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Derivation of Lanthanide Series Crystal Field Parameters

From First Principles.

Julie Junga, Md. Ashraful Islamb, Vincent L. Pecoraroc, Talal Mallahd, Claude Berthone,
Hélène Bolvin b f ∗

Abstract

Two series of lanthanide complexes have been cho-
sen to analyze trends in the magnetic properties
and crystal field parameters (CFPs) along the se-
ries: the highly symmetric LnZn16(picHA)16 series
with Ln = Tb, Dy, Ho, Er, Yb and picHA=picoline
hydroxamic, and the [Ln(DPA)3](C3H5N2)3 · 3 H2O
series with DPA = 2,6-dipicolinic acid and Ln =
Ce–Yb and with approximate three-fold symmetry.
The first series presents a compressed coordination
sphere of 8 oxygen atoms environment while in the
2nd series, the coordination sphere is formed by an
elongated coordination sphere formed by six oxy-
gen atoms. CFPs are deduced from ab initio cal-
culations using two methods: the AILFT (Ab Ini-
tio Ligand Field Theory) which determines the pa-
rameters at the orbital level, and the ITO (Irre-
ducible Technique Operator) decomposition which
treats the problem at the many-electron level. It
is shown that the CFPs are transferable from one
derivative to the other, within a given series, as a
first approximation. The sign of the 2nd order pa-
rameter B2

0 differs in the two series reflecting the
different environments. It is shown that the use
of strength parameter S allows for an easy com-
parison between complexes. Furthermore, in both
series, the parameters are found to decrease in mag-
nitude along the series and this decrease is imputed
to covalent effects.
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Introduction

With the discovery of lanthanides as Single Ion
Magnets [1], there has been a resurgence of syn-
thetic activity for new lanthanide complexes. Cry-
tal field (CF) theory has been widely used to ra-
tionalize the properties of those complexes, in par-
ticular the nature of the ground state, and the
anisotropy of the magnetic properties. Crystal field
parameters (CFPs) play a key role in the modeliza-
tion of pNMR shifts in lanthanide complexes, ac-
cording to the theory proposed by Bleaney in the
70’s. CF theory models the splitting of the metal
orbitals, either d or f , in the presence of the ligands
[2]. First proposed for the d elements for transi-
tion metal complexes as a pure electrostatic interac-
tion [3, 4], Racah and Stevens applied the Wigner-
Eckart theorem to simplify the evaluation of the
CF matrix elements for many-electron cases [5, 6].
Since then, the formalism has been extended to the
f elements [7]. It provides a theoretical framework
for modelling the ion environment by means of few
parameters. CFPs are considered as phenomeno-
logical parameters, and are fitted against experi-
mental data.

For lanthanide containing complexes, the interac-
tion between the lanthanide ion and the ligands
has always been considered to be mostly electro-
static in nature. The nature of the ground state has
been, therefore, rationalized using electrostatic ar-
guments; two softwares, CONDON and PHI, were
developed for an efficient fitting of the CFPs against
experimental data [8, 9]. On an electrostatic basis
and for highly symmetrical molecules, Rinehart and
Long have shown that the shape of the ligand en-
vironment allows to predict the nature of the low-
lying MJ states and thus the magnetic behavior
of the complexes [10]. This model holds in a high
symmetry environment. To describe less symmet-
rical environments, computational approaches have
been recently proposed: i) by combining an electro-
static description with semi-empirical radial effec-
tive charges (REC) [11], ii) by describing the lig-
ands by charges either optimized to fit the exper-
imental data within the lone pair effective charge
(LPEC) model [12] or taken from ab initio calcula-
tions (CAMMEL) [13]. A purely electrostatic ap-
proach has been proposed in order to determine the
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direction of the magnetic moment, by minimizing
the potential energy; the ligands are modeled by
fractional charges determined by valence bond res-
onance hybrids [14].

Even through the lanthanide ion–ligand interaction
is predominately electrostatic, some degree of co-
valency has been evidenced, but to a lesser extent
than for the 5f elements. The 5d and 6s orbitals
participate the most in the mixing, due to the inner-
shell character of the 4f orbitals [15, 16, 17]. First
principles calculations allow for an accurate descrip-
tion of bonding, describing correctly both electro-
static and the tiny covalent bonding effects. They
have become a useful tool to interpret magnetic
data of lanthanide complexes, by providing the na-
ture of the ground state and the associated mag-
netic moment as well as the nature of the low ly-
ing states that may be involved in relaxation pro-
cesses [18], and are a useful support for the inter-
pretation of experimental data in lanthanide com-
plexes [19]. More recently, ab initio calculations
have also been successful in describing the mag-
netic coupling between two lanthanide centers [20].
Magnetic anisotropy is modeled by the so called
g tensor and the splitting of the ground manifold
by the ligands in absence of magnetic field by the
zero-field splitting (ZFS) tensor. These model pa-
rameters can be obtained from fitting experimental
data with a model Hamiltonian, and from ab initio
calculations [21, 22]. In transition metal complexes,
the ZFS is induced by the spin-orbit coupling with
excited states [23], while in f elements it arises from
the splitting of the ground J multiplet of the free ion
by the ligands, and is characterized by the CFPs.
In principle, the ZFS needs 27 independent param-
eters, which number is reduced by symmetry. For
example, in octahedral symmetry, only two CFPs
are left, and they are easily deduced from both ex-
perimental data and calculation by fitting the en-
ergies of the states [24]. For lower symmetry, the
number of CFPs increases, and at some point, it
is no longer possible to evaluate those parameters
neither from experimental data nor from computed
energies of the levels. However, all information is
available from ab initio calculations and two meth-
ods have recently been proposed for this purpose.

The aim of this work is to analyze the correlations
between the structure and the CFPs deduced from
ab initio calculations, and to the expected magnetic
properties according to their prolate or oblate shape
in two series of lanthanide complexes. The advan-
tage of using ab initio calculations is threefold; i)
all types of interactions are taken into account, not
only the electrostatic ones, ii) the 27 CFPs can be
determined in the case of low symmetry, iii) the
relevance of CF theory to model the low lying spec-
trum can be assessed. In the first series, denoted
LnZn16, the lanthanide ion is sandwiched by metal-
lacrown species to form a quasi-perfect compressed

D4d symmetry, which reduces the number of CFPs
[25, 26, 27]. This is a rare case where the qualita-
tive electrostatic model of Rinehart and Long ap-
plies almost perfectly. The second series, denoted
[Ln(DPA)3]3– , covers the whole period, the envi-
ronment is more prolate, and it is close to a three
fold symmetry, but not strickly [28]. As will ap-
pear from the calculations, the magnetization stays
axial along the series with a variation in the direc-
tion. Furthermore, the 2nd order parameter was
recently deduced from paramagnetic NMR, apply-
ing Bleaney’s theory [28].

CFPs were deduced from ab initio calculations,
comparing different methods. They are determined
from the energy matrix written either in the basis
sets of the orbitals (Ab Initio Ligand Field The-
ory, AILFT) [29], or in the basis set of the many-
electron wave functions (Irreducible Technique Op-
erator, ITO) [30]. Since the first series is highly
symmetrical, CFPs could be directly fitted on the
energies. This work completes a previous publi-
cation where an other question about CFPs was
addressed, namely the transferability of the CFPs
from the orbital picture to the many-electron pic-
ture including spin-orbit coupling. It came out of
this study that covalent effects between the metal
and the ligands affect the CFPs, even for the ionic
PrCl3 crystal [31]. This will be confirmed by the
present work where we aim at addressing the follow-
ing points i) Do the two above-mentioned methods
provide similar CFPs? ii) Are the CFPs transfer-
able within each series as they depend only on the
nature and the position of the ligands ? iii) How to
connect the CFPs to magnetic properties? iv) Are
the trends across the series impacted by covalent
effects?

While the two series are described in the first Sec-
tion, the main features of the methods for the de-
termination of the CFPs from ab initio calculation
are exposed in the second Section, with more details
provided in the SI (Sections S1 and S2). Finally, in
third Section, the CFPs are calculated for the two
series mentioned above and the trend in the com-
puted CFPs are discussed.

Two lanthanide series

LnZn16

The isostructural LnZn16(picHA)16 series with Ln
= Tb, Dy, Ho, Er and picHA = picoline hydrox-
amic acid has been synthesized by Pecoraro et al.,
and characterized by magnetometry [25, 27]. It has
been completed by YbZn16(pyzHA)16 with pyzHA
= pyrazine hydroxamic acid, which is isostructural
with the previous series, and possesses attractive
near-infrared (NIR) emission properties [26]. The
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Figure 1: Structure of LnZn16 complexes [25]. Top:
top view green: Er, Zn, red: O, blue: N, black: C. Bot-
tom side view: purple: upper 12-MC-4, orange: lower
12-MC-4, blue: 24-MC-8 ring, grey: pyridine. Hydro-
gens have been omitted for clarity.

structure of the lighter lanthanides, when available
are structurally different due to the presence of wa-
ter molecules in the coordination sphere. In this
series, two 12-MC-4 (MC = metallacrown) sand-
wich a Ln(III) ion, and a further 24-MC-8 ring lies
around this sandwich through π-stacking interac-
tions between the picHA rings (see Figure 1). The
Ln(III) ions are surrounded by eight oxygen atoms
forming a compressed square antiprism geometry
very close to a perfect D4d symmetry. The Ln-O
distance ranges from 2.35 (Tb) to 2.31 Å (Yb) fol-
lowing the diminution of the ionic radius in the se-
ries. The angle with the quartenary axis is constant
and about 62.3° which denotes a compressed envi-
ronment. As described in [26, 27], this compressed
environment leads to unusual magnetic properties,
with axial and planar magnetizations for Er(III)
and Dy(III) complexes, respectively.

Z

Figure 2: [Ln(DPA)3]3– complex. Top: top view, Bot-
tom: side view green: Ln, red: O, blue: N, black: C.
Hydrogens have been omitted for clarity.

[Ln(DPA)3]
3–

The [Ln(DPA)3](C3H5N2)3 · 3 H2O series (denoted
[Ln(DPA)3]3– ) is isostructural. The complexes
have been structurally characterized by X-ray
diffraction for Ln = Ce - Yb except Pr and crys-
tallizes in a triclinic space group P1 [28]. The co-
ordination sphere contains three DPA− forming a
tricapped trigonal distorted prism (see Figure 2).
Each ligand is tridentate, and coordinated to the
Ln(III) cation through the nitrogen atom of the
pyridine cycle (capped position), and the two oxy-
gen atoms of the carboxylate groups (prism posi-
tion). The coordination sphere is formed by 6 oxy-
gen and 3 nitrogen atoms with distances ranging
from 2.51 (Ce-O) to 2.37 Å (Yb-O), and 2.63 (Ce-

N) to 2.45 Å (Yb-N). Due to the presence of coun-
terions, the ternary symmetry is slightly distorded
and for a given complex, the distances between the
metal ion and the three ligands differ by about 0.1
Å. The oxygen atoms are closer than the nitrogen
ones, and are more electronegative, as confirmed
by the Mulliken charges of circa -0.9 and -0.2 re-
spectively. One might expect the oxygen atoms to
dominate the crystal field. The angle between the
oxygen atoms with the pseudo ternary axis is rather
constant along the series around 46°; this is a much
smaller value than in the LnZn16 series and denotes
a prolate environment.

The whole [Ln(DPA)3]3– series is considered in this
work, except the Gd complex, which has a pure spin
ground state, and where the ZFS arises from second
order interactions. The Z axis is perpendicular to
the plane formed by the three nitrogen atoms, while
X and Y axes are arbitrary (see Figure 2).
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Crystal field parameters

Model Hamiltonian within crystal
field theory

The Hamiltonian describing the f electrons may be
written as

ĤCF =

N∑
i=1

[
T̂i −

Z∗

ri

]
+
∑
i<j

1

rij

+

N∑
i=1

(
ξl̂ll i · ŝssi + v̂CF (rrr i)

)
(1)

with the scalar relativistic kinetic term, the attrac-
tion of the electrons by the screened charge of the
metal nucleus Z∗, the electron-electron repulsion,
the spin-orbit operator, and the one-electron CF
operator, respectively. The sum runs over the N f
electrons of the valence shell. The many-electron
CF operator is the sum of the one-electron opera-
tors

V̂ CF =

N∑
i=1

v̂CF (rrr i) (2)

where v̂CF is the electrostatic potential at a point
rrr close to the magnetic center arising from the lig-
ands represented by point charges. In its pure elec-
trostatic formulation, it arises from the charges at-
tributed to the ligands and it is written as a multi-
polar expansion in terms of spherical coordinates

v̂CF (rrr) =

∞∑
k=0

k∑
q=−k

bqkr
kY q

k (θ, φ) =
∑
k,q

v̂qk(rrr) (3)

The v̂qk(rrr) are components of irreducible tensors of
rank k, and their matrix elements within a fN con-
figuration with pure f orbitals vanish for k > 6
as well as for odd values of k. The first term, with
k = 0, does not contribute to CF splitting [32]. The
non-contributing terms (k, q) are usually omitted in
the expansion of Eq. 3 and the number of terms is
further reduced by symmetry.

Assuming that all the 4f orbitals have the same
spatial expansion, the v̂qk operators (or their many-
electron counterpart) acting in the Hilbert space
of the Slater determinants may be replaced by the
tensor operators Ôq

k acting in either the l (one-
electron), L (spin-free) or J (spin-orbit) manifolds.
Eq. 2 is then equivalent to

V̂ CF (X) =
∑

k=2,4,6

αk
X

k∑
q=−k

Bk
q Ô

k
q (X) (4)

where X = l, L, J according to the considered man-
ifold. The αk

X =
〈
X
∥∥αk

∥∥X〉 are the reduced ma-
trix elements of 2nd, 4th and 6th order respectively.
The αk

l are determined by N , the αk
L by N and L,

and the αk
J by N , L and J . These reduced matrix

elements are tabulated for the ground state of each
lanthanide ion [32]. The convention of Wybourne
is used throughout this work [7, 33]. It has been
very early understood that the pure electrostatic
picture is by far not quantitative. Since the incor-
poration of some covalency keeps the one-electron
structure, V̂CF may be seen as an effective inter-
action which parameters are fitted on experimental
data. We showed in a recent article [31] that the
CFPs deduced from orbital energies (X = l), and
from many-electron wavefunctions without or with
spin-orbit coupling (X = L and J respectively) lead
to similar CFPs. Consequently, the reduced ele-
ments αk

X depend on the nature of the metal, and
the CFPs Bk

q only on the nature and position of
the ligands, and should be transferable within the
lanthanide series.

The CFPs depend on the orientation of the
molecule in the {X,Y, Z} frame. They are in gen-
eral imaginary, and rotations about Z axis affect the
phase factor mixing Bk

q and Bk
−q. In the present

work, Z is chosen as the pseudo rotation axis (cf
Fig. 1 and 2), and the choice of X and Y axes is
arbitrary. Hence, only the norm of these parame-
ters is considered in this article [34]

B
k

q =

√∣∣Bk
q

∣∣2 +
∣∣Bk
−q
∣∣2 (5)

For the sake of comparison, rotational invariant are
considered in order to reduce the numerous CFPs
to fewer parameters, more specifically the second
order moments [35, 36]. We considered the strength
parameter of kth order

Sk =

 1

2k + 1

k∑
q=−k

∣∣Bk
q

∣∣ 21/2

(6)

and the strength parameter as defined by Chang
[35]

S =

1

3

∑
k

1

2k + 1

k∑
q=−k

∣∣Bk
q

∣∣ 21/2

(7)

These two strength parameters are rotational in-
variant. In order to quantify the symmetry about
the Z axis, the strength parameter of qth index was
considered

Sq =

[∑
k

1

2k + 1

∣∣Bk
q

∣∣ 2]1/2 (8)

This parameter is not a rotational invariant but it is
invariant according to rotations about Z axis. Eqs.
6, 7 and 8 are related by

S =

√
S2 + S4 + S6

3

=

√
S0 + S1 + S2 + S3 + S4 + S5 + S6

3
(9)
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The parameter S allows to evaluate the strength of
the ligand field with only one parameter and gives
an idea of the overall splitting of the ground J man-
ifold.

Crystal field parameters from first
principles

The CFPs model the splitting of a J multiplet of the
free ion by the ligands, and according to CF theory,
there are 27 such parameters. The CF operator of
Eq. 3 is essentially a one-electron operator which
acts at the orbital level. By applying the Wigner-
Eckart theorem, it may be expressed as a many-
electron operator acting in a given J manifold (Eq.
4) [5, 6]. In transition metal complexes, the ZFS
arises due to spin-orbit coupling with excited states
and the analysis at the orbital level needs symmetry
considerations [37]; in lanthanide complexes, CFPs
determined at the orbital or many-electron levels
are similar because the splitting of the 4f orbitals
by the CF is sufficiently small not to impact the
composition of the many-electron wave functions of
the free ion [31]. Once the CFPs are known, the
energy and composition of the 2J + 1 states aris-
ing from this manifold are fully characterized, and
all magnetic and spectroscopic properties may be
deduced.

Ab initio calculations based on CASSCF method
provide the energy of the low lying states, and their
composition in terms of Slater determinants, which
provides the necessary information for the deter-
mination of the CFPs. The AILFT method de-
veloped by Atanasov considers the CF operator in
its one-electron picture, and additional parameters
are needed to model the two-electron interaction
(Slater-Condon parameters), and the spin-orbit in-
teraction [29]. On the other hand, the ITO method
proposed by Chibotaru and Ungur considers the
CF operator in its operator equivalent picture, and
the CFPs are deduced from the many-electron en-
ergies and wavefunctions of the considered J mani-
fold [30]. The determination of spin Hamiltonian
parameters from ab initio calculations needs the
one-to-one correspondence between the computed
and model states, and this is usually a key stage of
the procedure [38, 39, 22]. For AILFT, the corre-
spondence is performed at the one-electron level by
mapping the seven 4f orbitals, while for ITO, it is
performed by determining the eigenvectors of the
magnetic moment operators. Finally, AILFT de-
duces the CFPs from a fitting procedure while ITO
method performs a decomposition using irreducible
tensor operators technique.

Fitting procedure (FIT)

In the case of complexes with high symmetry, the
number of CFPs is reduced. In octahedral symme-
try, there are two independent parameters [40], and
the CFPs are easily deduced from ab initio calcu-
lations [24]. When an axial symmetry is present,
there are only three CFPs left: B2

0 , B4
0 and B6

0 .
In this case, the parameters can be fitted against
the ab initio energies by a least square procedure
when J is large enough. Then, the states are as-
signed according to the projection of the total an-
gular moment ĴZ . This method is applied to the
the LnZn16 series which evidences a symmetry very
close to D4d. This is still feasible when few off di-
agonal terms are present (q 6= 0) like for D3h with
an additional B6

6 term [31].

Ab initio ligand field theory (AILFT)

The second approach has been developed by
Atanasov, first based on DFT calculations [41], and
afterwards adapted to WFT [42]. It has been ap-
plied to octahedral series of lanthanide [43] and ac-
tinide [44]. The many-electron wave-functions of
a 4fN ion are written as linear combinations of
Slater determinants |φi · · ·φj | built with real 4f
spin-orbitals φi. Since 4f orbitals are very inner
shell, the φi are almost of pure 4f character. The
correspondence with the model space is performed
at this stage. Both the ab initio and the model
Hamiltonians of Eq. 1 are expanded in the Slater
determinants basis, and there is a one-to-one corre-
spondence of the matrix elements. The model ma-
trix is expressed with the 27 CF matrix elements,
the three Slater-Condon parameters for electron-
electron repulsion F 2, F 4 and F 6 [45], and the effec-
tive one-electron spin-orbit coupling parameter ζ.
These parameters are deduced by equating the ma-
trix elements of the ab initio and model matrices.
The system of equations is overparametrized, and
is solved through a least square procedure. More
details are given in Section S1.

Irreducible Tensor Operator (ITO) method

This method has been proposed by Ungur and Chi-
botaru [30]. The CFPs are deduced from the 2J+1
wave-functions, and corresponding energies of a J
term of the free ion. This assumes that this mani-
fold is well separated from the other ones, and easily
identifiable. Since the ab initio eigenvectors of the
Z component of the total angular magnetic moment
M̂Z correspond to the model {|J,MJ〉} vectors, the
one-to-one correspondence is performed by diago-
nalizing the representation matrix of M̂Z in the J
manifold. The phase factors between the states is
further determined such that the superdiagonal of
the representation matrix of M̂X is real. The ab

5



initio Hamiltonian matrix is then expressed in this
new basis set, and is decomposed in terms of spin
matrices of the ITOs [46, 47]. The corresponding
projections are the CFPs within the reduced matrix
elements αk

J of Eq. 4. Since CFPs are obtained by
a decomposition technique, there is no loss of infor-
mation but the 2J + 1 degrees of freedom reduce
naturally to the 27 ones: while the odd order pa-
rameters vanish because of time-reversal symmetry
of the Hamiltonian, parameters with k > 6 appear
to be negligible. The similarity between the ab ini-
tio MJ

u and the model MAI
u matrices in direction u

is quantified by the distance between those matrices
as

δmu =

√
Tr
(
MJ

u −MAI
u

)† (
MJ

u −MAI
u

)
(10)

where † denotes the conjugate transpose. δmu van-
ishes in the limit of the free ion in the LS coupling
scheme. An another index, δh, is introduced for
quantifying the similarity between the ab initio and
model Hamiltonian representation matrices (see Eq.
S8). More details are given in Section S2.

Results and discussion

LnZn16

Tha axial symmetry leads to a reduced number of
CFPs, namely B2

0 , B4
0 and B6

0 , which can be fit-
ted either against experimental data or ab initio
results. In this work, we compare CFPs determined
from ab initio calculations with both FIT and ITO
methods. CFPs obtained for the five complexes are
summarized in Table S1, and represented in Figure
3. The energies of the ground J manifold are given
in Table S2. The two methods lead to identical val-
ues. With ITO, due to a small twist angle around
the Z axis slightly breaking the D4d symmetry ,
some CFPs with q 6= 0 are non zero, as for example
B4

4 and B6
4 .

B2
0 is the largest in magnitude, and negative as ex-

pected from a compressed environment. This nega-
tive value of B2

0 leads the magnetization to be axial
in the Er derivative, and planar in the Dy deriva-
tive [10, 31]. B4

0 and B6
0 are by far non negligi-

ble around ±500 cm−1, and opposite in sign, which
leads to entangled spectra in terms of |MJ |. As dis-
cussed in reference [31], α2

J changes sign between
Ho and Er. This impacts the ordering of the states
in terms of |MJ |: for Tb and Dy, |MJ | increases
with the energy, for Yb, it decreases. For Ho and
Er complexes, states are more entangled due to the
important values of B4

0 and B6
0 which lead to non

quadratic relation between the energy and |MJ |.
All CFPs decrease in magnitude along the series
which will be further discussed in the last Section

Tb Dy Ho Er Yb
-1500

-1000

-500

0

500

1000

1500

B
qk
 (

cm
-1

)

B0
2

B0
4

B0
6

S

Figure 3: CFPs and strength parameter (cm−1) in the
LnZn16 series using ITO method. For HoZn16, averaged
over DyZn16 and ErZn16 structures.

and consequently, the strength parameter S defined
in Eq. 7 follows this trend.

[Ln(DPA)3]
3–

Since the real and imaginary parts of the non diag-
onal CFPs vary by any rotation in the XY plane,

only their norm is considered, B
k

q as defined in Eq.
5. CFPs were calculated with both AILFT and
ITO. For ITO, the manifolds with J < 3 do not
provide CFPs of 6th order since the expansion of
Eq. S5 is limited to 2J . This artificially leads to
smaller strength parameters S and Sq due to the
restricted sum of terms (see Eqs. 7 and 8). To over-
come this limitation, the CFPs of 6th order (and all
orders for Eu(III)) are deduced from the 1st excited
J manifolds.

All CFPs are given in Tables S6 and S7, and
strength parameters in Tables S8 and S9. The dom-
inant parameters are represented in Figures 4 and
5, while the others are shown in Figures S2. The
two methods give similar CFPs. This confirms that
CFPs extracted from orbital and many-electron lev-
els are very close due to the small ZFS of the 4f
orbitals. It should be outlined that the energy of
the low lying excited states are very similar, even
through calculated with different codes, different
basis sets, and slightly different approximations (see
Table S3). While B2

0 , B4
0 , B6

0 , B4
3 , B6

3 , and B6
6 are

worth several hundred wavenumbers, all the other
parameters are smaller than 100 cm−1. This is in
agreement with the approximate threefold symme-
try of the complexes. Indeed, within the trigonal C3
point group, only those six CFPs would be non zero.
B2

0 is positive while B4
0 and B6

0 are negative, and
the three CFPs are of the same order of magnitude.
The sign of B2

0 is opposite to that of the LnZn16 se-
ries, which denotes a more prolate coordination en-
vironment. As in the other studied complexes, the
CFPs are transferable along the series with an over-
all decrease in magnitude. This confirms that the
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Figure 4: CFPs (cm−1) in the [Ln(DPA)3]3– series.
full line: AILFT; dashed line: ITO.
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effects of ligands and central ion are decorrelated
and independently described by the parameters Bk

q

and αk
J of Eq. 4 respectively.

In the case of axial symmetry complexes, the na-
ture of the ground state magnetization alternates
between planar and axial following the sign of α2

J

from Eq. 4. In the LnZn16 series, B2
0 is nega-

tive, and the magnetization is planar for the Dy
derivative, and axial for the Er one. For sandwich
complexes [31], B2

0 is positive for benzene and cy-
clopentadienyl ligands and negative for the more
compressed COT environment leading to opposite
magnetic anisotropies for those different ligands. In
the [Ln(DPA)3]3– series, B2

0 is positive as expected
from the prolate layout of the oxygen atoms. Hence,
one would expect a planar (axial) magnetization for
Sm, Er and Yb (Ce, Nd and Dy) due to a positive
(negative) value of α2

J . However, this is not the case
as can be seen seen from the g factors of the ground
Kramers doublets given in Table S5. Since the 4th
and 6th orders CFPs, as well as the ternary non-
diagonal parameters are non negligible, the ground
states are by far not pure MJ eigenstates. The Dy
complex shows an axial magnetization, and so do
the Er and Yb ones with a magnetization in a di-
rection perpendicular to the ternary axis. This is
in agreement with previous observations [48, 49]:
in the presence of pseudo-axial symmetry, the mag-
netic anisotropy of elongated Er derivatives, which
is expected to be planar, is axial and oriented per-
pendicularly to the pseudo axis. As a consequence,
magnetic axes of the Dy and Er complexes are per-
pendicular.

Trends in the Ln series

Strength parameters and CFPs

The strength parameters are represented for the two
series in Figure 6 and compared to metal-ligand dis-
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tances. As discussed in Section 3, the strength pa-
rameter S defined by Eq. 7 gathers in only one
parameter the 27 CFPs and allows an easy evalu-
ation of the strength of the metal-ligand interac-
tion. This facilitates the comparison between two
complexes. Along the two series, the coordination
sphere shrinks following the reduction of the ionic
radius of the free ion. The CFPs decrease in magni-
tude along the two series. S is larger in the LnZn16

than in the [Ln(DPA)3]3– series. In a pure electro-
static picture, according to Eq. 3, the CFPs are
determined by the position and the charge of the
ligands, as well as by the radial expansion of the
4f orbitals. Along the series, the nuclear charge
of the lanthanide atom increases, the 4f orbitals
become more inner shell, the ionic radius of the
free ion decreases and, accordingly, the coordina-
tion sphere shrinks. In an isostructural series, the
structural changes are smooth and, as a first ap-
proximation, since they are determined only by the
ligands, the CFPs may be considered as transfer-
able from one lanthanide ion to another one inside
a series as obverved by Bleaney [32]. The variation
of the number of 4f electrons is included in the αk

X

reduced matrix elements, and the variation of the
αk
X , both in amplitude and in sign, leads to very

different energetic spectra and magnetic behavior
from one lanthanide ion to the other one.

Figure 6 denotes a smooth variation of the CFPs;
one may say, as a first approximation, that they
are transferable from one ion to the next one with
a small variation. But one may not say that they
are constant in the whole series. As was shown
in reference [31], the trends in the many-electron
spectra are much more tricky to analyze, because
of the large variation of the αk

X , especially of α2
X

which changes three times of sign along the series.
In the LnZn16 series, except for B6

0 in the Tb(III)
complex, the three CFPs are rather constant, as
they only decrease by 10 - 20 % in magnitude (see
Figure 3). δmu defined in Eq. 10 with u = X,Y, Z
(see Table S1), which quantifies the similitude of the
M̂u matrix to that of the free ion in the LS coupling
scheme, decreases in the series to be almost 0 for
Yb. The same tendency is observed for δh (defined
in Eq. S8), which quantifies the similitude between
the ab initio and the model matrices expanded up
to the 6th order.

Point charge model

In order to analyze those variations, a point charge
(PC) model has been considered, where each atom
of the ligands is represented by a PC deduced from
its LoProp ab initio value [50]. The electrostatic
potential created by the PC model and the ab ini-
tio ligands are similar (see Table S10). The PC
and ab initio strength parameters are compared in
Figure 7. The PC strength parameter is rather con-

stant in the series. Since the dipole and quadrupole
moments determined from both models are almost
idendical, the difference between PC and ab initio
calculations represent covalent contributions, which
include combined effects of bonding, charge dona-
tion and polarization. In the electrostatic model,
the CF is axial and dominated by 2nd order terms
(S2 and S0 dominant), while the other terms are
almost negligible. This prevalence of the 2nd or-
der for electrostatic models was already observed
in PrCl3 and sandwich complexes [31]. It con-
firms that 4th, 6th and non axial contributions
arise mostly from non electrostatic effects, as polar-
ization of f orbitals, orthogonality issues, electron
correlation and covalent effects. As already men-
tioned, the PC model leads to a rather constant
value of S. The difference between the ab initio
and the PC curves is rather constant for the 2nd
order, and tends to decrease for the 4th and 6th
orders. It should be mentioned that a simplified
PC model, where ligands are replaced by only nine
point charges placed at the position of the six oxy-
gen and three nitrogen atoms of the coordination
sphere leads to similar results as the more sophisti-
cated PC model (see Fig. S6).

In a pure electrostatic picture, the closer the
charges, and hence, the larger the interaction and
the CFPs. In the LnZn16 series, the coordi-
nation sphere is more compressed than in the
[Ln(DPA)3]3– series and S is larger since the lig-
ands are closer to the 4f electrons. But the trend
along a series is not as simple since there are two
opposite effects: i) according to the contraction of
the 4f orbitals, the CFPs should decrease but ii)
following the shrinking of the coordination sphere,
the CFPs should increase. In order to unravel those
two effects, they were dissociated by varying inde-
pendently the nature of the Ln ion and the position
of the charges (see Section S4.5). As expected, the
CFPs decrease when changing the metal ion (fixed
position of the point charges), and increase when
changing the position of the charges (fixed Ln). The
contraction of the coordination sphere and the de-
crease in the spatial distribution of the 4f electrons
lead to opposite trends along the series, and the
interweaved effects lead to a rather constant value
of S. Consequently, the decrease of the strength
parameters which is observed in Figure 6 with the
full ligands arises from the overlap between the lan-
thanide and ligand orbitals, namely covalent effects.
The 4f being inner shell, they participate little to
the covalent bonding itself, which involves mostly
5s, 5p and 6d orbitals. It was shown in reference
[31], that both the direct overlap between the 4f
and the orbitals of the ligands, and the indirect in-
teraction through the more outer shell orbitals af-
fect the CFPs. As in this previous work, covalent
effects reduce the CFPs of 2nd order and increase
the other CFPs, and more specifically the off diag-
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Figure 7: Strength parameters (cm−1) in the
[Ln(DPA)3]3– determined by ITO method; full line ab
initio, dashed line, PC model.

onal terms with q 6= 0.

The decrease of the CFPs in the lanthanide series
has been observed previously. Duan et al. fitted the
energetic spectra of the whole series of Cs2NaLnCl6
[51] taking advantage of the octahedral symmetry,
which leads to only two non vanishing independent
CFPs. Both B4

0 and B6
0 decrease in the series, re-

spectively, from 2100 (Ln=Ce) to 1400 (Ln=Yb)
and from 260 to 90 cm−1. The authors showed
that this decrease is larger than the one expected
by a pure PC model for the ligands. Faulkner et
al. [52] improved the PC model by adding induced
dipoles on the ligands, and this lead to a decrease
in the CFPs. But the present work shows that the
extended PC model leads to similar results than the
one with only nine PCs. Ishikawa et al. deduced
the CFPs in the [Pc2Ln]– series for the second part
of the Ln series by fitting paramagnetic shifts and
magnetic susceptibilities [53]. Both B2

0 and B4
0 de-

crease in magnitude while B6
0 is rather constant,

but small.

Comparison ITO/AILFT

In the [Ln(DPA)3]3– series, the variation of the
CFPs along the series is smoother with AILFT
than with ITO (see Figure 4). In the first half,

the ITO values are smaller than the AILFT val-
ues, while the opposite trend is found in the sec-
ond half. Also, there are more irregularities in the
ITO values, especially in the first half of the series.
In the first half, the value of J is small according
to the 3rd Hund’s rule, and the different J man-
ifolds are closer to each other according to Landé
rule. One could suspect the spin-orbit coupling be-
tween the J manifolds to be at the origin of those
irregularities. The CFPs deduced before and af-
ter the inclusion of spin-orbit coupling, within the
L and J ground manifolds, respectively, are shown
on Figure S4. They are found to be very similar.
It shows that the J − J coupling, which is more
important in the beginning of the series, does not
affect the CFPs. The model and ab initio magne-
tization matrices (see Table S4) differ more in the
first half of the series, especially for Nd and Sm.
For the second half of the series, the values of δm
are about the same as for the LnZn16 series, they
decrease and almost vanish for Yb. The largest
values of δh are reached for Nd and Sm, mean-
ing that orders higher than 6 are less negligible in
those cases. The Slater-Condon parameters which
describe the electron-electron interaction increase
(see Fig. S3). These tendencies show that the over-
lap of the metallic and ligand orbitals, which is tiny,
decreases in the series. Finally, the difference be-
tween AILFT and ITO CFPs should be imputed
to electron-electron effects. The former method de-
termines the CFPs at the one-electron level, while
the parameters for electron-electron repulsion and
spin-orbit coupling are determined independently
with additional parameters. In the ITO method,
the CFPs are determined from the decomposition of
the many-electron wave functions, and describe the
other interactions in an effective way. One may not
conclude that one approach is more reliable than
the other one: AILFT provides one-electron CFPs
and, with the knowledge of Slater-Condon parame-
ters and the SO coupling constant, the energy of all
the states arising from the 4fN configuration might
be calculated. The ITO tecnnique provides effec-
tive many electron CFPs, and is specific to each
J manifold. For magnetic properties which arise
only from the ground J manifold, ITO are recom-
mended since they reproduce exactly the energies
of this manifold, while for spectrocopies involving
excited J manifolds, AILFT are more suitable.

Paramagnetic NMR shifts

An other domain where CFPs are successfully ap-
plied, is the modeling of paramagnetic NMR shifts
in lanthanide complexes. Bleaney has shown that
the pseudocontact contribution depends on B2

0 [2].
B2

0 can be evaluated from pNMR shifts within a lan-
thanide series, assuming it is constant throughout
the series (see Section S4.6 for more details). In ref-
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erence [28], the pNMR shifts of the [Ln(DPA)3]3–

series were measured and modeled using Bleaney’s
theory [2] and B2

0 was found to be 51 with an ar-
bitrary unit applying [54]. It corresponds to 62
cm−1 as shown in Section S4.6. This value is four
times smaller than the value obtained in this work
of 250 cm−1. However, it should be noted that
B2

0 is almost constant in the series, and is the only
CFP showing this trend, which supports Bleaney’s
theory. It shows that the B2

0 of Bleaney , which
parametrizes the entire magnetic anisotropy in a
single is not clearly related to the ’true’ B2

0 . It was
recently pointed out by Vonci et al. [55] that B2

0 is
very sensitive to small structural variations.

Conclusion

CFPs have been extensively used to rationalize the
properties of lanthanide complexes. Used as phe-
nomenological parameters, they are fitted on exper-
imental data, which is only possible for high sym-
metry molecules, as it reduces the number of pa-
rameters and avoids the overparametrization in the
fitting procedure. With the success of lanthanide
complexes as Single Ion Magnets, there is a need to
better understand the physics underlying the CFPs,
to give guidelines for the synthesis of new molecules,
optimizing their desired properties. The model of
Rinehart and Long based on electrostatic interac-
tion within an axial symmetry has provided success-
ful guiding lines. In paramagnetic NMR (pNMR),
Bleaney’s theory provides a useful background that
allows to unravel contact and dipolar contributions
to the pNMR shifts, and consequently, to evalu-
ate covalent contributions. This theory is based on
CF theory, which reduces to only one CFPs for the
whole lanthanide series. The aim of this work was
to get more physical insights on the CFPs, by eval-
uating them from first principles in two series.

Ab initio calculations have already been applied
successfully for the determination of Model Hamil-
tonian parameters. First principles approaches en-
able a full description of the complexity of molecu-
lar systems. Ab initio calculations have shown their
potential for the determination of model Hamilto-
nians parameters. This allows to figure out the un-
derlying mechanisms and to estimate the lost of in-
formation by projecting the whole complexity on
few parameters. The magnetic coupling constant
of the Heisenberg Hamiltonian has been extensively
described by both wave function based and DFT
methods [56]. More recently, ab initio calculations
were applied for the calculation of anisotropic mag-
netic couplings [57, 20], and to the ZFS in transition
metal complexes [23, 21].

In this work, to determine the CFPs from ab ini-
tio calculations, two recent methods were applied

on two lanthanide complexes series. The first series
is very close to D4d symmetry and shows a com-
pressed environment due to the presence of metal-
locrowns. The second series displays an approxi-
mate three-fold symmetry due to the presence of
counter ions and an oblate environment. The de-
scription of those molecular systems by ab initio
methods allows a description beyond the electro-
static interactions and the determination of the 27
CFPs.

It is the first time that ITO and AILFT methods
are compared. AILFT is based on the fitting of
the CF matrix written at the orbital level while the
ITO method makes a decomposition of the Hamil-
tonian matrix for a J manifold. These methods
lead to very similar CFPs which confirm that the
ZFS occurs mostly at the orbital level as was shown
previously for lanthanides [31] and for a complex of
Ni(II) [37]. However, small discrepancies between
AILFT and ITO reveal many-electron effects on the
CFPs: they tend to decrease the CFPs in the first
half of the series and to increase them in the sec-
ond half. When calculating CFPs with one or the
other method, one should be aware that they do
not include the same ingredients. The ITO CFPs
are effective and reproduce the energies and com-
position of a given J manifold and are suitable for
spectrocopies probing only one J manifold, like usu-
ally magnetic properties. The AILFT CFPs may
describe different J manifolds, once the spin-orbit
coupling and Slater-Condon parameters are known,
and is consequently suitable for spectroscopies in-
volving different J manifolds, like absorption or
emission spectroscopies. Trends were discussed by
introducing strength parameters, which are rota-
tional invariant. They are shown to be a very
convenient tool for the comparison between series
by reducing the discussion to only one parameter.
Strength parameters were introduced for each order
and for each index. The latter are not rotation in-
variant, but they allow for the quantification of the
rotational symmetry, as for the second series, the
three fold symmetry.

B2
0 has opposite signs in the two series in accor-

dance with the respective prolate and oblate envi-
ronments. Since the CFPs are transferable within
a series, magnetic properties follow the sign of the
prefactor α2

J . Since the LnZn16 series is axial, B2
0

is negative, and the magnetization is axial (planar)
for Er (Dy). In the second series, since B2

0 is posi-
tive, the opposite trend is expected. Yet, since the
symmetry is not strictly axial, it is not the case:
While the Dy complex exhibits an axial magnetiza-
tion along the pseudo threefold axis (as expected),
the Tb derivative exhibits an axial magnetization
as well, in a direction perpendicular to that of the
Dy complex.

The value of B2
0 deduced from our calculations is

larger than the one deduced from pNMR shifts

10



in the [Ln(DPA)3]3– series using Bleaney’s theory.
This reveals that the B2

0 of Bleaney’s theory is an
effective parameter which incorporate other effects.
This should be further investigated.

Finally, as expected, the CFPs are transferable
along the two series in accordance with Eq. 4, where
the reduced parameters αk

J is related to the metal
ion and the Bk

q to the ligands. But they show a
systematic decrease in the series, which was already
observed in other series. It is shown that within a
PC model reproducing the electrostatic potential of
the ligands, the CFPs are rather constant in the se-
ries; it is shown to be a compensation between the
shrinking of the coordination sphere and the greater
compactness of the 4f orbitals. The decrease of the
CFPs in the series is consequently imputed to co-
valent effects, defined as all effects beyond electro-
static interactions. They comprise bonding, charge
transfer and polarization effects. They are not re-
stricted to the overlap between the 4f and the lig-
ands’ orbitals. Covalent bonding mostly occurs
through the more outer shells orbitals 6s and 5d
orbitals; the change in the electron density of the
lanthanide center affects the spitting of the 4f orb-
tials, and thus the CFPs.

Computational details

For all the investigated systems, calculations were per-
formed on the crystallographic structures using SO-
CASSCF (Spin-Orbit-Complete Active Space Self Con-
sistent Field) calculations. MOLCAS calculations were
performed with the MOLCAS version 7.8 suite of pro-
grams [58]. Firstly, a SF-CASSCF (Spin-Free CASSCF)
calculation is performed [59] with an active space com-
posed of the seven 4f orbitals of the lanthanide ion,
and associated electrons, i.e. CAS(n,7). Spin-Orbit
(SO) coupling is included by a state interaction with
the RASSI (Restricted Active Space State Interaction)
method [60]. All the spin states with the highest value
of S and 27 singlets (Pr, Tm), 43 doublets (Nd, Er),
86 quartets (Sm), 42 quintets (Eu, Tb), 108 quartets
(Dy), 99 triplets (Ho), 35 quartets (Er) or 2 triplets
(Tm) were considered for the state interaction. Scalar
relativistic effects were taken into account by means of
the Douglas-Kroll-Hess transformation [61], and SO in-
tegrals are calculated using the AMFI (Atomic Mean-
Field Integrals) approximation [62]. For the LnZn16

series, Ln and coordinating NO is described by a TZP
ANO-RCC basis, atoms of the first cycle of the 12-MC-4
sandwiches with DZP basis and the most remote atoms
with SZ. The 24-MC-8 is described by point charges
and Zn by ECPs with 1s1p [63]. For TbZn16, DyZn16,
and ErZn16, LnZn16(picHA)16 structures were consid-
ered [25]. For HoZn16, calculations were performed on
both the structures of the neighboring ions Dy and Er
derivatives, and averaged afterwards. For YbZn16, the
YbZn16(pizHA)16 complex was considered [26]. For the
[Ln(DPA)3]3– series, Ln and O, N, C, H atoms are de-
scribed with ANO-RCC basis sets of QZP and TZP
quality, respectively. g factors were calculated accord-

ing to reference [64] and the CFPs were calculated with
a local program written in Mathematica.

All the ORCA-SO-CASSCF calculations were per-
formed using the ORCA 4.0 quantum chemistry package
[65]. For the CASSCF calculation, the default CI set-
ting (i.e. CSFCI) was used in combination with the Su-
perCI and then NR settings for the orbital step. Scalar
relativistic effects were accounted for using the second-
order scalar relativistic Douglas Kroll Hess (DKH2)
Hamiltonian formalism [66, 67]. SO coupling was then
accounted for in a mean-field fashion (SOMF) using
quasi-degenerate perturbation theory (QDPT) [68], and
allowing all CASSCF (SO-free) states from all spin mul-
tiplicities to mix through the SOMF operator. To facili-
tate this task, the CASSCF (SO-free) states were deter-
mined using a state-average approach, with all CASSCF
states equally weighted.

The all electron scalar relativistic SARC2-QZVP ba-
sis sets [69] were used for the lanthanide atoms, and the
DEF2-QZVPP basis set [70, 71] for the other atoms (i.e.
H, C, N and O). The present DEF2-TZVPP basis sets
are an adapted version of the DEF2 basis set from the
Karlsruhe group (i.e. Ahlrichs basis set) which is pro-
vided in the Turbomole basis set library. They retain
the original DEF2 exponents but with contraction coef-
ficients suitable for the DKH scalar relativistic Hamilto-
nian. Finally, the AUTOAUX feature [72] was used to
automatically generate auxiliary basis sets for the res-
olution of identity approximation (RI-JK) [73], which
helps speed up the calculation.
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Malmqvist, P.-A.; Neogrády, P.; Pedersen, T. B.;
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