].

From this one computes
g(kv )‘9{ = gﬁb(kv )‘9{ =0,
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and therefore concludes that the projection N, — M restricts to a biholomorphic isome-
try 5 — M. Using this isomorphism, the metric hgy, of M, is identified with the metric
93¢ = glac = gav|m of the hypersurface H C N, which is

goc =1e*|da’ — 2i(N§ + (Re ) Ni® + (Im z),Ng®)dw,|* — Je**dz, Nz,

where
N =N"'* 4+ a(Z2"D* = Z*D")N~""* + aN~ (2" D" — Z'D")
+la[*(Z2"D* = Z*D")N~' (2" D’ — 2°D") — a(D* — D' Z*)N 1"
—aN~'"(D" = D'Z°) + |a|*(D* = D'Z*)N~'"(D" — D'Z")
— |a[*(Z"D* — Z*D")N~''"(D" — D' Z°)
— |a]*(D* = D'Z*)N~""(Z"D"* — Z°D")
is Hermitian and negative definite and the other coefficients are given by
N§ =Im(aC)((N™'" = Z" N1 + a(N'™ — 2N~ (2" D — Z°D™)
+ (N — NTTY(D* - D' Z))
N{® =Im(a(Z2"D* = Z*D"))(N"""* + aN~"(Z2" D" — 2°D") — aN~"'"(D" — D' 2"))
—Im(a(D* = D' Z) (N + aN~'"(Z"D" — 2°D") — aN~'"(D" — D' Z"))
N§® =Re(a(2"D* = Z°D"))(N"'" + aN~'Y (2" D — 2°D™) — aN~'"™(D" — D' 2%))
+(N™ lab | N—1a1(ZnDb . ZbDn) . aN—lan(Db . Dlzb))
—Re(a(D* = D' Z) (N1 + aN~'"(Z2" D" — Z°D") — aN~'"(D" — D' 2%)) .
By a linear change of holomorphic coordinates we can assume that N = —§9. Finally,

by changing the coordinate z° into 20 — 2iN¢x, — 2ix, Nz, we obtain the form
gsc =1e|dz® — 2i((Tm 2), M™)day |2 + Le2*dz,6%dx

where M N ab zN ab — Nab — _g§ab Note that this metric has the same form as the
fiber of M — My, which we already know has constant holomorphic sectional curvature.

To compare the metrics it suffices to put Nap = —nap (the Minkowski scalar product)
and (Z4) = (1,0,---,0) in (3.30), which yields

gap =2e*?|dw’ — 2i((Im w) an*P)dw;|* + Le**dw 6P dwp .

Changing the coordinate w; to w; brings this metric to the more standard form (3.27),

but in n + 1 instead of n — 1 complex dimensions. O

Remark: The above proof shows that the quotient Kéahler manifold M’ can be described

as follows. As a smooth manifold,
M = M) x G,
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where G’ is the Iwasawa subgroup of SU(1,n —1). The Ké&hler structure (Jy, gar) of M’

is of the form
JM’ :JMS/;(+J/7 am :ngAk _'_g/u

where (J'(p), g'(p))peny, is a family of left-invariant Kéhler structures on G such that
(G', J'(p), g (p)) is isomorphic to CH™ ! with its standard Kahler structure for all p.
Applying Theorem 2 of [CMX], this shows, in particular, that M’ is complete if the
submanifold M) C My is complete.

We shall now consider some explicit examples of the new quotient construction applied

to quaternionic Kahler manifolds in the image of the c-map.

3.2.1 Quadratic prepotential

Let us first analyze the case of a quadratic prepotential F, i.e. F(Z!,..., Z")is a quadratic
polynomial such that the real symmetric matrix Nap = Im Fup is of signature (1,n —
1). The corresponding 4n-dimensional quaternionic Ké&hler manifold is the Hermitian

symmetric space
U(2,n)

M=o <xum)

Proposition 7 In the case of quadratic prepotential, the holomorphic submersion m :
M — Mgy, = HZ" of Proposition 2 is a trivial holomorphic fiber bundle and (M, J3) is
biholomorphic to HE ™' x F(n + 1).

Proof: Since F4p is constant, the fiber preserving open embedding ¥ : M — Mg, x C*+!
defined in (3.11) is a biholomorphic isomorphism onto its image Mg X F(n + 1). |

In this case, the first condition in (3.18) is automatically satisfied at every point of
M as soon as it is satisfied at one point. Hence, NN is of dimension 4n — 2 and M’ is of

dimension 4n — 4.

Proposition 8 In the case of quadratic prepotential, the holomorphic submersion Ty :
N — M} = Mgy of Proposition 5 is a trivial holomorphic fiber bundle and the complex
submanifold N C (M, J3) is biholomorphic to Mg, x Cx F'(n—1) = H} ' xCx F'(n—1),
for any choice of null vector (D) € C*"~1 and any C € C.

Proof: Since Nap is now constant, it follows immediately from the proof of Proposition

5 that the submanifold N C M = My, x C"*! is biholomorphic to My, x C x F'(n —1).
O
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Theorem 7 The Kahler manifolds M' obtained from the quotient construction of Corol-

lary 1 applied to the quaternionic Kdhler manifold M = UU(2’")

TR)xUm @re isomorphic to

HE U HE Y
for any choice of null vector (D) € C*~1 and any C € C.

Proof: The holomorphic submersion M’ — M/ of Theorem 6 is, in this case, a trivial
holomorphic fiber bundle over M} = My, = Hg_l. This follows from the proof of Theorem
6, since the constructions are now independent of p € My,. For the same reason, the metric

is the product of the metric on the base and the metric on the fiber. O

3.2.2 Cubic prepotential

Now let us turn to the case of a cubic prepotential, i.e.

AV A
F= 1dijk7 ’

6

(3.32)

where the lower case indices run from 1 to n — 1. Note that, from now on, the special
coordinates Z! run from Z° to Z"~'. Putting 2z = Z'/Z°, the first equation in (3.18)

turns into : o
c diju(2D%2" — LDz 2*
"\ —dgp(AD02 — DiYeE )

which defines a Kéhler submanifold M/, of Mg under our general assumptions on the rank

(3.33)

of the matrix (3.16), see the remark on page 16. By means of the coordinates 2, ..., 2"}

we will identify My, with an open subset of C*~!.

Proposition 9  Let zg € My, C C"! be a solution of the equation (3.33) and U C My,
an open neighborhood of zy. Suppose that the rank of the matrix

mg; = dzjk(Dk — Dozk) (334)
is constant on U. Then M) C Mg is a complex submanifold of complex codimension
r = rk(m;;). (More generally, it suffices to assume that the rank of (m;;) is constant on
a complex submanifold containing the algebraic subset of U C C*™1 defined by (3.33).)
Proof: The Jacobi matrix of the map z — DJF[J|Z:(17Z) is given by

( _”nZ’;Zk ) . (3.35)
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Since the first row is a linear combination of the other rows, the rank of that matrix

coincides with the rank of (m;;). O

Remark: Note that, as in the case of general prepotential, given a null vector (D') at
Z = (1,2) € M,y we can define (Cr) such that (3.33) holds at z. Therefore, we can
always assume that M/ # 0. For generic (d;;1.), (D') and z the rank of m;; is maximal
and so dim M/, = 0. Let us also keep in mind the trivial fact that for any zy = (2}) € My
there is always a nonzero vector (D!) which satisfies (3.15) at Zy = (1,2p). The set
of all such vectors (the null cone without its origin) is a C*-invariant real hypersurface
of Ty, M,y = C". Finally, let us point out that the constant vector (D!) defining the
submanifold M/ is a null vector not only at Z, but at any point Z of M,

sk Since

_ 1 _ _ _
DNy (2)D” = -(D'C; — D'Cy) = D'N1,(Zo)D? = 0.
1

The following proposition can be used in explicit examples to obtain an upper bound
on the dimension of M, which is defined by (3.33).

Proposition 10  Let zy be any point of M. A necessary condition for a vector o =

a'd,i € T,y Mgy to be tangent to MY is to satisfy the following equations:
dije(D? — D°2))a* =0 (3.36)

and
dijra‘alak =0 . (3.37)

Proof: Consider a complex analytic curve 7+ 2z(7) = (2°(7)) in M/, through 2o = (2§):
)=+ T + T8+

Then the last n — 1 equations of (3.33) are satisfied up to cubic order in 7 if and only if:

0 = dyju(D' —D°2))a* =0, (3.38)
0 = dijp(D? — Dozg)ﬁk — %Dodijkajak and (3.39)
0 = dijp(D? — D°2)7* — Ddijral B . (3.40)

The first equation already gives (3.36). Considering the 73-component of the first equation
of (3.33) we also obtain

—dijzo(D? — D°2p)7" + (2D°z — D')dyja B* + 1D%jaleda” = 0. (3.41)
Inserting (3.39)—(3.40) into (3.41), we find
dijkOéiOéjOék =0.
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Remark: Note that one can always find D' s.t.
diji(D? — D°2))a* =0

is not fulfilled for any a # 0. On the other hand, depending on the particular form of
dijk, one can adjust D’ in order to obtain examples for which dim N is large. We will

discuss such examples in the remainder of this paper.
A low-dimensional example

We shall now see that a simple low-dimensional example with a one-dimensional man-
ifold M, is provided by the STU model with two coordinates fixed. The corresponding
quaternionic Kahler manifold is the symmetric space

SO0 (4,4)
~ SO(4) x SO(4)
which is the c-map image of the special Kahler manifold

= ()

M

Choosing appropriate inhomogeneous coordinates z = (2! = 5,22 = T,2% = U), the

prepotential (3.32) is determined by

F(2*=1,2)=STU .

The equation (3.33) defining the submanifold M/ C Mg now reads

2D°STU — D°TU — D*SU — DYST = Cy , (3.42)

(DT — D)(D°U — DY) = DDV — D°Cy , (3.43)

(DS — D%)(D°U — DY) = DDV — D°Cr (3.44)

(D°S — D%)(D°T — D™y = D°D* — D°Cy | (3.45)

where (D%, DT DY) = (D', D? D?®) and we are assuming that D° # 0. From the last

three equations we already see that two of the three coordinates, say S and T, must be

fixed to the values (S) := g—i and (T) := g—§ in order to keep the third coordinate, here U,
free. Note that this is not possible for arbitrary choices of D and DT since the coordinates
have to satisfy Z?,J:O N;;z'z7 > 0. Therefore, we will assume that (1, (S), (T')) can be
extended to a vector (1, (S), (T, (U)) spanning a complex line which is positive definite
with respect to the pseudo-Hermitian metric (N7;). We will call such vectors time-like.

One can check that all the above equations are solved for
Csg = DY(T), Cr = DY(S) , Cy = DY(SW(T) , Co = —DY(S\T) ,
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with U remaining arbitrary. Therefore, the coordinate U parameterises M. It is straight-
forward to check that for any choice of D° # 0, D and D7 as above, the null condition
(3.15) can be satisfied by appropriately choosing DY. This ensures D°U — DY # 0 on M.
The latter inequality implies that the matrix (m;;) of Proposition 9 has rank two, which
again proves that M) C My, is a one-dimensional complex submanifold. The resulting

Kéhler manifold M’ has complex dimension 4.

We can also consider the quantum STU model, where the prepotential is given by
F(1,z)=STU + iT° |

and the corresponding 6-dimensional special Kdhler manifold Mg, admits a 4-dimensional
group of automorphisms, which acts freely on My, as follows from [CMX], Example 3 in
Section 4.2.

Again we can try to fix the values of one or two of the variables and use the remaining
ones as parameters. In this case, Proposition 10 immediately implies that 7" cannot belong
to the remaining parameters. Comparing with the equations (3.42)—(3.45) for the STU
model, we see that only the conditions (3.42) and (3.44) are modified by the extra term

in the prepotential. The new version of (3.44) reads
(D°S — D%)(D°U — DY) + (DT — D™)* = DSDY + (DT)? — D°Cy

which together with (3.43) and (3 45) implies that 7" must be fixed to some value (7). If
(T) = DO , then also S = (S) = Z5 > and we come back to the solution for the STU model,

now with

Cs=DY(T),  Cp=DY(S)+DNT),
Cy = DUSI(T),  Co=—DY(S)(T)—3D™(T)?

Again, U parameterises M/, and we find again a 4-dimensional Kahler manifold M’ as
in the STU model. If the constant (T") is chosen to be real, then the term %Tg in the
prepotential will not contribute to the metric of M’ and so we get the same Kéahler metric
as for the unperturbed STU model. Otherwise, the metric will change by a conformal
factor of the form e;;jf = (ef}§10)2, where ¢ = $(Im(T'))® and K| is the Kéhler potential

of the unperturbed STU model.

High-dimensional examples

We can construct examples M) with high dimension by extending the example above

to the manifold

800(4, n)

M= 560 x S0(m)

n>4, (3.46)

28



which is the c-map image of

B CSU(LL) SOu(2,n—2)
Mac = ST12n = 2= 537" X 550) x SOMm —2) -

The latter has complex dimension n — 1. By appropriately choosing inhomogeneous

coordinates the prepotential becomes
F(1,2) = STU + Sy*y™0¢m , (3.47)

where now z = (S,T,U,y), y = (y*) and £,,m = 1,...,n—4. For this prepotential we find
from (3.33)

D°Cy, =D°(D°S — D¥)TU + D°S(D°T — DTYU — D°DYST — SD*S;,,, D™
+ DY(D°S — D%y 0pmy™ + S(D°* — D)6 (D°y™ — D™) | (3.48)
D°Cg =D*6;,, D™ + D' DY — (DT — D*)(D°U — DY)
— (D% = D)8 (D°y™ — D™) (3.49)
D°Cr = — (D°S — D%)(D°U — DY) + DDV | (3.50)
D°Cy = — (D°S — D%)(D°T — DT) + D’DT | (3.51)
D°Cy = —2(D°S — D®)84, (D™ — D™) + 2D554,, D™ . (3.52)

From the n = 4 example we expect that at least two directions should be fixed to a
constant. Indeed, we have to at least fix S to the value (S) = ID)—i in order to solve the
equations (3.50)-(3.52). From (3.49) we then get an additional quadratic equation in the
remaining coordinates that can be solved by choosing

o DT 5Zm(DOyZ - 2Dé)ym

T=_"__
Db DU — DY

and (DY, D) as usual such that (3.15) holds at some base point Z = (1, 25) and D°U —
DY # 0 on My, (one may have to replace My, by a neighborhood of z, for the latter).
The solution for C7 is given by

DTDY
Cs="mg—. Cr=DS), Cu=(s)D",
DTDY
Cz == 2<S>5ngm y C(] == —7<S> .

Hence, the dimension of M/, is 2(n — 3). The manifold M’ therefore has dimension
4(n — 2), which is eight smaller than the dimension of M. Note that the dimension
of the submanifold M) C My is only so high because we are fixing the direction S,
which appears in both parts of the direct product manifold My, i.e. in both terms in
(3.47). This is already suggested by Proposition 10, which implies that in each monomial
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of Z?:_ll dijxz'272" at least one variable must be fixed. Also, it is known that the only
special Kahler manifolds which are decomposable as a product are the symmetric spaces
ST[2,¢], ¢ > 1, [FVP]. The next step is to study special Kéahler manifolds that are not

symmetric and, hence, are not decomposable.
Examples of homogeneous manifolds

Let us now discuss the case of a homogeneous quaternionic manifold of negative scalar
curvature that is not necessarily symmetric. These manifolds have been classified (under
certain assumptions) in [A, Ce, AWV, C]. One simple class is the one that is in the image
of the c o r map® of the hyperbolic spaces
SOp(n —2,1

of ) >3 |

n—2 __
By = SO(n—2) ’ -

which is defined by the holomorphic prepotential
F(1,2) = S(ST — 2" 6pma™) ,

where 2z = (S,T,x), * = (2%) and the indices ¢,m run from 1 to n — 3. Thus, the
corresponding special Kéhler manifold Mg, is still of complex dimension n — 1. It is
known that the corresponding quaternionic Kahler manifold M can be presented as a
solvable Lie group T(p), p = n — 3, of rank 3 with a left invariant quaternionic Ké&hler
structure [C]. The only symmetric space in this series is T(0) = %. We will
consider the case p > 1.

Inserting this prepotential into (3.33) gives

Co =2(D°S — D*)ST — D*'S? — S(D°" — 2D"6p 2™ — (D°S — D®) ' 5gx™ , (3.53)
Cg=— (DS —2DT — (DT — 2D™)S + (D°2* — 2D")6pa™ | (3.54)
Cr =—(D°S —2D%)S | (3.55)
Cy =(D°S — 2D%)6 ™ + Opm(D°2™ — 2D™)S . (3.56)
From (3.55) we see that S is always fixed, i.e. locally constant on M. If S is fixed to
some value (S) such that D°(S) — D° = 0 one can conclude from (3.56) and (3.54) that
T and 2™ are also fixed. If D(S) — D® = 0, we find that (3.56) does not fix any further

coordinates but only determines the value of Cy. In contrast, (3.54) reads
D'64, D™ + D°Cs — 2D°DT(S) = (D" — D*)4, (D™ — D™) |

which is a quadratic equation and fixes one of the complex degrees of freedom (which we

will simply call moduli). Therefore, the minimal number of fixed moduli is two in the

8The r-map is a construction of special Kéhler manifolds, which was introduced by de Wit and Van
Proeyen in [dWV]. See [CMX] for a recent discussion of some of its mathematical properties.
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base space and two in the fiber. Now let us turn to the cubic equation (3.53). By using

D%(S) — D® =0, we can write it as
D°Cy + D°DY(8)2 + (S)D 64, D™ = (S)(D°x" — D)6y, (D°2™ — D™) |

which reduces to the above quadratic equation if Cj is chosen properly. This shows that
we can construct examples such that the final Kéhler manifold M’ has complex dimension
2n — 4.

Now let us turn to a second series of homogeneous quaternionic Kahler manifolds

W(p, q), which is a generalization of (3.46) and has the prepotential
F(1,2) = F(1,8,T,U,2,y) = STU + Sy 6pmy™ + T2"6 2" ,

where x = (z°) € RP, y = (y*) € R%. The Alekseevsky spaces W(p, q) are of dimension
dn = 4(p + g+ 4) and are symmetric only if p = 0 or ¢ = 0. We will consider the case
p,q > 1. The equation (3.33) now reads

D°Cy =D°(D°S — DS)TU + D°S(D°T — DT)U — D°DV ST — SD'54, D™

+ DY(D°S — D*)y Suny™ + S(D%Y" — D*)ogn (D y™ — D™)

+ DY(D°T — D) a2’ 4+ T(D%2% — D)y (D2 — D) — TD,, D , (3.57)
D°Cy =D*6,, D™ + DT DY — (D°T — DT)(D°U — DY)

— (D% = D)3y (D°y™ — D™) | (3.58)
D°Cy =D*,,D" + DSDV — (D°S — D¥)(D°U — DY)

— (D2 — D)6 (D2 — D) | (3.59)
D°Cy = — (DS — D%)(D°T — DT) + DD™ | (3.60)
D°Cy = = 2(D"S = D*)p (D™ — D™) + 2D, D™ (3.61)
D°C, = — 2(D°T — D")6,,(D°z® — D®) + 2D%5,,D" . (3.62)

We see from (3.61) that the y™ can only be free if S is fixed to the value (S) = g—i.

However, from (3.59) we see that then the z® must fulfill a quadratic equation. Similarly,

if one does not want to fix all the moduli 2%, one must fix (T") = g—i, cf. (3.62), and (3.58)

gives one quadratic equation for the y%.° Let us now turn to the cubic equation (3.57).
We see that for (S) = ID)—i and (T') = g—z, this equation reduces to the quadratic equations
encountered before, giving no new constraint on the remaining moduli. Therefore, four

moduli in the base space are fixed, which together with the two fiber directions make six

9Note that the alternative of fixing e.g. the y* to y* = g—ﬁ reduces the set of equations to those for

the case (3.46), with the same set of solutions. In that case only the fiber dimension differs from the M’
obtained for (3.46).
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fixed moduli. The dimension of the resulting Kéhler manifold M’ is thus eight smaller

than that of the quaternionic manifold M.
General homogeneous manifolds

Finally, let us discuss the case of a general homogeneous space with cubic prepoten-

tial.!® The prepotential for the general cubic case is given by [dWV]
F = h'[(h*)? — h*0,,h"] — B2h Gpmh™ + h*yumh R™ .

Here, the index p labels ¢ + 1 fields while ¢ labels r fields that form representations of
the (¢ + 1)-dimensional Clifford algebra. Accordingly, the matrices 7, fulfill the Clifford
algebra. The special Kéhler base of M is therefore parameterised 3+ g+ complex scalars.
Thus the dimension of M is 4(4 4 ¢+ ).

The analysis of possible dimensions of the Kéhler quotient M’ is done analogously to

the examples discussed above. Inserting the above prepotential into (3.33), one finds

D°Cy =2D°h'h*(D°h* — D?) — D°D*((h*)* — h*§,,h") — 2D°h'h#6,, (D°h” — D")

— DY%(D°h? — D*)hf5ph™ — h2(D°hY — DY)y (D°R™ — D™)

+ D%y (D°R* — DM)RR™ + ~u0mh* (D°RY — DY)(D°h™ — D™)

+ h*D% 4y D™ — ' D'D™ (3.63)
D°Cy =(D?*)? — D*§,,, D" — (D°h* — D*)* + (D°h* — D")§,,,(D°h” — D¥) ,  (3.64)
D°Cy =2D'D? — D64, D™ — 2(D°h* — DY)(D°h* — D?)

+ (D" — DY)§yp (D°2™ — D™) | (3.65)
D°C,, =yumD2D™ — 2D'6,, D" + 2(D°h} — DY)4,, (DR — DY)

— (D°R* — DYyupm(D°R™ — D™) | (3.66)
D°C; =2((D°h* = D*)Sim, — (DR = D"y} (D™ — D)

— 2D%64,, D™ + 2D" 5,0 D™ (3.67)

From (3.67) we see that the only h’ that can stay massless are those in the kernel of the

matrix

My (R?, ") = [(D°h? — D*)8pm + (D°R* — D") 0] -

On the other hand, a direction in the (h%, h*)-plane can only remain unfixed if D°h¢—D* =
0 holds for at least some of the scalars h*. In general, the minimal set of fixed scalars
consists of just (h?, h*). If we fix these scalars to (h%) = 2 and (h#) = 2t then (3.64)
and (3.67) are fulfilled for all values of the h*. Furthermore, we find ¢ + 1 quadratic
equations for the h* from (3.65) and (3.66), which also solve (3.63). In total, this gives

10The case of a quadratic prepotential has been discussed above.
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2q+ 2 fixed (complex) directions, leading to a Kéhler quotient M’ of (complex) dimension
2r + 4.1

4 Kahler quotients and spontaneous partial super-
symmetry breaking

The construction of the Kéahler quotient of quaternionic-Kéahler manifolds presented in
Section 2 first arose in the physics literature in the derivation of the low-energy effective
action of spontaneous N = 2 to N = 1 supersymmetry breaking in supergravity [L, LST1,
LST2]. Let us close this paper by linking the mathematical analysis of the previous
sections to the physical perspective of refs. [L, LST1, LST2].

The spectrum of N = 2 supergravity includes the gravitational multiplet together with
n, vector- and ny, hypermultiplets. Each hypermultiplet contains four real scalars which
together span a 4ny-dimensional field space M that is constrained by N = 2 supersymme-
try to be quaternionic-Kéhler. A necessary condition for a maximally-symmetric solution
of the N = 2 supergravity field equations to preserve only N = 1 supersymmetry is that
two isometries of the quaternionic-Kéhler manifold are gauged [FGP, LST1]. The Higgs
mechanism then makes the corresponding two vector fields massive, with the charged
scalars providing the longitudinal degrees of freedom. Consistency with N = 1 supersym-

metry demands that these isometries satisfy the assumed properties of Theorem 5.

In order to derive an effective action valid below the scale of supersymmetry breaking
mgp one needs to integrate out all fields with masses of order ms/. Integrating out
massive scalar fields corresponds to taking a submanifold N C M, while integrating out
the two massive vector fields corresponds to taking the quotient with respect to the two-
dimensional Abelian Lie group A generated by the two Killing vectors, as specified in
Theorem 1. The two charged scalars act as Goldstone bosons and are removed from the
scalar field space by the quotient construction described in Theorem 5. Consistency with
N = 1 supersymmetry implies that the resulting scalar field space M’ = N/A should be
Kahler.

For generic quaternionic-Kéhler manifolds M the precise identification of massive ver-
sus massless fields or, in other words the identification of the submanifold N, is difficult.

However, for the case of special quaternionic-Kéhler manifolds, i.e. manifolds in the image

I Alternatively, one could choose to fix ' and all h*, with one additional constraint coming from
(3.64), resulting in a Kéahler quotient M’ of complex dimension 4 4+ 2¢q + r. Depending on ¢ and r, this
might be larger or smaller than 2r 4+ 4. Since r must be a multiple of the dimension of the fundamental
representation of the g-dimensional Clifford algebra, generically » will be much larger than ¢q. Note that
there is also the possibility of fixing some h¢ and some (h2, h*), which we do not discuss any further here.
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of the c-map, N is determined by (3.18), which we repeat here for convenience:

DAFsp(Z)=Cp,  D*ba—Fapa”)=C". (4.1)

These equations give 2rg + 2 real conditions, where rg = rank(F' ABCDC). From this one
can read off the dimension of the submanifold N to be 4ny, — 2(rp + 1).

The dimension of the quotient M’ is two less than that of the submanifold Ny,. There-
fore, the specific dimensions of the quotient M’ is model-dependent and depends on the
number of hypermultiplet scalars which remain massless, i.e. on the dimension of N. The
maximal rank of FypcDC is n, — 1 due to Fapc X = 0, therefore for generic F and D
the dimension of N is 2ny, cf. Proposition 3. In other words, generically all moduli in the
special Kahler base of the special quaternionic-Kahler manifold are fixed. However, only
two of the axionic scalars in the G-fiber are fixed. For special choices of the prepotential F'
and fine-tuned D4 one can increase the dimension of M’ as discussed in detail in Section
3.

N = 2 gauged supergravities in four dimensions appear in the low-energy limit of
compactifications of string theory on Calabi-Yau and, more generally, SU(3) x SU(3)-
structure manifolds. In all these theories the quaternionic-Kéahler manifold are of the
special form described in [CFG, FS]. In the limit of large volume the holomorphic pre-
potential simplifies to become cubic. In Section 3.2.2 we analysed a large class of special
quaternionic-Kahler manifolds with cubic prepotentials, including the examples of gen-
eral homogeneous manifolds classified in [dWV] and the inhomogeneous quantum STU
model. We found that it is possible to obtain both high- and low-dimensional moduli
spaces, with the latter being generic. From the perspective of string theory compactifi-
cations, the fact that we generically find low-dimensional moduli spaces is particularly

attractive as it suggests that moduli stabilisation can be easily implemented.
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