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Thermoelectric study of the time-dependent Resonant Level Model

Adel Kara Slimane! and Geneviéve Fleury!

Université Paris-Saclay, CEA, CNRS, SPEC, 91191 Gif-sur-Yvette, France

We study the non-interacting time-dependent resonant level model mimicking a driven quantum dot connected through
leads to two electronic reservoirs held at different temperatures and electrochemical potentials. Using a scattering
approach, we provide analytical formulas of the time-dependent particle currents, heat currents, and input driving power
under the wide-band limit approximation. We also derive Landauer formulas for the corresponding time-integrated
quantities when the perturbation applied on the dot is of finite duration. Then, we focus on the case of a single square
pulse, benchmark our analytical results against numerical ones that are valid beyond the wide-band limit, and perform
numerical simulations for a smooth square pulse and a periodic square pulse train. Finally, we discuss whether the
efficiency of the device in a stationary Seebeck configuration can be enhanced by driving the dot potential. We find
numerically that the transient increase of the efficiency observed in some cases is eventually cancelled out at long times.

I. INTRODUCTION

Molecular junctions and quantum dots have emerged as
promising experimental platforms for investigating energy
transport on the nanoscale. They have been used in the
last few years to investigate thermoelectric effects'~” and to
implement e.g. heat enginesg’“, heat valves!?, and ther-
mal rectifiers!® in the stationary regime. The physics in
those devices is often described by invoking the paradigmatic
fermionic Resonant Level Model (RLM): a single localized
electronic level with energy & (hereafter called the dot) is
connected with coupling energies I'y, to two (or more) elec-
tronic baths & held at temperatures 7, and electrochemical
potentials (. While it is straightforward to calculate heat and
charge currents for the non-interacting RLM in the stationary
regime, the inclusion of electron-electron interactions in the
dot and/or of time-dependent perturbations pushing the sys-
tem out-of-equilibrium complicates considerably the model.

In particular, in spite of its apparent simplicity, the non-
interacting time-dependent RLM is the subject of active re-
search in the fields of high-frequency nanoelectronics and
quantum thermodynamics. It has been extensively used in the
theoretical literature to investigate dynamical charge'*~'® and
energy'®—3* transport with different techniques. Fundamental
questions have been addressed with the aim of building a con-
sistent theory of thermodynamics in the out-of-equilibrium
quantum regime??*%-33, The possibility of performing ther-
modynamic tasks such as heat pumping®, cooling? or heat-
to-work conversion?>>*34 has also been investigated. In par-
ticular, in Ref.?*, the authors reported on a boost of thermo-
electric efficiency of a driven heat engine modeled by the
time-dependent RLM. More advanced models*®~ have been
considered as well, e.g. by including Coulomb interaction
and/or by describing a two-level dot or two dots instead of
one.

In this paper, we study thermoelectric transport in the non-
interacting RLM when the energy &y of the dot is made time-
dependent. As in Refs.>>3!141 | the dot is coupled from the re-
mote past to two baths through ideal (non-interacting) leads.
Dissipation only occurs in the baths and a static temperature
and/or electrochemical potential bias can be applied between

the two baths. We use a scattering approach*'*? to describe
time-dependent thermoelectric transport in our model. This
approach is not restricted to weak dot-bath couplings and is
valid for arbitrary driving beyond the adiabatic limit. It is
only assumed that the driving is switched on from a given
instant # = 0 (i.e. &(tr < 0) = Vp constant) so that the time-
dependent scattering state inside the dot and the leads can be
calculated*? by evolving in time the stationary scattering state
defined for # < 0. In Ref.*!, we used this approach to develop
a numerical technique** — based on the Tkwant software*>40
— for simulating time-dependent thermoelectricity in quantum
systems. We used the driven RLM as a benchmark and per-
formed numerical simulations of dynamical Peltier cooling in
a two-dimensional quantum point contact. Our results pointed
to a negative role of time-dependent perturbations for thermo-
electric cooling but did not allow us to comprehend and disen-
tangle the physical effects at stake. Here, we focus our interest
on the time-dependent RLM and leverage our scattering ap-
proach to provide an analytical description of time-dependent
thermoelectric transport within the so-called wide-band limit
(WBL) approximation. Our analytics serve as guidelines for
identifying interesting operating regimes that can be inves-
tigated subsequently numerically. In particular, inspired by
Ref.?*, we ask ourselves whether or not the efficiency of the
stationary device in a Seebeck configuration can be enhanced
by driving the dot. We discuss the subtleties of defining a
time-resolved efficiency and draw the empirical conclusion
from the analysis of our numerous numerical data that the
time-dependent driving does not bring an advantage in terms
of net thermodynamic efficiency in the RLM. Even though the
efficiency can be increased in the transient regime, the net ef-
ficiency at long times does not exceed the stationary efficiency
in the investigated wide parameter range.

The outline of the paper is as follows. We introduce in
Sec.II our time-dependent RLM and in Sec.III the basics of
the time-dependent scattering theory of thermoelectric trans-
port. This theory is used in Sec.IV within the WBL approx-
imation to derive (semi-)analytical formulas describing time-
dependent thermoelectric transport in the RLM. Sec.V is de-
voted to the peculiar case where a single square pulse is ap-
plied on the dot. Potential applications for time-dependent
thermoelectric energy harvesting are discussed in Sec.VI. We
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FIG. 1. Sketch of the time-dependent Resonant Level Model studied
in this paper. A central site playing the role of the dot is attached to
two left (L) and right (R) leads modeled by semi-infinite 1D chains.
For times ¢ < 0, the model Hamiltonian is static but the system can
be driven out of equilibrium by applying a temperature bias 7; —
Tr and/or an electrochemical potential bias t; — ug across the left
and right electronic reservoirs attached to the leads Additionally, for
times ¢ > 0, the onsite energy &y in the dot can be varied in time with
e.g. aback gate.

conclude in Sec.VII.

1. MODEL

We consider a one-dimensional (1D) discretized version of
the time-dependent RLM sketched in Fig.1. A central site 0
with time-dependent onsite energy &(¢) is attached through
nearest-neighbor hopping terms 7, and g to two left (L) and
right (R) semi-infinite 1D chains playing the role of the leads.
In the latter, the nearest-neighbor hopping term is denoted by
v and the onsite energies are taken equal to zero for simplicity.
The tight-binding Hamiltonian of our system reads

H(1)=Ho(t)+ Y Ha+ Y, Hoa (1)

a=L,R a=LR
where Hy(t) = so(t)cgco is the dot Hamiltonian, H; =
—YYi<—1 cllci +h.c.and Hgp = =YY ;> c;lci + h.c. are the
Hamiltonians of the left and right leads respectively, while
Hor=—7 Cgcfl ~+h.c. and Hyg = —Yr C;r]Cl + h.c. are the tun-
neling Hamiltonians between the dot and the leads. Here, c;
and cl' denote the annihilation and creation operators of an
electron at site i. Moreover, each lead a (= L or R) is at-
tached from the remote past to an electronic reservoir char-
acterized by its (static) electrochemical potential (i, and tem-
perature Ty. Importantly, we assume that the dot onsite energy
is constant for # < 0 and equal to & (¢ < 0) =V, while time-
dependent perturbations are switched on for r > 0. We use the

notation &(t) = Vo +V (¢) with V(r <0) =0.
Throughout the paper, we take e = i = kg = 1 where e is
the electron charge, % the reduced Planck constant, and kp the

Boltzmann constant.

Il. SCATTERING THEORY FOR TIME-DEPENDENT
THERMOELECTRIC TRANSPORT

We use a wave-function approach' to study time-
dependent quantum transport in our model. The central ob-
jects of the theory are the scattering states W% (¢). Since the
leads are time-independent, the incoming part of W*E(t) is
made of a single plane wave at energy E coming from lead o

(o and E being thus used to label the scattering states). On
the contrary the outgoing part of W*£ (1) writes in general as
a superposition of outgoing plane waves at different energies
E’, the dot onsite energy () being time-dependent. For in-
stance, the scattering state WLE (¢) originating from the left
lead and evaluated at site n reads in the leads

dE’ y y
V() =2 (CE)+ [ S x WENHELE) Qo
e o [9E o /
W (1) = [ (4 E)d(E'E) (2b)

where r(E’,E) is the probability amplitude for an electron
with an energy E coming from the left lead to be reflected
with an energy E’, d(E’,E) is its probability amplitude to be
transmitted to the right lead with an energy E’, while y,,” and
X+~ are plane waves propagating in the leads from left to right
and right to left respectively i.e.

— _ 1 —iEt+ik(E)n

Xn (tvE) - \V(E)\e (33-)
— _ 1 —iEt—ik(E)n

Xn (tvE) - \V(E)\e (3b)

v(E) and k(E) being the plane wave velocity and mo-
mentum satisfying |[v(E)| = \/4y> —E2, E = —2ycosk(E),
k(E) > 0.  Similar formula can be written for the
scattering state WXZ(r) originating from the right lead,
with reflection and transmission amplitudes r/(E’,E) and
d'(E',E). In particular, in the static case, transport is elas-
tic and d(E',E) = 2n8(E — E')dy(E), d'(E'E) =276 (E —
E"dy(E), r(E",E)=2n8(E—E")ro(E),r(E',E) =2nd(E —
E")r(,(E) where § is the Dirac distribution and do(E), dj,(E),
ro(E), and r;y(E) are notations for the scattering amplitudes of
the time-independent problem.

Within this framework, the particle current I} (1) = I, (¢)
flowing from the left lead to the dot — evaluated between the
sites —1 and 0 — and the particle current I¥ (1) = 1(1)\7’ (1) flowing
from the right lead to the dot — evaluated between the sites 1
and 0 — are given by

2o -2y | e hEm o)) @

with a sign + [—] in the subscript + for & = R [L]. Here
fp(E) = 1/{1+exp[(E — ug)/Tp]} is the Fermi-Dirac distri-
bution of the lead B and the sum over § is implicitly done
over both leads L and R. Note that particle number conserva-
tion implies

ORI (5)

ds
where po(f) = Y f%fﬁ (E)|‘I’gE|2 is the particle density in
the dot.
The corresponding heat currents 77 (¢) defined by*’

d 1
[g(t)=—a<Ha+§HO(x>_.u(ng(t) (©6)



read in terms of the scattering states*!
& (t) dE
10 = (27 —ha ) 0+ X [ fa(E)
2 B 2

m[(PED) el — (P ¥y} ()

where the upper [lower] sign has to be chosen in 4 and F for
o = R [L]. Finally the input power P(¢) corresponding to the
driving of the dot energy level writes

dpo

P(t) = -V (1) & 3
Hereafter, we use one exact numerical technique and one ap-
proximate semi-analytical technique to calculate I (t), I (),
11(¢), I (¢), and P(t). For numerical simulations, we use the
Tkwant software*#¢ together with its extension package*!*4
for thermoelectric transport. In brief, Tkwant computes
the scattering states pBE (¢) by solving the time-dependent
Schrodinger equation for the open system with a Runge-Kutta
solver. This requires a subtle treatment of the leads*®. Then,
the integral over the energy E in Eqgs.(4) and (7) is done in
momentum space with a (Gauss-Kronrod) adaptative scheme.
This allows us to compute Y (¢), I (t), and P(t) exactly for
a given (arbitrarily high) level of precision and an arbitrary
form of V(r). While this numerical approach can help us to
explore dynamical thermoelectric transport in the RLM, it is
insufficient to provide a physical understanding of the mech-
anisms at stake. Therefore, to gain more physical insight, we
also construct a semi-analytical approach outlined in the next
section.

IV. SEMI-ANALYTICAL TREATMENT IN THE
WIDE-BAND LIMIT

A. Time-resolved formulas

It is possible to simplify the formulas above under the wide-
band limit (WBL) approximation. The WBL is reached in
our model (1) by increasing” the bandwidth 4y of the 1D
leads, keeping fixed the coupling energies '] = 27/% /Y and
[ =2y3/7. In practice, this is achieved by doing the substitu-
tions Y — AY, 7. — VAL, and Y — VA7, A being a scaling
parameter. When A — oo, the self-energy Xy (E) of each lead
o converges to a pure imaginary energy-independent value,
Y« (E) = —il'q /2, and the WBL is reached.

Introducing the Fourier transforms r(¢, E) and d(t, E) of the
reflection and transmission amplitudes r(E’,E) and d(E’,E),
e.g.

dE! .m0
r(taE):/EeilEtr(E/aE)v (9)
we find in the WBL (see Appendix A)

dE
Io (1) = [ 572 (t,E) (10)

where
I (t,E) = fL(E)1 = |r(t,E)[*] = fR(E)|d(1,E)|* (11)
IR (t,E) = fr(E)[1 = (t,E) |- fL(E)|d(1,E)[? (12)

and

dE

1) = [ 5 (E~pa) £ (0.E)

[ 1B+ )] [Blte. P+ ()

Ta
—\/ Fofe(E)Re (AW E)] | (13)

where A(t,E) = —ie’F'd(t,E) and & = R[L] if o = L[R]. Note
that the alternative®®* heat current I% (¢) defined by I (¢) =
— 8 (Ho) — palh (1) instead of Eq.(6) obeys Eq.(13) without
the last term in its right hand side. Obviously, [dtI%(¢) =
[dtTH () when V(¢) is a pulse of finite duration. Finally, the
input power reads

P(t)=-V(1)

dE |:fL(E) " JR(E)

2
| ME BB k. as

We point out that our equations for P(¢) and I%(¢) on one
hand, and 7% (t) and ¥ (¢) on the other hand, are an equivalent
reformulation in the time-dependent scattering approach of
the formulas derived in Ref.'* and Refs.?024234! respectively,
within the non-equilibrium Green’s function formalism. The
bond between the two approaches is provided by the general-
ized Fisher-Lee formula for time-dependent transport,*? link-
ing the scattering amplitudes to the retarded Green’s function.

B. Time-integrated formulas

The formula given above are valid under the WBL approx-
imation, with no assumption on the shape of the pulse V(¢) in
the dot. We now assume that the duration of the pulse V(z) is
finite (i.e. V() — 0 when t — o0) and introduce the follow-
ing time-integrated quantities induced by the time-dependent
drive

ANo= [ ar[i¥(0) ~ (e = 0) (15)
0

AQq = /0 A () — 1 (1 = 0)] (16)

Wy = /0 20 (17)

where o« = L or R. ANy and AQ,, correspond respectively to
the dynamically injected number of particles and heat flowing
from lead o, while W, is the driving work. We also define

Ton(E) = [ dt [l - |o(E)]. (18)

In Appendix A, we show
TunlE) = [ @B = FeEF] (9)
_ /:dt [lr0(E)2 = (¢, )] 20)



with [dE Tyy,(E) = 0, and

dE

ANp = —ANg = [ 5

=Ty (E)[fL(E) — fr(E)] 1)

which can be seen as a generalized Landauer formula as pre-
viously noticed in Refs.*>*°. Moreover, we have

dE
AQqo = [ 5 (E — ta) Tayn (E)[fa(E) — fa(E)]
Ly
_mwext (22)

where @& = R[L] if a = L[R]. Note that in Ref.?’, a similar
expression was derived for the heat current in the peculiar case
of a dot driven by a random telegraph noise V() and after
averaging over random processes. On the contrary, Eq.(22)
is valid for an arbitrary V(¢) of finite support. Finally, as it
will be convenient in the following, we introduce the notation
w(E) = — [tV (t)0;|d(t,E)|>. We have [dEw(E) =0 and
in virtue of Eq.(14)

Wey = /M{ T fRF(L)}w(E). (23)

Let us add a few comments. First, we check that
AQr+AQr+ (1L — UR)ANL +Wery =0 (24)

as expected from the first law of thermodynamics. Second, if
the two reservoirs are at equilibrium (i.e. f; = fr), then ANy =
ANg = 0 and AQ reduces to AQq = g/ (T + Tg)Wex-
Thus, the input driving energy W,,; is dissipated as heat in
the two reservoirs®®. The dissipation to the left and to the
right reservoirs is asymmetric when the left-right symmetry
is broken, here with I'; £ I'g. On the contrary, if the two
reservoirs are out-of-equilibrium (i.e. f1 # fr), the applica-
tion of the pulse results in an additional transfer of particles
(AN, = —ANg # 0) which is accompanied by a transfer of
heat corresponding to the first term in the right-hand side of
Eq.(22) (taking the form of a generalized Landauer formula).
Since the external input energy W,,; intervenes with a neg-
ative sign for both sides L and R in Eq.(22), it can e.g re-
duce the amount of heat leaving the hot reservoir and increase
heat going to the cold reservoir (as we will see in Fig.6). Fi-
nally, to point out the role of an asymmetric coupling I'; # Iy
between the dot and the leads, it is convenient to introduce
the parameters @ = (I —I'z)/(Tr + '), with |a| < 1, and
I' = (I'. + T'r) /2. With these notations,

Tayn(E,a) = (1 —a*)Tyyu(E,a = 0) (29)
and
Wexr (a) =Weu (a = O)
) - frEI(Ea=0). Q0

Thus 7y, is only re-normalized when the lead-dot coupling
is made asymmetric while Eq.(26) follows from energy con-
servation (i.e. from Eq.(24)). This leaves apparently no room
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FIG. 2. Ty, (left) and w (right) for a square pulse (as given by
Eqgs.(29) and (30)), as a function of E —V; and AV, for three val-
ues of Ar (0.10~! (top panels), 1! (middle panels), and 10I"~!
(bottom panels)). Taking I" as the energy unit yields colormaps that
are independent of the value of I".

for interesting effects of left/right asymmetry and our numeri-
cal exploration — though empirical and non-exhaustive — sup-
ports this statement. Therefore, except in Eqgs.(28), (29) (30)
that we will keep general, we will assume in the rest of the
manuscript and in all figures that left and right couplings are
equalie. I'y =T =T.

V. SINGLE SQUARE PULSE

In this section, we assume that a single square pulse of am-
plitude AV and duration At is applied on the dot, i.e.

V() =AVO(t)O(Ar — 1) 27

where O is the Heaviside function (with ®(0) = 1). We push
forward the semi-analytical approach described above and
validate the results by comparing them to the ones obtained
numerically with Tkwant. We study the convergence of the
numerical results to the WBL and observe how the results are
modified when the discontinuous jumps of the square pulse
are made smooth.

A. Semi-analytics in the wide-band limit

When V(z) is a square pulse, the transmission amplitude
d(t,E) takes a simple form in the WBL. It can be derived from



Eq.(A4a) in Appendix A using e.g. the residue theorem after
having calculated the time integral defining K. We find (for
arbitrary I'z, I'r)
d(t,E) = e "Eldy(E) ifr <0,
d(t,E) = e By (E) + e~ TV gy, (E)
if 0 <t < Ar,

d(t,E) = e "Fdy(E) + {[e*(HiVl)At _ e—iAtE] %

Here we have introduced the notations V| = Vy+AV, d| (E) =
do(E —AV), and dy; (E) = do(E) —d; (E), and as before I' =
('L +Tr)/2. Tyyu(E) and w(E) introduced in Sec.IV B can
be calculated analytically as well. Using Eqs.(A2a) and (28),
it can be shown that

o~ [T+Vol(r=a0) g (E)} A<t (28)
|
_ 2r AV2 DyD v E—V, Vi—E
Tayn(E) = D1oAt + |e mzCOS(ﬁ)—l} L"LFRD%O_FFEF,: —2¢ ™ sin(B)Dyo [FLFIS 0+ I"ILFR Dy 29)
AV?
W(E) = ~DioAV + =—DoDy |27 [(E = Vo) cos(B) ~ Tsin(B)] — Ave ™| (30)
LY R

where Do(E) = |do(E)|>, Di(E) = |di(E)|>, Dio(E) =
D\(E) —Dy(E), and B(E) = At(V; —E). The two quanti-
ties are plotted in Fig.2 as a function of E —V;y and AV for
three values of Ar. They can be positive or negative and sat-
isfy the sum rules [dE Ty, (E) = [dEw(E) = 0 as noticed in
Sec.IV B. For large At > I'"! (bottom panels in Fig.2), Tyyn
and w reduce formally to their adiabatic limits, i.e. Tyy, ~
DipAt and w = —D19AV (though the variation of the dot en-
ergy level at r = 0 and Ar occurs instantaneously). When Ar
becomes comparable to I'™! or smaller, the colormaps of Tyn
and w get modified and in particular, oscillations appear. Be-
sides, a thorough graphical analysis of the function w(E) al-
lows us to conclude that [dE fo(E)w(E) > 0 (knowing that
JdEw(E) = 0), and hence that W,,, > 0 for a square pulse in
virtue of Eq.(23). Thus, the source driving the dot supplies en-
ergy to the junction, which eventually heats up the reservoirs.

B. Analytics vs numerics

By inserting Eq.(28) into Eqgs.(10)-(14), we can compute
semi-analytically I3 (¢), I (¢), and P(t), the integrals over the
energy being done numerically. The results are plotted in
Fig.3 for a given configuration and are compared to the exact
Tkwant results for two values of A. Note that the analytical
results in the WBL are independent of I" when energies and
times are expressed in units of I" and I'~! respectively, while
the Tkwant results do not depend on A, 7, and I separately but
only on the ratio Ay/T. In the limit of large A (= 200) corre-
sponding to the WBL, the two sets of curves overlap perfectly,
with the exception of the heat currents near t = 0 and t = At.
Indeed in the WBL, the heat currents display singularities?®*!
at those two times where V (¢) jumps instantaneously from 0
to AV and conversely. This is highlighted in Fig.4(a) where
data are zoomed in. However, it can be shown analytically

(

that those two singularities are regularized after integration
over time i.e. [ dt [IH(t) — I (t = 0)] is well defined. As il-
lustrated in Fig.4(b), the A —dependence of the Tkwant curves
15 (¢) near the singularities becomes irrelevant in the limit of
large A once the heat currents are integrated over time and
very good agreement is found between analytics and numer-
ics in the WBL after integration.

In Fig.4(c), we also study with Tkwant how the time-
resolved heat current /7 (¢) is modified when V (¢) is not varied
abruptly but continuously between 0 and AV, as

-2 fa(gs) w(e2)] e

erf being the error function and £ (< Ar) the characteristic
time controlling the smoothness of the square-like pulse. Data
are plotted for A = 200 (i.e near the WBL) and different val-
ues of &. We find that I/ (¢) is (almost) independent of &, as
long as & < 0.01T!. Small £-dependence is only visible in
that range near the cusps at t = 0 and + = Ar and their ampli-
tude turns out to decrease with &. As shown in Fig.4(d), after
integration over time, [ I7(¢)d is strictly independent of & for
& <0.01T~!. This is also true for the other quantities 7% (1),
IN(¢), I¥(t), and P(t) (data not shown). Let us briefly discuss
what this implies for experiments. Realistic square pulses that
can be applied in experiments takes the form of Eq.(31) while
the theoretical limit £ — 0 yielding the square pulse (27) can-
not be engineered. Taking® I" ~ 10 GHz for a realistic quan-
tum dot operating at an average temperature 7 = 10I' =~ 0.5 K
(to be consistent with parameter values taken in Fig.4), we find
that the square pulse model is relevant for discussing such ex-
periments if & < 1ps which is within reach (yet challenging)
experimentally!.

Finally, we have also validated analytical formulas (21)-
(23), (29), and (30) for ANy, AQq, and W, with the help
of Tkwant simulations. This is illustrated in Fig.5 where AN},
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FIG. 3. IV (a), I} (b), I (¢), I¥ (d), and P (inset in (b)), as a function
of time 7, when a single square pulse is applied in the dot. In all
panels, numerical data computed with Tkwant for two values of 4
(20 (gray lines) and 200 (black lines)) are compared to the semi-
analytical results (red dashed lines) valid in the WBL A — o and
given by Eqs.(10)-(14). Each line is built up from evenly spaced
points with a time step 8¢ = 0.002I'"!. With the exception of the
heat current plots around singularities at t =0 and r = Ar (see Fig.4(a)
for a zoom), the red and black lines are superimposed. Parameters:
FL = FR =T, 1. = 12T, Tr = 8T, U = —3T, HR = 3T, V() = 25T,
AV =10I',TAt =0.1,and y=T.

and AQy are plotted as a function of the square pulse ampli-
tude AV, other parameters being fixed. We observe that the
convergence of Tkwant data to the analytical curves valid in
the WBL depend on AV. Indeed, the square driving makes
transport inelastic within an energy range centered around
U =~ ug of width ~AV. When AV increases, some outgo-
ing plane waves are excited at energies E’ closer and closer to
the boundaries +2yA of the lead conduction band and A must
be increased as well to reach the WBL.

VI. HEAT ENGINE EFFICIENCY

In this section, we focus on standard Seebeck configura-
tions with e.g. Ty > Tg and Uy < Ug, and investigate whether
driving the dot energy level with V(¢) in the time-dependent
RLM is beneficial or detrimental to the heat engine efficiency.
We restrict our study to the WBL for which semi-analytical
formula have been derived above. We consider in Fig.6 a
set of parameters 7y > Tz, U < Ug, and Vj such that the
system in the WBL is in a Seebeck configuration for ¢ < 0,
with a high heat-to-work (stationary) thermoelectric efficiency
Ny = AN (t < 0) /17 (+ < 0) ~ 0.58 ~ 0.817c, where Ay =
Ur — Yz, and nc = 1 — Tg /Ty, is the Carnot efficiency. Then
for t > 0, we switch on the time-dependent perturbation V (¢)
and consider first that V() is a single square pulse as shown
in Fig.6(a). Here the amplitude AV of the square pulse is
chosen small enough so that in an adiabatic picture, the sta-
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FIG. 4. (a) Zoom of Fig.3(c) with additional Tkwant data for

A = 100 (green line) and A = 150 (blue line). The amplitude
of the cusps at + = 0 and 7 = Ar increases with A. (b) Integral
Jomde[1H (r) — I (0)] /T of data shown in (a) as a function of 2,
with ,, = 1.750"!. Empty [full] circles correspond to the numer-
ical (Simpson’s) integration of Tkwant data with a time step 8t =
0.002I'~! [8¢ = 0.0001T"~!]. The dashed line indicates the value of
the integral calculated in the WBL with Simpson’s rule using points
of the dashed line in (a) separated by 8¢ = 0.002I'"!. The full line
indicates this value when the integral over time is done analytically.
(c) I (¢) calculated with Tkwant for a smoothed square pulse, with
different values of the characteristic length £ (I'§ = 0.0001 (black
line), 0.01 (red line), 0.04 (green line), 0.1 (blue line), and 0.2 (pur-
ple line)) and for Az = 0.5 and A = 200. Other parameters are the
same as in Fig.3. (d) Integral [j" dt[I# (t) — ¥ (0)] /T of data shown
in (c) as a function of & (circles) with #,, = 2.50! (fort >2.501,
I If[ (r) is (almost) independent of &). The dashed line serves as a guide
to the eye.

tionary RLM with a dot energy level & = V) + AV remains
in a Seebeck configuration. Moreover its heat-to-work effi-
ciency remains unchanged (+0.001) with respect to the sta-
tionary configuration with & = Vp at t < 0. However, we
will see hereafter that the exact transient response of the RLM
(beyond the adiabatic limit) is significantly impacted by the
time-dependent driving. In panels (b), (c), and (d) of Fig.6,
we plot with full lines I (¢), I (¢), and P(t) computed with
Tkwant taking A = 200. Data are in very good agreement
with the ones (not shown) obtained from Eqgs.(10)-(14) and
(28). Additionally, we plot with dashed lines the correspond-
ing quantities Iy “/(¢), I9“/(¢), and P*(¢) in the adiabatic
(quasi-static) approximation. Obviously, P%(¢) = 0 while the
adiabatic particle and heat currents are given by the stationary
Landauer-Biittiker formula

dE

1) = [ 3-D.E)fa(E) — fa(E) (32)
e () — %(Efp,a)D(t,E)[fa(E)*fa(E)} 33)

(& =R][L]if a = L[R]) with a transmission probability D(z, E)
depending parametrically on time: D(¢,E) = D (E) for times
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FIG. 5. AN (left) and AQy (right) as a function of the square

pulse amplitude AV, others parameters being the same as in Figs.3
and 4. The black lines show the analytical predictions in the WBL
given by Egs.(21)-(23), (29), and (30) while the symbols correspond
to Tkwant data for A = 15 (red squares), 20 (orange triangles), 50
(blue dots), and 100 (green circles). Dotted lines are guides to the
eye.

0 <t <Arand D(t,E) = Dy(E) elsewhere, Do(E) and D, (E)
being defined in Sec.V A. The Tkwant curves are qualita-
tively different from the adiabatic ones. When V (¢) is in-
creased from O to AV > 0, electrons of higher energy are ex-
pelled from the dot to both baths which leads to a decrease
of IV(¢) and I¥(¢) (and conversely when V(¢) goes back to
0). The same effect is observed for the heat currents 17 (t)
and 1% (¢). This peculiar behavior due to displacement parti-
cle and energy currents renders difficult a proper definition
of an efficiency, as we will see in the following. Besides,
0 < P(t) < I1H (1), |IE (¢)| for all times.

We now tackle the question of the thermodynamic effi-
ciency of this driven heat engine. Defining such an efficiency
in the time-dependent regime is particularly subtle. Here we
use and comment on different possible definitions. We intro-
duce first an instantaneous (time-resolved) efficiency nX(¢) =
Ap (=18 () /(12 (1) + P(t)) plotted in blue in Fig.6(e). Its de-
nominator is the sum of the resources used to generate elec-
tric power, i.e. the input power P(¢) > 0 and the heat current
IH(t) > 0 leaving the hot bath. Importantly, for this param-
eter set, I (¢) > 0 and I (t) < O for all times. Its numera-
tor is the electric power generated by electrons flowing out
towards the (right) bath of higher electrochemical potential
Ur > Ur. For completeness, we also plot in red in Fig.6(e)
the instantaneous efficiency nl(t) = AuIY () /(12 (t) + P(t)).
While nf(¢) is only slightly affected by the driving, nf(¢) in-
creases drastically in the transient regime, above 1¢ and even
above 1. Actually, we argue that such instantaneous (time-
resolved) efficiencies are ill-defined for two main reasons.
First, one may dispute the choice of the numerator in 1/ (¢)
or nR(t). In a stationary Seebeck configuration, the gener-
ated electric power is attributed to electrons leaving the hot
bath (71 > Tr) and climbing an electrochemical potential bias
Ap = ug — g > 0. In the (non-interacting) time-dependent
case, this picture is modified due to the presence of the dis-
placement current (i.e. temporary particle storage in the dot,
see Eq.(5)) and one should include the electromagnetic en-
vironment of the device to define properly the output power
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FIG. 6. Transient increase of the heat engine efficiency. (Left) Par-
ticle currents IZ r (b), heat currents ILF{ r (c), input power P (d), in-
stantaneous efficiency 7; (e), and net efficiency 1, (f) as a function
of time 7 when the single square pulse V(z) shown in (a) is applied.
The different curves in (e) and (f) correspond to different definitions
of the efficiencies (ntL/ner (in red), nlljnet (in blue), see main text).
The horizontal black line indicates the Carnot efficiency value 1c.
In panels (b) to (f), each quantity is also evaluated within the quasi-
static approximation in the WBL (gray dashed lines). Parameters:
I')=Tr=I,T, =8TI', T = 25T, Hr = —26TI, UR = 26T, VQ = 55T,
AV =2, At =0.08/T, y=T, and A =200. (Right) Same as left
panels when the square pulse V () is repeated periodically for 7 > 0,
with a period T = 0.1/T’, as shown in (g). The inset in (1) shows the
convergence of 7, to the steady state efficiency (black dotted line).

of the driven heat engine. Second, the definition of the time-
resolved heat current I/ (¢) intervening in the denominator of
nk(t) or nR(t) is also controverted. In e.g. Refs.?%?*, the
last term in the right hand side of Eq.(13) due to the lead-
dot coupling contribution is not included®. Besides, I (1) is
defined at the dot-lead interface while heat is eventually dissi-
pated later on and on a different timescale in the bath attached
to it>2. Moreover, one may argue that only the thermoelectric
contribution to 77 (¢) (i.e. the first term in the right hand side
of Eq.(13)) and not the whole 17 (¢) should be considered as



a resource for the engine since the driving — whose contribu-
tion is counted by adding P(t) in the denominator of nZ(t)
or n&(t) - also heats up the baths and hence contributes to
111(¢). Before ending this discussion, we put forward an alter-
native definition of the efficiency by noticing that the relevant
quantity for application purposes is not the instantaneous ef-
ficiency but the net efficiency of the engine at the end of the
experiment. Thus we introduce

Ny(t) = tdulfxv(u) (34)
0

Qu(t) = Otdulg(u) (35)

Wt () = OtduP(u) (36)

which correspond to the net number of particles (Ny(t))
and the net heat (Qg(f)) flowing out from lead o, as
well as the net driving work (W,y(7)), measured from
time 7 = 0 at which V() is switched on to the running
time r. Then we define the two corresponding net effi-
ciencies Nk, (1) = AUNL(1)/(QL(r) + We (1)) and n&, (1) =
AR(—Ng(1))/(OL(t) +Wex (1)) plotted respectively in red and
in blue in Fig.6(f). Note that W, (t) < Qr(¢) so that its con-
tribution in the denominator of n%,(¢) and in Qr () (given
at long times by Eq.(22)) is negligible. We find that nk, ()
is always (slightly) smaller than the stationary efficiency 1.
On the contrary, nX,(¢) increases drastically in the transient
regime. The behavior of these two efficiencies can be qualita-
tively interpreted: when the dot level undergoes the Heaviside
jump upwards, the now higher-energy electrons residing in it
temporarily flow outwards to both leads. This has the transient
effect of (i) increasing the net number of electrons (climbing
the chemical potential step) that flow to the cold lead ; (ii)
decreasing the net particle current leaving the hot lead ; (iii)
increasing the net heat current going to the cold lead ; (iv) de-
creasing the net heat leaving the hot lead. These explain both
the behavior of X, () and n’, (t) during the upwards jump, a
similar analysis can be made for the downward jump that fol-
lows. Finally, both n%,(¢) and nX,(¢) converge to 1, at long
times.

Since NR (1) can be increased at short times by driving the
dot with a single square pulse, let us now investigate the same
device when V(¢) is cycled as

V(t)=AV Y O(t—nt)®(nt+At —1). (37

neN

The period T of the pulse train is chosen so as nR (1 = 1)
in Fig.6(f) is close to its maximum. Our results are sum-
marized in the right panels of Fig.6. We see in particular in
panel (1) that after the transient increase of X (¢) at short
times, the convergence time of X, (¢) to the steady-state ef-
ficiency 1y = AUN]”/(Q]” + W) is much larger than
the one of X, (1) to Ny in the case of a single square pulse
(see panel (f)). However, we find 1y ~ 1, (with a discrep-
ancy of about 0.002). Thus the transient increase of the ef-
ficiency which may appear advantageous for thermoelectric
applications is eventually cancelled out in the long time limit.

Roughly speaking, what is won at the beginning is eventually
given back.

We end up this section with a remark concerning the va-
lidity range of our results. We focused the discussion above
on the analysis of Fig.6 valid for a given set of parameters.
Yet actually, we also performed a systematic study in the
case of a single square pulse by deriving analytical expres-
sions of Ny (t), Qg (t), and W, () in the WBL. Though such
expressions are lengthy (not shown), their numerical evalua-
tion is almost immediate whereas using Tkwant with a large
A and integrating subsequently over time is much more ex-
pensive in computation time. This approach allowed us to in-
vestigate about 200000 configurations in the parameter space
(Tp, > Tr, 1 < Ur,Vo,AV,At), the choice of T value playing
no role after proper scaling as noticed in Sec.VB. We re-
stricted ourselves to parameter sets leading to Seebeck config-
urations in the stationary cases & = Vj and & = Vp + AV, and
explored randomly the parameter space by keeping roughly
equidistant points with respect to the corresponding station-
ary efficiencies. We used for that purpose the Adaptive Python
package®>. We monitored nk,(t) and found many configura-
tions yielding behaviors qualitatively similar to the one shown
in Fig.6(f), while other configurations showed a transient de-
crease of NR () or oscillating decaying behaviors around 7;;.
The parameter set in Fig.6 was chosen randomly among the
most promising ones i.e. the ones giving the largest tran-
sient net efficiency and the largest increase with respect to 1s;,
keeping N, (t) > 1, for all times. Then, only this configura-
tion was subjected to a cyclic square driving. Moreover, the
value of the period T was chosen so as to increase significantly
the convergence time of T],’fet to N5 =~ Ny . Other simulations
were also run for a few other values of 7 and showed similar
behaviours i.e. a convergence of the net efficiency to a con-
stant value very close to 1. Hence, as discussed above, we
found no advantage on the net efficiency of driving the dot as
the transient increase of X, () cannot be leveraged in prac-
tical heat engines that need to operate for long times. Our
conclusion is nevertheless purely empirical and still lacks a
rigorous proof.

VIl. CONCLUSION

We have studied thermoelectric transport in the non-
interacting time-dependent RLM. We have first used our scat-
tering approach to construct a compact analytical framework
describing thermoelectric transport within the WBL approx-
imation but beyond the adiabatic and weak coupling lim-
its. Our time-resolved expressions of particle and heat cur-
rents as well as input power are the counterparts in the
scattering approach of formulas previously derived in the
literature!*2%-242341 ysing the non-equilibrium Green’s func-
tion technique. Our time-integrated formulas also reproduce
formally expressions given in previous works>’#34% though
the energy-related quantities were calculated in Ref.?’ for a
telegraph noise while Eqs.(22) and (23) are valid for arbitrary
pulses (of finite duration). Moreover, we have pushed for-
ward our analytical approach in the peculiar case where the



dot is driven with a single square pulse and performed numer-
ical simulations to study the convergence towards the WBL
and deviations appearing when the square pulse is smoothed.
Our analytics allowed us to spot interesting regimes that we
studied numerically in a second step so as to address the cases
where the pulse is repeated periodically. Considering a device
in a stationary Seebeck configuration, we have studied the
possibility of enhancing the efficiency of the heat engine by
time-dependent driving. We have observed that the net ther-
modynamic efficiency of the device, defined over a cycle of a
periodic drive or over the duration of an experiment (i.e. af-
ter switching on and before switching off the driving), is not
enhanced with respect to the stationary efficiency. The advan-
tage brought by the driving that may appear in the transient
regime at short times is lost in the long run. It is notewor-
thy that, at a rough qualitative level, similar conclusions were
drawn in Ref.>* reporting on classical experiments of Peltier
cooling driven by a current pulse.

Our work contributes to the growing literature using the
RLM as a test bed to investigate transport and thermodynam-
ics in out-of-equilibrium nanodevices. It brings new insights
into the field of time-dependent (non-adiabatic) quantum ther-
moelectricity but also suffers from severe limitations of the
employed model. Indeed, the presence of a finite displace-
ment current in our non-interacting RLM plays a crucial role
in the behavior of the thermodynamic efficiencies in Sec.VI
and this picture will be drastically modified after inclusion of
electron-electron interactions. Moreover, it is obviously del-
icate to define the efficiency of a driven heat engine without
including the electrostatic environment of the junction (i.e. the
load). Both ingredients could be included in future numerical
simulations, either with a self-consistent mean-field approach
or with more advanced techniques.
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Appendix A: Derivation of generic formulas in the wide-band
limit

We outline here the derivation of Eqgs.(10)-(14) and (19)-
(22) obtained in the WBL in Section IV. The WBL hypothesis
has two main practical consequences. First, k(E) and v(E) can
be approximated by their values k and v at E = 0. This allows

us to rewrite the scattering states in Eq.(2) as

1{;550(0 _ ﬁ[efiEtﬂ'kn +€7iknr([,E)]
WiEy(1) = (1. E)

(Ala)

(Alb)

with ¢ //[v] ~ i"/\/21y, and similarly for WRE (1) with
¥ (t,E) and d'(1,E).

Second, the scattering amplitudes can be evaluated in the
WBL by doing a gauge transformation to move the time de-
pendent pulse V (¢) from the dot to the leads, and then by com-
bining the scattering amplitudes of three elementary scatterers
in series (the pulse in the left lead, the time-independent dot,
and the pulse in the right lead). To proceed, we introduce
the generic notation S, for the scattering amplitudes, with
Sy =r,Srr =7, Spr =d, and S;g = d’. In the stationary case
(i.e. when V(1) =0), Sep(t,E) = e*iE’Sgﬁ (E) with likewise
SV, =ro, S%x =15, S%, = do, and S?, = dj). The stationary
scattering amplitudes read

VIiIr

do(E) = A2
O( ) i(V() —E) + FLEFR (A2a)
dy(E) = do(E) (A2b)
—i(Vo—E) + 1512
E) = A2
ro(E) i(Vo—F) + Te21x (A2c¢)
s _ V=Y
ry(E) = i—E)+ (A2d)

i(Vo—E)+ fle

They satisfy |ro|*> = |r)|*> = 1 —|do|*. To calculate the scatter-
ing amplitudes in the time-dependent case, we start from the
RLM model sketched in Fig.1 and make a gauge transforma-
tion to move the time dependency into the leads. Then we as-
sume that due to the WBL approximation, we can restrict the
time dependency to the outermost parts of the lead (e.g. the
left lead does not stop at site —1 but at site —i with large i).
The scattering problem can now be solved by combining the
scattering amplitudes of a voltage pulse in an infinite lead and
of the stationary dot. Importantly, in the WBL approximation,
electrons are perfectly transmitted across the abrupt voltage
drops in the leads (no reflections) but their energies are redis-
tributed and we have d,(E',E) = K*(E —E') and d,,(E',E) =
K(E'—~E), where d,(E',E) and d,,(E', E) are respectively the
left-to-right and right-to-left transmission amplitudes associ-
ated to the pulse in the right lead, or by symmetry the right-
to-left and left-to-right transmission amplitudes associated to
the pulse in the left lead. Here K(U) = [dteVe®") with
¢(t) = [§duV (u). Therefore*

d
Sap(E'E) = /idp(E’,e)Sgﬁ (e)d)(&,E). (A3)



Since do(E) = d{(E), d(t,E) = d'(t,E) but in general
f

r(t,E) # ¥ (t,E). We find
d(t,E) = e 00 i—i’do(E’)K(E’ —E)e E" (Ada)
d'(t,E)=d(t,E) (A4b)
r(t,E) =/ tkd(t,E)—e ™' (Adc)
F(t,E) =/ {2d (t,E)—e " (A4d)

Eq.(A4c) linking d(¢,E) and r(¢,E) can be easily derived by
writing down the time-dependent Schrodinger equation for the
scattering states (2) upon neglecting the energy dependency
of the velocity v(E) (WBL approximation). And similarly
for Eq.(A4d). Eq.(A4a) is also trivial to show by writing the
Fourier transform of Eq.(A3). By inserting Eqs.(A1) and (A4)
into Egs.(4), (7) and (8), we deduce Eqs.(10)-(14).

Finally, it can be shown using Eqs.(A4a) and (A2a) that
d(t,E) obeys

d/|d|* = —2T'|d|* +2+/T1TgRe [e"'d] (A5a)
Im[d*9,d] = —&y(t)|d|* — /T TgIm [*'d] (A5b)
Im [ 9,d] = —¢o(t)Re [¢F'd] —'Im [*'d] (A5¢)

where I' = (I', + T'%)/2 and d is a shorthand notation for
d(t,E). Moreover,

dE dE Ir.r
B = [ -l E)f = = (a6)

YRSV

and the same equation holds by replacing r by /. Using
Egs.(A4b)-(A4c), (ASa), and the fact that V(¢) is supposed
to be finite in time in Section IV B (so that [drd,|d|> = 0),
we deduce Eqs.(19) and (20). The fact that [dE Ty, (E) =0
follows from Eq.(A6). Then Egs.(10)-(12) give Eq.(21). Fi-
nally, using on one hand Eqgs.(13), (19)-(21) to express AQq,
and on the other hand the set of equations (AS) and Eq.(14)
to express Wy, as well as again the fact that V (¢) is finite in
time, we derive Eq.(22).
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