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Abstract

We present a new scheme for the discretization of heterogeneous
anisotropic diffusion problems on general meshes. With light assumptions,
we show that the algorithm can be written as a cell-centered scheme with
a small stencil and that it is convergent for discontinuous tensors. The
key point of the proof consists in showing both the strong and the weak
consistency of the method.

The efficiency of the scheme is demonstrated through numerical tests of
the 5th International Symposium on Finite Volumes for Complex Appli-
cations - FVCA 5. Moreover, the comparison with classical finite volume
schemes emphasizes the precision of the method. We also show the good
behaviour of the algorithm for nonconforming meshes.

Key words : Heterogeneous anisotropic diffusion, general grids, finite
volumes, finite elements, cell-centered scheme.

1 Introduction

The approximation of the solutions of the anisotropic heterogeneous diffusion prob-
lems is an important issue in several engineering fields. We mention a kind of these
problems, as follows:

—div(A(x)Vu) = f in Q,
{ u=20 on 052, (1)

where the following assumptions hold:

(a) © is an open bounded connected polygonal subset of R.

!This work was supported by GDR MOMAS and Project VFSitCom (ANR-08-BLAN-0275-01).



A cell-centered scheme for diffusion problems

(b) The diffusion (or permeability) tensor A : Q — R2*2 is symmetric, piecewise
Lipschitz-continuous and such that the set of its eigenvalues is included in
A, A], with A and A € R satisfying 0 < A < \.

(c) The function f is the source term and belongs to L?().

With assumptions (a)-(c), u is called the w solution of (1) if u satisfies

u € H}(Q) and Yo € HL(Q), / (A(x)Vu(zx)) Vou(z)dr = / f(@)v(z)dz. (2)
Q Q

The list of well-known discretization methods are finite difference methods, finite
element methods and finite volume methods. Each of these methods has its own
advantages and disadvantages.

The finite difference method is simple. Nevertheless, it is not widely used in practical
applications, since we need a smoothness assumption of the solution and it is not
applicable for the domains with a complex geometry.

The standard finite element method has the following advantages:

e It can be applied in domains with complex shapes. These domains can be
discretized by using triangular meshes.

e It uses the spaces of piecewise polynomials of degree 1 to approximate the
solution function. The basic functions of these spaces have small supports, so
the computation of this method is simple.

Unfortunately, in discontinuous diffusion problems coupled with convective trans-
port models, the approximation solutions computed by the standard finite element
method can be inaccurate [32].

The finite volume method which is a popular discretization method, is used to ap-
proximate the solutions of anisotropic heterogeneous diffusion problems. It allows us
to obtain the local conservativity of the fluxes which is significant in physics. This
method is classified into two main categories:

e “Cell-centered schemes” compute approximation values of the solution func-
tion at the centers of the cells of the primary mesh.

e Other schemes use not only usual cell unknowns but also interface unknowns
to compute approximation values of the solution function. In [14], HFV, MFD
and MFV which involve the cell and edge unknowns are schemes of the same
family. Besides, the DDFV schemes in [11], [21] which give precise solutions,
use techniques of dual mesh and involve the cell and vertex unknowns. How-
ever, all schemes in this category are computationally more expensive than
cell-centered schemes, because they use more unknowns.

Therefore, we pay attention to “Cell-centered schemes” which have small stencils
and only use cell unknowns. The so-called Multi Point Flux Approximation (MPFA)
[1], [2] involves the reconstruction of the gradient in order to evaluate the fluxes.
Nevertheless, these methods only satisfy coercivity under suitable conditions on
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A cell-centered scheme for diffusion problems

both the mesh and the permeability tensor A. In [5], the authors need a coercivity
assumption which links the mesh and the tensor. There are also some schemes
which need either conditions on meshes or conditions on the permeability tensor.
For example, in [3], the condition is that the meshes are not too distorted. In [10],
the authors need a sufficient coercivity condition. In this kind of schemes, let us
also cite methods [12, 26, 27, 28, 29, 30, 31] which allow to obtain maximum and
minimum principles for diffusion problems on distorted meshes.

In this paper, the proposed scheme is designed on general meshes for heterogeneous
and anisotropic permeability tensors with the following advantages:

e The main idea of the scheme is based on that of the standard finite element
method and uses a technique of dual mesh. The dual mesh is chosen to be easily
recovered a cell centered scheme, i.e, the dual mesh unknowns are computed
by linear combinations of cell unknowns. This is different from other schemes
which use techniques of dual mesh such as DDFV schemes, because we can
not recover a cell centered scheme when using the dual mesh of the DDFV
scheme.

e It is a cell-centered scheme and its stencil is equal or less than a nine point
stencil on two dimensional quadrangular meshes.

e In heterogeneous and homogeneous anisotropic cases, it is locally conservative.

e In general cases, using a light assumption (hypothesis 3.1), the matrix which is
associated to our scheme, is symmetric and positive definite on general meshes.

The work is organized as follows: in §2, we introduce the methods to construct a dual
grid and a third grid. In §3, we present the scheme in isotropic homogeneous case and
in anisotropic heterogeneous case. Besides, we prove that the scheme is symmetric
and positive definite in general cases. In §4, we point out that the stencil of the
scheme is equal or less than a nine point stencil on two dimensional quadrangular
meshes. Additionally, there is a relationship with the formula used to compute edge
unknowns between our scheme and [3]. In §5, we prove that the scheme is convergent
for discontinuous tensors. In §6, it is devoted to numerical tests. We compare these
numerical results between our scheme and some other methods in the benchmark
FVCA 5.

2 Notations

Let Q be an open bounded polygonal set of R? with the boundary 9. We denote

three discretization families of 2 by D, D* and D**, which are given by

1. D= (M,E&,P) such that

la. M is a finite family of non empty connected open disjoint subsets of € such that

Q= |J K. mg >0 denotes the measure of K (the ”primary control volume”).
KeM

1b. & (the set of edges of the primary grid) is a set of disjoint subsets of € such

that, for all ¢ € £, o is a segment in R. We denote by m, the measure of o. Let
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K Dbe an element of M, we assume that there exists a subset £x of £ such that

OK = |J ocand £ = |J Ek. The set of interior edges is denoted by Eing (resp.
cefi KeM
Eext) With &y = {0 € E|lo ¢ 0N} (resp. Eext = {0 € E|o C IN}).

lc. P = (zx)kem is a set of mesh points of the primary grid. For all K € M,
zx € K and K is assumed to be zg-star-shaped, i.e for all x € K, [zx, 2] € K.

N
=<

A sample primary mesh (solid lines) and its dual mesh (dashed lines)

R

2. D* = (M*,E*,P*, V*) such that

2a. The dual control volumes K* are defined by connecting mesh points of the pri-
mary control volumes and the midpoints of the edges belonging to 92 . Moreover,
we assume that the lines joining their mesh points are inside €. In this case, M*

which is a set of dual control volumes such that Q = |J K*, is defined and we
K*eM*
assume it fits the initial domain 2. We denote by mg~+ > 0 the measure of K*.

Remark 2.1: A sufficient condition to define the mesh M* is that, for neigh-
boring control volumes, the line joining their centers intersects their common edge.
This condition is not necessary.

2b. &* (the set of edges of the dual grid) is a set of disjoint subsets of Q such
that, for all o* € £*, o* is a segment in R. We denote by m,~ the measure of o*.
Let K* be an element of M*, we assume that there exists a subset Ex+ of £* such

that 9K* = |J cand & = |J Ex-.
UE(SK* K*eM*

2c. P* = (vi+)K+em- is the set of mesh points of the dual grid.

2d. V* is the set of vertices of the dual meshes which includes the primary mesh
points, the midpoints of the edges belonging to 9 and the boundary vertices of (2.

Remark 2.2: We do not always use the vertices of the primary mesh as dual
mesh points {#x+} g« pq-- For example, we consider the following polygon
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&

« the notation of primary mesh points

the notation of dual mesh points

« the notation of midpoints of edges belonging to
the boundary of Q

we can not choose the vertex z g, of the primary mesh to define the dual mesh point
of (xk,, XKy, Ty, Tk,) € M, because it is outside (zx,, Tk,, Tky, Tk, )-

3. D** — (M**’V**)

Now, we construct a third grid.

Let be K* € M*, if all the edges of £+ do not belong to the boundary 0f), the
set of vertices of K* only contains mesh points of the primary control volumes. A
point x i~ is chosen inside K* and connected to all vertices of K*. We have the two
following examples to describe the construction of the third mesh:

K

: )(K2

Figure 2.1
Figure 2.2

If K* has a vertex x g+ belonging to the boundary of €2, its dual mesh point is equal
to the vertex x g+ (see figure 2.4). We connect x g+ to the other vertices of K*.

°1

Figure 2.4

In the above figures, we denote that:
e The primary mesh is represented by solid black lines.

e The dual mesh is represented by dashed black lines.

International Journal on Finite Volumes 5
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The third mesh is represented by dashed red and black lines.

The primary mesh points zx,, T k,, K, Tk, are elements of P.

e The dual mesh points zg+,z+ are elements of P*.

The edges o1, o2 are edges of the boundary of €.
e The points z,, x4, are midpoints of the edges o;, o2.

From the construction of the third grid, this implies that it is a subgrid of the dual
grid.
3a. M** is a finite family of sub-triangles such that 2 = . % T.

c *%

3b. V** is a finite set of vertices of the third grid such that, for all 7" € M** V¥ is

a set of three vertices of triangle T and V** = |J V7;*. The set of interior vertices
TeM**
is denoted by Vi = P U P*. Moreover, the functions px and px+ with K € M,

K* € M* are piecewise linear continuous functions defined by

1 atrx=2xg, xx € P,
pr(z) =0 atze Vi \{zx},
0 on 0N.

1 at z=2xg+, g« € P*,
pr=(z) =40 at z e Vii \{zk-},
0 on 0.

Additionally, we introduce some notations 1 , +1; " 4.z0]> Mep,ze] Which are out-
ward normal vectors of the triangle (x4, zp,z¢). The lengths of these vectors are
equal to the segments [z4, 2], [ra,7c], [vB,vc] and My, 2, 2. 18 the measure of
the triangle (x4, zp,xc).

“[xA. xcl

n
[xy: 3]

3 Presentation of the scheme

Now, we introduce our scheme: A Cell-Centered Scheme For Heterogeneous Anisotropic
Diffusion Problems On General Meshes. We name it FECC for the Finite Element
Cell-Centered scheme.

Definition 3.1: Let us define the discrete function space Hp as the set of all

International Journal on Finite Volumes 6



A cell-centered scheme for diffusion problems

((UK)KeMa(UK*)K*eM*); ug € R, K € M, ug« € R, K* € M* and ug~ = 0 if
zx~ belongs to the boundary of €.

P(v) which is a function on €2, is constructed from the value v = ((vi) kem, (Vi) k*em*)-
The function Vp pu is intended to be a discrete gradient of Vu taking into account

u= ((ur)Kem, (UK+)Kem=). As aresult, equation (2) is discretized by the follow-

ing discrete variational formulation

/(A(x)VD,Au(aj)) NVpav(z)de = /f (x)dx for allv e Hp.  (3)
Q

From equation (3), we describe the FECC scheme in each of the following cases of

A.

3.1 Isotropic homogeneous case: A = Id

The main idea of the FECC scheme is the same as that of the standard finite element
method (P1) on the third triangular mesh. The domain €2 is partitioned by this third
mesh.

For any u = ((ux)kem, (uk+)krem~) € Hp, P(u) is defined by
= > ukpk(x)+ Y ukepie(z (4)
KeM K*eM*
and Vp pu is defined by
Vo au(z) = Vp aP(u)(z) = Y ugVpk(z)+ Y ug:Vpg-(x). (5)
KeM K*eM*

Substituting definitions (4) and (5) into equation (3), for each L € M U M*, we
choose v = ((vg)Kem, (VK+)K*em*) € Hp such that vg = 0 if K # L, v~ = 0 if
K* # L, v, =1 and P(v) = pr. The resulting equation can be re-written in the
following form:

/(Z ug Vpx + Z UK*VPK*> Vpp dx = /pr dz. (6)

o \KeM KreMx

We present the construction of the FECC scheme in an isotropic homogeneous case.
Step 1 Recover all ug~ with K* € M* by linear functions of (ux)xem and con-
stants depending on function f.

We choose pr, equal to pg+. We have

/ (( > UKVPK> Vpg+ + uk-Vpgs. VPK*) dr = /pr* dx,
o \\Kem

because supp{pi~} is a subset of K* for all K* € M*.
Thus, ug+ is equal to g+ ({uK}KeM , f) defined by

M ({urtgerm-f) = Z UK/ i (@ _Vp-@) da:—i—/f Pk (2 )

Kem H Vpi+ll720 2 IVpr- 1720
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Step 2 Transform the variables in formula (4).

Plu)(z) = Y ugpx(@)+ Y T ({ux)gen s f) pice (@). (7)

KeM K*eM*

Step 3 Construct a system of linear equations.
Substituting (7) into (6), for each pz, belonging to {pr } e g We get:

/ ( Z UK (VPK.VPL) + Z e ({U’K}KGP ,f) (VpK*.VpL)> dr = /f.pL dz.
Q

) KeM K*eM*
(8)

This is a linear equation which only involves the cell unknowns {ur} ;¢\ Hence,
we construct a system of linear equations

AU = B, 9)

where U is a vector (ug)xear and A is a square matrix in Reard(M)xcardM) = A]]

unknowns (ug+) g+cp+ have been eliminated, the scheme is thus indeed cell-centered.

Lemma 3.1: In isotropic homogeneous cases, the matrix A of system (9) is sym-
metric and positive definite on general meshes. Moreover, the scheme is convergent.

Proof of lemma 3.1:

The matrix A is proved to be symmetric and positive definite as lemma 3.2, and the
scheme is equivalent to the standard finite element method on the third grid when
we consider the isotropic homogeneous case. Therefore, it is convergent (see details
of the proof in 2.4 and chapter 3 of [9]).

3.2 Anisotropic heterogeneous case

To simplify the description of the FECC scheme, we assume that, for neighboring
control volumes, the line joining their primary mesh points intersects their common
edge. Hence, the dual mesh is centered around the vertices of the primary mesh
and the dual mesh points are the vertices of the primary mesh. Taking any o €
Ent such that M, = {K, L}, g, z, € P and zx- € P*, we denote by (xx,xr,xx)
a triangle of M*™*. We take the values ug~+, ug, ur of u at xx~, xx, 1.

n
[xg* % 1 “IXK», XLI

ey Xg* /
e Mxg  xc*]  [Xgo XgHlommmmmmmmme
XK X/ X Xg \\/ XL

n

X > % ] Mxg % 1

Figure 3.1
Figure 3.1

International Journal on Finite Volumes 8



A cell-centered scheme for diffusion problems

From values ug~, ug, ur, we want to construct a discrete gradient Vp au on the
triangle (x g+, Tk, ) taking into account the heterogeneity of A. We consider the
function

Pigerny(w) @ (i or,7n) — R,

where it is continuous, linear on (zx+, Tk, ,) and (x g+, 1, T,) (two half triangles
of (xr,rr,xr+)). We introduce a value uX" (a temporary unknown) at z,. The
point x, is an intersecting point between the line joining two mesh points x g, =,
and the internal edge 0. The discrete gradient Vp pu is then defined by

e on the triangle (zx+, g, Ts)

UK r=7TK,

P goy(u)(z) = ¢ ugs = =g,
uﬁ(* r=2Zs-

Vpau = VpaP g+ K r)(u)

_P(K*,K,L) (u)(xg)n[xK*,:cK} - P(K*,K,L) (u)(xK)ngme*] - P(K*,K,L)(u)(xK*)n[ma,x;{}

Qm(

T 7xK7xa)

K* K
Uy n[zK*sz] - uKn[:ro—,mK*] - uK*n[xo@K]

2 )
m(zK’* LK To)

where n{i 2ree] is the outer normal vector to the triangle (-, zx,x,). The

K
[x0'7xK*]

If 2, belongs to the boundary of € then uff* = 0.

length of the vector n is equal to the length of the segment [z,,xx+].

e on the triangle (zx~+,xp, )

ur T =IK,
Pcs g,y(uw) (@) = § ugs x = a5k,

Vpau = VpaP g+ K r)(u)

— P 16,0y (W (@) 00 0 2] — Piceie,py (W) @r)nd, g = Pues k) (W) (@K )00, 2]

Qm(

TR T Lo )

—UK*TL — U TLL — UK*T
o Mage,ap) = UL o] — UK Nz, o]

9 )
m(xK* 71‘va0)

L

(o, T p*

length of the vector n

where n ] is the outer normal vector to the triangle (xx+,zr,x,). The

L

2o T 5ce] is equal to the length of segment [x,, xx+]. If z,

belongs to boundary of €2 then uf* =0.

These definitions depend on uX" but we fix " by imposing the Local Conserva-
tivity of the Fluxes, i.e

AK (VD7AU)|(CISK*,CEK,CE0) .TL[I;GJK*] + AL (vaAu)K:rK*,xL,xo—) 'n[IG,IK*] = 0, (10)

International Journal on Finite Volumes 9
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where Ak, A are values of A on K and L.
Equation (10) corresponds to the following equation:

* K*u K*7 K*z
ul" = Bg Tuk + B, Tur + B Ture, (11)

2m(£K*7xK,xd) Qm(xK* 7IK,IO') 2m(

o _ <(n[fﬂio,$K*})TAKn[}§mmK*]>/(_ (n[[m(a,xK*])TAKn[IK*,xK] B (n[mexK*])TALn[xK*’xL}

T+, TL To)

TR * ,:EL}

3 o <(n{;any*})TALn@a7$K*]>/( (n[fa{:a,xK*])TAKn[wK*,wK] (n{;me*})TALn[
B _ _

2m( 2m( 2m(

T+, TL To) Tp* LK, To)

K*? K*7 K*7
/BK*O'Zl_/BKO'_/BL 0"
From equation (11), the unknown uX " is computed using ug, ug+ and uy. Thus,
the discrete gradient Vp au on (vx, 21, zx+) only depends on these three values.

Hypothesis 3.1: we assume

(_ (n{;me*])TAKn[ZK*,ZK] _ (n[anﬂ?K*])TALn[xK* @L}> 7& 0

Qm(fBK* K, L) Qm(xK*vxL,xc)
Remark 3.2:

e In isotropic heterogeneous cases, if the primary mesh is an admissible mesh
(see definition 3.1, paper 37 — 39 in [17]), the unknown uX " is computed by

o

K* K*,o K*,o
U, = K UK + /QL ur,
N—— ——
>0 >0
because nf< =0 and n&
TK]

[To,xp*]” Nz, o @] Nzoxp] = 0.

e In isotropic homogeneous cases, we do not need hypothesis 3.1, since the co-
efficients are different from O.

We present the construction of the FECC scheme in anisotropic heterogeneous cases.
Step 1 Recover all ug~ with K* € M* by linear functions of (ux)xem and con-
stants depending on function f.

For each K* € M*, we choose v = ({vL}rem, {vL+ }L-em*) such that vy, = 0 for all
LeM,v-=0if L* # K* and vg- = 1 in equation (3)

/(A(a:)VD,Au(m)).VD,Av(x) dm:/f(x)P(v)(a:)dx.
Q Q

The discrete gradient Vp av is equal to 0 on L* which is different from K*. It
implies that [ (A(z)Vpau(x)).Vpav(z) dz is presented by the linear function of
Q

(ug)Kem, ux+ and a constant depending on function f. Therefore, the unknown

International Journal on Finite Volumes 10
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ug is computed by a linear function of {ux} -\ and a constant depending on
function f. This linear function is also denoted by ITx~ ({uK}KeM ,f)

Step 2 Reconstruct the discrete gradient Vp au.

In the definition of the discrete gradient Vp pu, we transform all the unknowns
{ug+}r*em* by {HK* ({uK}KGM ’f)}K*eM*' Hence, Vp pu does not depend on
unknowns {ug}gres.

Step 3 Construct a system of linear equations.

In equation (3), for each K € M, we choose v = ({vr}rem, {vr}rrem*) € Hp
such that vy« = 0 for all L* € M*, v = 0if L # K and vg = 1. This resulting
equation is a linear equation which only involves unknowns {ux}xears. Thus, we
construct a system of linear equations

AU = B, (12)

where U is the vector (ug)xer and A is a square matrix in Reard(M)xcard(M),

Lemma 3.2: With hypothesis (3.1), for anisotropic heterogeneous cases, the matrix
A of system (12) is symmetric and positive definite on general meshes.

Proof of lemma 3.2:

By definition, the disc*rete gradient Vp au de*pends on elements of sets {ur } e g

{ug+}geerss and {ul" } oee,, . Theset {uf"} ;ce,, isonly considered in anisotropic
K*eM; K*eM;

o o

heterogeneous cases. Hence, we can present

/ (AVpau) . Vpavde =UT AV,
Q

where U, V are defined by

(Wi ) e e pm (V) e eme
U= (uflf(ZKeM , V= (W;(ZKEM ,
(UU ) 0€&ins (UU ) 0E€Eint
K e K eM:

M ={K* € M* such that o N K* # ()},
with
c McaTd(M)xl

(UK)KeM ) (UK)KeM

(uK*)K*EM* 3 ('UK*)K*EM* c MCCL’I’d(M*)Xl

)

> card(ME) } x1

K* K* {JES-
(uo. ) Uegint 9 (UU ) Uegint G M int
K*eM K*eM

International Journal on Finite Volumes 11
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Defining m = card(M)+card(M*)+ > card(M%) and n = card(M)+card(M*),
Uegint
we obtain

Ax = ((a)ij); jerm and U,V € M™
Moreover, Ay is symmetric. This is deduced from [ (AVp au).Vpavde = [ Vp au. (AVpav) de,
Q Q

because the tensor A is symmetric.
In anisotropic heterogeneous cases, the discrete gradient Vp au can be re-written
by

e on the triangle (zx+, x g, Ts)

K™, K*,
(ﬁK Jn[xK*,JZK] + nﬁo,ﬁ[{*]) UK + </8L Un[ﬂ?K*ny}) uy,

K*
+ (ﬁK* Jn[fk*ﬂ?K] t N, ] | UK

Vpau=— , (13)
2m(xK*7xnya)
e on the triangle (zx+, 2, zs)
K*, K*,
</6K Un[xK* @L}) ug + (/BL Un[xK* ar] n[Loca,zK*]> urL
K*,

+ (ﬂK* Un[l“K* ar] T g a) ) UK~

Vpau=— , (14)

2m(

TR+, &L, To)
because v = ﬂfg Tug + ﬁf Tug, + ﬁfﬁ* TUges.
Now, the discrete gradient Vp yu depends on elements of set {(UK)KEM s (UR) e e ppe }

in general cases. Therefore, there exists a matrix C* € M™*™ such that U = C*U*
with & # 0, which implies

Ut And = U)F (C*TAAC*> u*,

where C* € M™ " and U* = ( (re) e e > € M™¥!. As the matrix A, is
(“K)KEM
symmetric, the matrix G = C*T AyC* is also symmetric.

According to step 1 of the construction scheme, for each K* € M™*, we choose
v = ({vr}rem, {ve*}Lrem+) such that vy, =0 for all L € M, v« =0 if L* # K*
and vi+- = 1 in equation (3)

/(A(m)VD,Au(x)).VD’AU(x) da::/f(x)P(v)(:c)dx.
Q

Q

From these linear equations, the first system of linear equations is constructed by
DU*+ EU = F*, (15)

where F* € Meard(M*)x1 c Meard(M*)xcard(M*) gnq E c Meard(M*)xcard(M)

International Journal on Finite Volumes 12
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According to step 3 of the construction scheme, for each K € M, we choose
v = ({vr}trem {ve*}rrem) € Hp such that vy« = 0 for all L* € M*, vy =0
if L # K and vk = 1 in equation (3). We get the second system of linear equations,
as follows:

MU* + NU = F, (16)

where F € Mcard(./\/l)xl’ N e peard(M)xcard(M) o4 M e peardM)xcard(M™)  Both
F and F* depend on function f.

From (15) and (16), it follows that G = ( b E > where M = ET and two square

M N
matrices D, N are symmetric, because the matrix G is symmetric.

Next, we prove that the matrix G is positive definite. Assume that U* # 0, there
are two following cases:

In the first case where ug # 0 for all K € M, we consider Ty = (xg~*, sy, TK) €
M**. This triangle has an edge belonging to the boundary of €2 presented in the
following figure:

Figure 3.2

On the triangle Ty = (xx+, %4, Tk ), the discrete gradient Vp pu is defined by

TUK Nz pex 10, ]

Vpau =

2m ’
(xK* »7Loq 7-73K)

because ug+ = uffl* =0.
All eigenvalues of tensor A are equal or greater than A > 0, thus

uUrour = / (AVpau) .Vpaude > ) / (Vpau)? de
Q Q

2
UK”[xK*,xﬂ])

4m(

v

> 0.

A / (Vpau)de =)\

TR* Loy 7CCK)
To

In the second case, there exists K € M such that ux = 0. In this case, we have a
triangle Ty = (x g+, Tk, xr) such that uy # 0 or ug~ # 0 (see figure 3.1).

The integral [ (Vp au)? dz is computed by
To

/(vD,Au)de: / (Vp.au)® de + / (Vp.au)® de.

To (Tg*,TorTK) (Tg*,To,xL)
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On the triangle (v, %y, 2K ), the discrete gradient Vp pu is defined by

K*,o K* o
—UR* (n[a:K,a:U] +ﬁK* n[.Z’K,.Z‘K*]> - uLﬁL N g @ o]

2m(

Vpau =
TR+ 7x01xK)

It follows that
* * 2
{UK* <n[a:K,xg] + Bflg* 70”[1"1(7271(*]) + ULﬂf 7an[xK’mK*}}

/ (VD’AU)2 dr = > 0,

4m(xK* 71‘0‘7IK)

(xK* Lo ,IK)

since the direction of the vector (n[wx, zo] T 5?:"’71[11{’1[{*]) is different from direc-

UL#O’

. K* o :
tion of the vector np,. .1, By ° # 0 (use hypothesis 3.1) and [ s 2 0.

Similarly to the first case, we get

urcur = / (AVpau) .Vpaudze > A / (Vpau)de > A / (Vpau)®dz > 0.
Q Q To

Therefore, the matrix G is positive definite.
From (15), U* is computed by U* = D~ (F* — EU). In this formula, the ma-
trix D~! exists, because we apply the property of Schur complement of D in G (see

more theorem 1.20, paper 44 in [33]) and G is symmetric, positive definite. Thus,
(16) is transformed as follows:

(N-E'"D'E)U=F-E"D'F*,
~——
=A =B

where the matrices A, B are defined in the systems of linear equations (9) and (12).
Since G, D are symmetric, positive definite and using the property of Schur com-
plement in G (see more theorem 1.12, paper 34 in [33]), we conclude that A is
symmetric, positive definite. This allows us to use efficient methods to solve the
systems of linear equations (9) and (12). O

4 Properties of the scheme

4.1 Isotropic homogeneous case

Property 4.1.1: The stencil of the FECC scheme is equal to 9 on quadrangular
meshes.

Proof of property 4.1.1:

If the dual grid and the third grid are described by figure 4.1, then the stencil is
equal to 9.
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Figure 4.1

Step 1

The intersecting domains are not empty between supp{px, } and each of the following
domains: supp{pr,}, supp{pk,}, supp{pr.}, supp{prs}, supp{pk:}, supp{pk;},
supp{p K; 1 supp{p}(4 }, and are empty between supp{px, } and the others: supp{px,},
supp{pr, }, supp{px.}, supp{pk,}. Therefore, equation (6) can be written as

/ < UK1VpK1 + ’LLK2V]9K2 + UK4VpK4 + uK6vpK6 + ustsz

Vpk,dx = DK, dx.
Furr Vpr: + Ky Vprs + ury Vp; + uk; VPK; ) Pra /prl
Q

Step 2
K K K K
Ugs =0y Yug, + oy ug, + oy Tk, + oy uK4+aK*(f).
K3 K3 K3 >
UK =0y Jug, + oy U, +ag tukg +ag Pukg + ok «(f).
K3 K3 K3 5
Uy = 0 fug, +ogtugg + o Pug, +og? UKy + QK «(f).
K} K} K} K
UR; = 0y fuk, +a2 uK2+a8 UKy T Qg uK9+OéK*(f).
Step 3

UK, VDK, + UK, VPK, + UK, VDK, + UKs VDK + UK VDI
K K* K K
+ (al Yug, +ag tug, +ag g, + oy 1uK4) VPKI*

K3 K3 K3 K
+ (o P ury oy tuk, +as P urg + o " urg | Vi Vpr,dx =
0

K K K
+ (al Sug, + Qg Sugs + oy Sug, + Qg 3uKs> Vng

*

* * * K
+ (af‘*uKl + af‘*u;@ + a?‘*uKS + ay 4uK9) VK
/{f‘pKl — la: (/)Vprs — ar; (f)Vpr; — ax; (f)Veks — ax: (f)Vpk:]. Vg, } de.
0

This equation only depends on nine cell unknowns, so the stencil is equal to nine. O

Remark 4.1: In some particular cases, the stencil can be 7 or even 5. We show the
two following examples for these cases:

a) If the dual grid and the third grid are described by figure 4.2, then the stencil is
equal to 7.
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Figure 4.2

In figure 4.2, the polygon (vk,, Tk, Tks, TKe, TKy, TK,) 1s an element of the dual
grid where the points xx+ and zg, are the same.

The intersecting domains are not empty between supp{pg, } and each of the following
domains: supp{pr,}, supp{pr,}, supp{prx;}, supp{px.}, suppiprs}, supp{pr,},
and are empty between supp{pg,} and the others: supp{pk,}, supp{pk,}. Hence,
equation (6) can be written as:

/ ( ur, Vi, + UK, VoK, + Uk, VoK, + uKk, VDK,
+uKs VDK + UKy VDK + UKy VDI,

) Vpg,dr = /f.pK1 dx.
Q

There are only seven main unknowns in the equation of step 1, thus the stencil is
equal to seven.

b) We consider a particular case with a primary grid of squares. The dual grid
is constructed on the following figure:

T~ T~ ™
LT LT [N
N
. e e
Lo gl tg----l-_lxg---2
X o X ' X "
TKs Ky K3
N I I o
\ \
T T T T
vl ! N ! \
A I \\ I \
SO I A IR
[ENPE S S G S G
VX i X [N X "
VK Klw K
\6 l 2
\ \
T T T T
N | ! \
v | | \
A I I \
M N N \
k---- e ®----f---- o ----
\X | \\\ X | \\\ X (BN
K7 TKs DKy
N AN AN

In the above figure, the polygon (zx,,Tk,, TKs, Tk, Tkss TkK,) 18 an element of the
dual mesh where the point zx+ and xx, are the same.
The intersecting domains are not empty between supp{p, } and each of the following

domains: supp{pk,}, supp{pk,}, supp{pr,}, supp{pr,}, supp{pr,}, supp{pr,},
and are empty between supp{pg,} and the others: supp{px,}, supp{pxk,}. Hence,
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equation (6) can be written as:

ur, VP, + UK, VoK, + uk, VoK, + uk, VK, ) o d /

. T = . dx.

/ < +ur, VDK + UKy VPKs + UKy VDK, Pk, pr1
Q

Q

Moreover, we have that:
e on the triangle (zx,,TK,, TK;)

Mgy wry) Margwrs)

vpK5' VPKl — 2 07
<2m(x1<1 7”“(4’9”(5))

is equal to O,

because Mok, wr,) Mok, @)

e on the triangle (v g, Tk, TK,)

e, wrg] Mok wxg] -

vsz' VPKl = 2 07
(2m(mK171K5’xK6)>

is equal to 0,

because Mok, wicg) Moy @i

e on the triangle (zk,,TK,, TK,)

n[le 7xK2] : n[xngxKg}

Vb, VoK, = 5> =0,
<2m($K1 ’sz’mKsa))

k) is equal to O,

because Mok, wicy) My,
e on the triangle (v k,, Ky, Tx,)

Mok, wrgl Mokg iy

2
<2m(xK1 7chsvchsa))

)] is equal to O .

vng' VpKl - 07

because Mok, wicg) Mokg i

Hence, we get

ug, VoK, + uk,Vpr, +uk, VoK, ) o d /

. €T = . dx7

/ ( +uK6VpK5 + 'U,stsz pK1 prl
Q

which implies that the stencil is equal to 5. U

We point out the next property of the FECC scheme.

According to the construction in isotropic cases, the affine function v on (x g+, x g, )
is also affine on (rx+, 2K, x,) and (zx+,zr,xs). In addition, this function has con-
tinuous fluxes because A is continuous. Therefore, it corresponds to the function u
constructed in the heterogeneous cases, as follows:

K _ K _
Us Nzpes,xk] uKn[xme*} UK* Nz, 2]

(VD,IdU)| = ;

xT T T
( K* LK, O') 2m(IK*,IK,LEa)

K L e
(v u) _ uo n[xK*7xL] uLn[l‘g,$K*] UK n[xazxL}
D,Id (xg*,xp,xe) 2m(a:K* i) )
) o
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where uX” is a temporary unknown. This unknown is eliminated by imposing the

continuity of the fluxes:

K L _
(VD’AU)‘(IK*vxnyU) Nzo,xgs] + (VD7AU)|(IK*7IL,I0) Nzgags] = 0.
K L K* K L
(o +ay)uy =agug +apup + (g + o) ugs, (17)
where
K K K
. n[xg,mK*]' n[mg,mK*} K n[ftaJK]' n[:pg,mK*] K n[xK*7xK]' n[xa,xK*]
aK = — 9 y Qs = — 2 y Qp = 2 s
m(J:K* 7xKa-770) m(xK* ,Z'Ka-l'a) m(xK* 775K7xa)
ny .n Ny x}.nL Ny *x}.nL
To T o] [z, +] L oL [To,2 %] L K*PTL [To,@ g+]
ap=-——- ) O = ) Qg = .
m(xK* 7xL7$a) m(wK* 7$L:930') m(mK* :xL»IO')

The following property presents a formula to compute the unknown u, in terms of
the unknowns ug, uy.

Property 4.1.2: The unknown uX" of (17) satisfies

K* dL,O'

dK,o
: 1
U, = dK,g dL,JUK+ (8)

ur,
dK,cr + dL,U

which is the value obtained by the scheme described in [3] using the harmonic aver-
aging points.

In (18), dx o, dr o, are greater than 0 and denote the measures of the segments
[Tk, ZKo], [T1, %L 0], respectively. Two points zk ,, 1, are the two orthogonal
projection points of zx and z;, onto o.

Proof of property 4.1.2:

We present in detail the calculation of the coefficients of equation (17).
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a) Calculation of the coefficient w+:

K L
K L o Nz zk]* n[azg,xK*} n[xmmL]'n[wg,:cK*]

2M (3w w1 ) 2M (g pen 21, 0)

K,K* LK*
Mz, 2] Mo COS | Py Mz, 2] Mo COS Qg

. K,K* . L,K*
m[xme]. meg S1In g02 m[xme]. mg SIn 902

(#77) | con et
cos ( ¢y cos ( @5
C () ()
sin ¢y sin ( ¢
cos (H - cpgK*) cos <cp§K*>

. LK* T LK\
sin (H — Py ) sin <g02 )

In the following figure, v, 21, are the two orthogonal projection points of z g,
Ty on o.

*

X

b) Calculation of the coefficient u,:

oK + ot = Nz ges xi]- n[xg,:cK*] n[xK*,xL}-n[mme*]
[ea [ea -
2m($K*,$K,$a) 2m(33K* L, To)
K,K* L.K*
Mz yex,zr]- Mo COS Py Mg v ] Mo €OS (P7
= +
Mg . dK,O‘ Me. dL,o-
_ _m[xK*7xK,(T] o m[xK*vxL,o'}
dKaU dL,o
M. (dko+dre) — m[IK,m%].dKJ + Mg, o 20]- L0
dK,a-dL,a
. My (dK’U + dL,o’)
- 5
dK,O’ dL,a
because Mg ,zr,e] — Mrgs,zo] ~ Mrk oao)s Mrge,zn,e] = Mrgr,2zq) + Mizy, a0l
m[xKJ’xO']' dL?U = m[IL,avxcr}' dK,O’*
c¢) Calculation of the coefficient ug:
2
K
2
N (n[xo.,x}(*]) (mo.) My
K —= — = — = — .
2M (1 i 30) M. dK o dK.o
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d) Calculation of the coefficient up,:

2

L

(n[wm"f}(*o (ma)2 Mg

o = — = - = - .
Qm(acK* VL, %o ) mUdL,a' dL,O'
From the above calculations, we get:
<_ma (dK,o + dL,a)) uK* _ Mme Yg — meg ur
dK,U dL,a 7 dK,a dL,O'
K ,0 0
u = ———ug + —"——ur. U

7 dK,a + dL,U dK,J + dL,O’

Remark 4.2: In heterogeneous strongly anisotropic cases, the harmonic averaging
point in [3] does not provide an "acceptable” interpolation u,. Even in this case, in
Test 5 (see numerical results), we show that the FECC scheme can obtain precise
results.

Remark 4.3: In property 4.1.2, we show a relationship between the FECC scheme
and the scheme introduced in [3]. However, even in isotropic homogeneous cases,
there is a difference between these two schemes.

For a grid of squares (the length of each edge is equal to a), we consider two control
volumes K ; (mesh point z; ;) and K;yq; (mesh point x4 ;) of the primary grid
such that their edges do not belong to the boundary 0. The third grid is defined
in the following figure (dashed red and black lines):

Xiz1,j+1 Xij+1 Xiglj+1|  Xis2,j+1

- ---{---- P REEEE BT *- -~ ®----p---- .
x *f- ‘9)2”””75:&1 777777777 O I oX
-1 R X [ |43,
T P il j D2, !

e S S - o e
X. .
i-1,j-1 i,j—1 i+1,j-1 i+2,j—

Using the scheme described in [3], for a given constant function f (# 0), we get the
two following linear equations at x; ; and x;41 ;:

2
Auij — Ui = Uim1j — Uitlj — Uig-1 = / fdx = f.a%,
Ki;
2
Auip1j — Wi — Uit 1 j+1 — Uig2,j — Uipl,j—1 = fdr = f.a”.
7] 7] 7] 7j 7]
Kit1,;
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Using the FECC scheme, we get the two following linear equations at x; ; and x;41 ;:

J.a?
A j — Ui — Uim1j — Uikl,j — Uij—1 = fpigde = —5—,
(T, 413 Tit1,55 Ti,j—15 Ti—1,5)
4.f.a>
Aiy1j = Uig = Wikl j+1 = Uig2,j = Uikl j-1 = fpivrjde = —5—.

(Ti,5415 Tit2,j4+15 Tit2,j—1; Tij—1)

At each point x; ; and x;41;, we observe that the right hand sides of the two linear
equations are different and that the left hand sides are the same.

5 Mathematical properties

We are interested in this section by the theoretical convergence of the FECC scheme
in the general case where the tensor A(z) can be discontinuous. We denote by
Py (v) the traditional P; function on §2, constructed on M**. We first show the
convergence of a variant of the original scheme, which we call FECCB, which satisfies
the following discrete variational formulation:

u € Hp / (A(z)Vpau(z)) .Vpav(z)de = /f(x)Pl(v)(x)da: for all v € Hp.
Q

Q
(19)

To simplify the presentation, we assume that, for neighboring control volumes, the
line joining their primary mesh points intersects their common edge. Let M}* =
{K € M** | A(z) is not continuous on K} and M7 . = {K € M* | A(x) is constant on K}.
If VK € M*\ME . let us assume that A(z) = Ay on Ky (K is the triangle
(xx, o, xx+) and that A(x) = Ay on Ko (Ko is the triangle (zp,xq,xx+)) (see
Figure 5.1). For K € MJ}*, we only choose two discontinuities to simplify the pre-
sentation but the method can be generalized to a greater number of discontinuities.
We denote by hx the diameter of the triangle K and px = sup{diam(S) : S is a ball contained in K}.
As described in section 2, we recall that Vj is the set of the vertices of the triangle
K € M**. Moreover, the size of the discretization is defined by

e = sup{hg, K € M**}.

For all the triangular cells belonging to M™** we join the centers of gravity of the tri-
angles Zpq,  to the midpoints of the edges (xk i+, Tk, 1, K+ 1). The vectors Tk =,
Tk* L , Tr,K are orthogonal vectors (with the same length) to the sides [z k k=, Tpar i)
[xK*,[n xbar,K]; [mK,Lv xbar,K]‘

We denote by Aig, Air, and Aig-, the polygons (2, Tk L, Toar, i) LK, K*),
(xL,a;KL,:cbm’K,xK*,L) and (HTK*,.CCK*7L,.CCbaT7K,CCK7K*). The vectors T_iK, ﬁK*, T_iL,
flg, Mg+1 and 7ig=o are orthogonal vectors (with the same length) to the sides
[+ zL], [xx,xL], [Tr*, K], [TK*, o], [Tk, Ts) and [z,, L] (see figure 5.1).

We define H%**u which is a piecewise constant reconstruction by:

H%**u(x) = H%u = ug if z € Aig, H%**u(w) = H%u = uy, if x € Ai;r and
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Figure 5.1

N9.u(x) = N9u = ug~ if © € Aige.

We define the discrete H! norm of u by:

2 &Ll e, Tkl o Tkl

where d(K, L) is the distance between xx and [z 1, Tpar i) (d(K,L) = d(L, K)),
d(K, K*) is the distance between g+ and [xx i+, Toar k| (d(K, K*) = d(K*, K))
and d(L, K*) is the distance between xy, and [z« 1, Tpar i) (d(L, K*) = d(K*, L)).
Following the definition given in [18], we measure the strong consistency with the
interpolation error function S(¢) = {||Pi(¢) — QOH%Q(Q) +[|[Vpap — Vngiz(Q)z}%,
p € [C(2)] and the dual consistency with the conformity error function

Wp-(§) = ma%e%llﬁll/Q(VD,AU(OC)-95+P1(U)($)div<ﬁ(x))dw,VSB6 [Ce ().

Vp

Lemma 5.1: With hypothesis 3.1, let S be a sequence of discretizations D** =
(Hp, hat==, Pi(u), Vp.a) previously defined. We assume that there exists 6 such that
for all D* € S, for K € M*™*\{MF UMg L,

min(|7k,r a|T:K,K*|, TrrD) By min(WKLHfKK* NTrace ) Ko
7L K| k| K|

Then, for K € M*\M}Y* the gradient Vp au satisfies:

‘K|VD7AU =
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(urs — ur)(Tr K+ + €x k+) + (up, — ug=) (T + €x+1) + (ux — ur)(Tr,x + €L,K)
|€re s | € | eLx| _
| K| 171,k |

with limhMMHo
Proof

First case: A; = As.

Using the stokes formula, we obtain (see figure 5.1):

=0, limp, . —0 7 =0 and limhM**Ho

T+, L

2|K|Vpau = —ug+Tg+ — urff, — UKk
which becomes
1 . R L . .
|K|Vpa = E{(UK* —ug ) (g —Tig )+ (ur —up) (i —7ig )+ (up — ) (s — 1)}

- - - P 1 . S,
As the vectors 77, i, Tk ik and Ti- f, satisfy 71 x = E(HL —7K),

. 1, . - 1, . :
TK,K* = E(NK —TK+), TK* L = E(_nL + 7ix+), we obtain:

|K|Vpau = (ug+ — ug)Ti,k+ + (ur, — ug+)Tr+ 1 + (ug — )7L K-

Second case: A; # As.

For x € K1, the gradient Vp pu satisfies:
2|K1|VD7A’LL = —uK*ﬁK*,l — UM, — UK.

We can write u, = Bxur + frur + Br+=uk+ with g + 1 + B+ = 1,

. . [z, 2s) .

llmh * % —>O/3K* = 07 lth o —>O/BK = and lth **—>O/BL = — - be_
M M [xL, 33K] M

cause, for K € M**\{MPFUMg .} (A(x) is continuous), limy,, .. —o|[A1—A2|| = 0.

The gradient becomes:

[‘rKva]

[ [vaxU]) .
Tr,TK

+er )L —uk (a4 (ex+
(1, vK]

2|K1|Vpau = —ug+(Tig+ 1+ex=nr)—ur(

with ex +epters =0, limp, . o€k = 0, limy,, .. oex = 0and limy,, .. 0eL = 0.
(ﬁo + [mL,Ia]ﬁ ) . K, Ts] =

[zr,rK] nKg [$L7xK]nL nr, 7:L’K*,l T+
S =—, == = _—" an = , we deduce:
| K1 K| K | K1 K| I\(Kl\ K| X
2|K|\Vpau = —ug= (g + 7——€x+nr) —ur(l + =€) — ur (Mg + ———€xnig
K| (i + e ecie) = w0+ e )i = ik + e

= —UR*PK* — ULPL — UKPK-
Finally, we obtain:

1 . L . .
|K|Vpau= 6{(“[(* —ug)(Px —Pr+)+ (uk —ur) (P —Pk)+ (ur —uk+)(Pr+—PL) }-

e e ) K
Using the assumption on the grid ( min(|7ic.o. ’iKK | 17 ]) K
X L K|

E’ ¥« = ——"¢ *ﬁ +m€ﬁ E’* :ﬁe *ﬁ _Len
K,K [K [ CK*T0L [k, KLy €K™, L (K, KL (K] €L

> 6), choosing
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o K| K R . - - o .
€Lk = |‘K—1‘6LTLL — ‘|K—1|6K7’LL and using the values of 77, i, 7k i+ and Tx+ 1, we obtain
the desired property tjor r € K.

For x € K>, the computation of the gradient is similar.
O

Lemma 5.2: With hypothesis 3.1, let S be a sequence of discretization D™ =
(Hp, hat==, Pi(u), Vpa) previously defined. We assume that there exists 6, such
that for all D*™* € S, for K € M}

T_iUAlﬁa ﬁO'AQﬁO'
| K1 | Kz

Mool TeMTiL

o |
| Ko | K1

| > 6(

), (Hi)

TR k+|)
N7k 2|)

min(|Tk, L], [Tk, Kk
max(|ﬁa|7 |ﬁK*,1

>0, (Hy).

Then, there exists a constant Cy such that the gradients Vi, u and Vi, u satisfy:
K| Vieu = (uges —uge )0y (K, K*) + (ug, — up )01 (K*, L) + (ug — ur)fi (L, K)
and

K| Vi,u = (uges — ug)fa(K, K*) + (up, — ug+)0a(K*, L) + (ug — up)b2(L, K).

I Cy . - Gy . > Cy .
with 6,(K, K*)| < 17wl 100K L) < Fleiel, 0L K] < 5|7kl

7 Cy 7 Cy 7 Cy

102(K, K)| < J5 TR ree |, 102(K7, L) < 5T 1] and [02(L, K)| < 537 |72k ] -
Remark 5.1: In order to satisfy assumption H1, it is sufficient to choose the primary
mesh points xx and xj, close enough from x,. In pratice, this is a light hypothesis.

Proof . . . .
oA, TigNotix

Let us denote Det = — +
| K1 | K|
We can write:
Uy = Brur + Brur + Br+ug+ (20)
ﬁUAlﬁU ﬁUAQﬁcr

= ——— and

with Sk + 0L + Bk where Bg Detky | "F T Det| iy

Br+ =1— Bk — Br.

ﬁoAlﬁa ﬁaAQﬁa

Using assumption Hj, we obtain |Det| > 6( ). We deduce
) . ) | K| | o
1Bk | < 9’ 18] < 9 and B+ < i + 1. Using the formula:
2|Ki |V u=—(ug+ — ug)lig+1 — (UK — U)o,
Q‘KQ‘VKQ'LL = —(UK* — UO')ﬁK*72 — (uL — Ug)ﬁg
and equality (20), we obtain: gl(K, K*) = —%ﬁ;««,l + %ﬁg,
Or(K*, L) = %Lﬁm, O (L, K) = —%ﬁo, O (I, K*) = —%Kﬁm,
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o (K*, L) = %Lﬁw,g - %ﬁg and 05(L, K) = %ﬁg.
We conclude using assumption Hs. O

Proposition 5.3: With hypothesis 3.1, let S be a sequence of discretizations D** =
(Hp, hpa=+, Pi(u), Vpa) previously defined. We assume that there exists 6, such
that for all D** € S:

pr > Ohx VK € M%: . (Hy),
PK, > Qh[(l VK € M**\M*gonst (HQ),
PKy > 9hK2 VK € M**\ *C*onst (Hg),

1 1 1
d(K,L) > 5’FK7L|} d(K,K*) > §|;K,K*|, d(L,K*) > 5|FL,K*|, VK € M**

(H4)7
eNofix TN 1Tl g7y  TigAafly
° - >0 + for K € M*%* (Hs
| ’K2’ ’Kl‘ | ( |K1| ‘KZ‘ ) A ( )7
mzn(’Tli,L|’|_7:K,K* a|j'K,K*|) S0 for K € M5 (Hg),
max(|7ig|, |~ 1], 7K+ 2])
main(|7i.Ll, [T i [ Trere D) (B
7l e, i [
min(|Tk,L|, | Tk, Kk* |, |TK,K* 2
o . > 0 for K € M**\{ M UM% H7).
|nK| ‘K| \{ A Const} ( )

Then, the FECCB scheme is coercive, that is to say there exists C'p« such that

1Py ()] 2y < Cpe-||Vpaull, u € Hp.

Moreover Yo € [C(Q)], limp .. —0S(¢) =0 and V@ € [C°(Q)]?

limp o ~0Wp= (@) = 0. With these three properties, we can apply the corollary 2.3
described in [18]. It means that the FECCB scheme is convergent, that is to say,
Pi(u) converges to the exact solution ucgq of the problem and Vp au tends to Vieg,
as hpag — 0.

Proof

Following Lemma 5.3 in [16], there exists C3 only depending on 6 (Poincaré in-
equality) such that:

(Tl 2y < Csllul? pee Y € Hop.

Let us show that there exists Cy only depending on ) and 6 such that:

[ull} per < Call Vo au(@)l{12(q))e- (21)
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The proof is close to the one described in [18] (lemma 3.1). We denote by V gu the
value of Vppu(z) if K € ME ., and Vg, u (resp. Vi,u ) the value of Vp pu(x)
on Ki (resp. Ky) if K € M*\M¥: . Forall K € Mg ., forall s € Vi and
r € Vi , we can write:

us — Uy = Vgu.(s — 7).

We obtain:
1 2 )2 )2
e
3" [rk,xr)? [Tx, TR [z, 25
and
1 PK PK PK
% 25 1 2 o2 PK e )2 PE
KNIV ull™ 2 3w —u) " =t (uk =) 2=t (un—une ) 2o
(22)
For K € M*\Mg ., we get:
1 (ux —ug)® | (ux —ug:)’
2 > = o
HVKluH el 2( [xnyaP [xK,I'K*P

and

1((UL—%)2 (ur, — ug-)?
2" [xg,2p)? [xp, Tp+]?

We deduce that there exists C5 such that:

IV pul? >

NIV syl 2+ [Kal[|V iyul|2 > Cs{ (min(— 25— P12
[Z’K, mU} [xLa "L'O']
PKl ,0](2

[—(UK —ug+)® + (ug — ug+)}.
TR, LK+ [z, xr+]

)(UK - ua)2 + (UL - uo)2)+

(23)

(ug — ug)?, we obtain that there

N =

Using the inequality (ux — uq)? + (up — ug)? >
exists Cy1 such that:

Dremenz, | EllIViull? + Kol Viyul|? >

PK, 2

. PK; PK, 2
Cy o min , ug —ur) + ————(ug — ug*)" +
pZKEM \MConst ([xK, xa’] [I’L, {L'a-] )( ) [.’L'K, ZL’K*] ( )
Ko 2
———(urp, — ug~)“.
[mL,xK*]( )
Using assumptions Hi, Hy, Hs and inequality (22), there exists C3 such that:
IVpau@)|® > Cos Y Olug —up)? + 0(ug — uge) + 0(ur, — uge)>.
KeM**
Using assumption Hy, we get:
TKL\ 2, |TR.K+] 2, |TL.K| 2
v > C _ — * _ — * s
|IVp,au(z 23 KGZM:** UK (ug—ur) +d(K,K*)(uK Ug+) +d(L,K*)(uL ug+)
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which is the desired inequality.

Moreover, for K € M** we write:

if v € Aig, Pi(u)(z) = wu(z) + Vp, cu.(z — xg), if © € Aig,

Pi(u)(z) = MYuu(z) + Vp, u.(z —xp), if @ € Aig+, Pi(u)(z) = O.u(z) +
A u.(x — xx+). We obtain that

1Py (u)l| 20y < [Tpertil[r20) + haee< [V prw(@) | {r2(0))2- (24)
With Lemma 5.1, we obtain the formulation:
|K|Vpu= (ug—ug)Tk k++(ur-—ur) T +(ur—ug) 7,k forx € K, for K € M™.

We define Sy = ((K, L), (K,K*),(K*,L)). Using the Cauchy-Schwarz inequality
and e pges 2o, Nyesy [T N [d(M, N) = 2[, we get that there exists Cyo such
that:

IV pullr2)y2 < Coollull1,pe. (25)

Using (21), (24) and (25), we obtain that there exists Cag such that:
[1Pr(u)]|z2(0) < Co2l[Vpau(@)||{r2))2- (26)

We conclude that the scheme is coercive.

Let us estimate the strong consistency of the discretization. Let ¢ € [C2°(Q)].
As we use the Stokes formula to approximate the gradient, with assumptions Hy,
H, and Hs, we obtain in the same way as lemma 4.3 described in [16] that there
exists Cg only depending on 6 and ¢ such that

VD0 = Vol 22 < Cehare-.

Moreover, using Lemma 3.1 in [19], we obtain that || Py () —¢[|r2(q) < har ||V |L2(Q)2.
We deduce that the interpolation error function S(¢) tends toward zero if h s+ tends

toward zero.

Let @ € [C°(Q)]2. Let us compute T = [,,(Vpau(z).G + Py (u)divg(z))dz.

We denote by Gk the average value of g(z) if K € M*\M¥* , Gk, (resp. @k,) the
average value of ¢(x) on Ky (resp. Kp) if K™ € M}, Gy N n)es, the average
value of g(x) on Tay N (v, N)eSk -

We get T'=T7 + T + T3 with

Ty =Y kems, , KIVKUWBKHD ceme=\ Mz, ums)

Const

K1\VKlu.6K1+|K2|VK2u.@K5*+
Yokermy Vi w-@r, + [Ke|Viu.Gry = T+ Tiz + Tiz + Tia + Tis,

Ty = Z (ug —ur+ )T K+ P K+ (WK —up) T L.Pr+ 1+ (Ur, —uK)TL K- PK.L,
KeM*

T3 =3 e fAiK Vp, gu.(x — z)divg(z)dr + fAiL Ve, u(r — zp)divg(z)dr +
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Jaiy. VP e u(z — e )divg(x)da.
We obtain:
IT5] < RiAl|V pyull 22 ||divg]] L2 q)- (27)

With assumption H7 and Lemma 5.1, we get:

T +Tho +Ti3 = ZKeM**\MR*{(uK* —ug) (T, + €K K*) +
(ur — uk+) (T L + €x+ 1) + (uk —urL) (7L, K + €L,K)}-PK-

On the other hand, with Lemma 5.2, we write:

Tiy= Y ((ug-—ug)0 (K, K*)+ (up —ug-)01 (K*, L)+ (ug —ur )01 (L, K)).Gr,
Kemy

and

T15: Z ((uK*—uK)gg(K,K*)+(uL—uK*)§2(K*,L)+(uK—uL)§2(L,K)).(ﬁKz.
KeMyr

Let us define

Termy= Y > (Pl +[ewn))dM, N)(|Fx — Grnl®)
KeM**\M3* (M,N)eSk

and

—

01(M7N)'SBK1 92(M7N)(75K2
| 7M. | |7\, |

Termy= . > |fuwld( N)(| — ).

KeMy* (M,N)eSk

Using the Cauchy-Schwarz inequality, we obtain:

Ty + To|* <|[ul} per (Termy + Termy).

Besides, using the regularity of , there exists a constant Cg such that V(M, N) € Sk
o — QOM,N|2 < Cd)hg\/t**' Using ZKEM** Z(M,N)ESK ‘FM7N|d(M, N) = 2|Q|, and
Lemma 5.1, there exists C3g such that

Termy < CsolQ(h}ex (1 + €1(hag=+))) with limy, , ... —o€1 (hage) = 0.

Moreover, using the regularity of J, assumptions Hs, Hg and Lemma 5.2, we get
that there exists C1g depending on € and ¢ such that

—

91(M, N)ﬁKl + 92(M7 N)QBKQ
| T N | |7, |

Y(M,N) € Sk (| — @unl?) < Cho.

Following the same arguments as those described in [12] (Theorem 3.8), as the tensor

A(z) is piecewise Lipschitz-continuous, we deduce that ) M > (MN)esk | TMN|d(M, N)
tends toward zero if A+ tends toward zero. (It means that the dimension of the
zones where the tensor A(z) is discontinuous is inferior to one.)

We finally obtain that there exists Cs such that:

T1 + To| < Csl[ull1,pe (hpre + e2(hare+))
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with limp, ... o€2(hage+) = 0. Using (21), (27) and (25), we deduce that there exists
Cy only depending on 6 and ¢ such that Wp« (@) < Co(hag+ + €(hag=+)). This is
the dual consistency described in [18]. O
Corollary 5.4: With hypothesis 3.1, let S be a sequence of discretizations D** =
(Hp, hpa=+, P(u), Vp a) defined in (3). Under the assumptions of Proposition 5.3,
the FECC scheme is convergent, that is to say, P(u) converges to the exact solution
Ueza Of the problem and Vp au tends to Vuegq as hag= — 0.
Proof
We measure the strong consistency of the FECC scheme with 1the interpolation
error function S;(p) = {||P(¢) — g0||%2(9) +[|Vpap — VSOHi?(Q)?}i?
p € [C(2)] and the dual consistency with the conformity error function

Wi D+ (F) = mazyery|

m“/Q(VD,AU(JU)-@+P(U)($)div(ﬁ’(l‘))dx,V@’e (O (Q)]2.

Using the definition of P(u) and P;(u), we obtain that:

[1P(w) = Pr(u)r20) < hat==(

With (21) and (25), there exists C4p such that:

|VP1UHL2(Q)2 + HVD,AU||L2(Q)2)'

[|1P(w) = Pr(u)lr2@) < Caohat=+ ||V aullp2q)e- (28)

In the same way, for ¢ € [C°(£2)], we get that:
1P(@) = PL(o)ll2(0) = e3(hm+) (29)
with limy, ... o€3(hage+) = 0. Using (26), we deduce that there exists C'y; such that
[[P(u)]|r2(0) < Cual|[Vpau(@)||ir2(0))2- (30)

We deduce that the FECC scheme is coercive. Using proposition 5.3, (28) and
(29), we obtain that Ve € [C(Q)], limy . —0Si(¢) = 0 and VG € [C(Q)]?
limp g —oWip++(F) = 0. We conclude applying corollary 2.3 described in [18].

0

6 Numerical results

We introduce some notations for all the tests:
e nunkw: number of unknowns,
e umin: value of the minimum of the approximate solution,
e umax: value of the maximum of the approximate solution.

Let us denote by ugn, the exact solution, upys = (ug)xem the piecewise constant
approximate solution,

e erl2, the relative discrete L? norm of the error, as follows:
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1
Z ‘K|(uana(xK)_uK)2 2
KeM

> ’K‘uana(ﬁvKV ’
KeM

erl2 =

e ergrad, the relative L? norm of the error on the gradient,

e ratiol2: for i > 2,

In(erl2(i)) — In(erl2(i - 1))

ratiol2(i) = _2ln(nunkw(i)) — In(nunkw(i - 1)) ’

e ratiograd, for ¢ > 2, the same formula as above with ergrad instead of erl2.

Test 1: Mild anisotropy
We consider an homogeneous anisotropic tensor, as follows:

1.5 0.5
A= < 0.5 1.5 ) ’
Test 1.1 The exact solution uan, and the source term f satisfy:

Uana(7,y) = 162(1 — z)y(1 —y) in (0,1) x (0,1),
Uana(Z,y) =0 on the boundary of [0, 1] x [0, 1],
flz,y) = =V.(AVuap,) -

nunkw erl2 ratiol2 umin umax ergrad | ratiograd
56 || 9.74303E-03 9.12E-02 | 9.28E-01 | 1.46E-02

224 || 2.44889E-03 | 1.99E+00 | 2.54E-02 | 9.28E-01 | 8.15E-03 0.848

896 || 6.08651E-04 | 2.00E4-00 | 6.70E-03 | 9.95E-01 | 4.26E-03 0.936

3584 || 1.52175E-04 | 1.99E+4-00 | 1.73E-03 | 9.99E-01 | 2.17E-03 0.967

14336 || 3.81026E-05 | 1.99E4-00 | 4.36E-04 | 1.00E4+00 | 1.10E-03 0.983

Mesh 1 - regular triangular mesh.

nunkw erl2 umin umax ergrad
289 || 2.68581E-03 | 1.26800E-02 | 1.0020E+400 | 2.81E-02

Mesh 4.1 - distorted quadrangular mesh.

nunkw erl2 umin umax ergrad

1089 || 7.60982E-04 | 3.48999E-03 | 1.0007E+00 | 1.29E-02

Mesh 4.2 - distorted quadrangular mesh.
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Mesh 4.1 - distorted quadrangular mesh Mesh 4.2 - distorted quadrangular mesh

Test 1.2 The exact solution and the source term f satisfy:

{ Uana(7,9) = sin((1 — 2)(1 — ) + (1 — 2)°(1 — y)?,
f(z,y) = =V.(AVuapa).

nunkw erl2 ratiol2 umin | umax ergrad | ratiograd
56 || 2.25334E-03 7.16810E-03 | 1.3786 | 1.56E-03

224 || 6.03417E-04 | 1.90E+4-00 | 1.77495E-03 | 1.5973 | 9.52E-04 0.718

896 || 1.54969E-04 | 1.96E4-00 | 4.42261E-04 | 1.7160 | 5.44E-04 0.808

3584 || 3.91813E-05 | 1.98E+00 | 1.10442E-04 | 1.7779 | 2.93E-04 0.890

14336 || 9.84396E-06 | 1.99E+00 | 2.75983E-05 | 1.8095 | 1.53E-04 0.938

Mesh 1 - regular triangular mesh.

nunkw erl2 ratiol2 ergrad | ratiograd
40 || 5.41026E-03 2.43e-02

160 || 1.29132E-03 | 2.06E+00 | 1.35E-02 0.848

640 || 3.06998E-04 | 2.07TE+00 | 7.12E-03 0.926

2560 || 7.43874E-05 | 2.04E400 | 3.65E-03 0.964

10240 || 1.82906E-05 | 2.02E400 | 1.84E-03 0.982

Mesh 3 - locally refined nonconforming rectangular mesh.

Error between the exact solution and the computed solution..

[

Left: Result of the MPFA scheme [1]. Right: Result of the FECC scheme.
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Mesh 1 - regular triangular mesh Mesh3-locally refined nonconforming rectangular mesh

Test 2: Heterogeneous rotating anisotropy
The tensor A satisfies the equation:

1 107322+ (1072 — 1) ay
T @24y \ (107 —1)ay  2?4+107%2
We define the exact solution and the source term f as:

Uana(X,y) = sin(7x) sin(wy) in (0,1) x (0,1),
Uana(X,y) =0 on the boundary of [0, 1] x [0, 1],
f(x,y) = =V.(AVuapa) -

nunkw erl2 ratiol2 umin umax ergrad | ratiograd
16 || 7.02265E-02 1.35E-01 | 9.34E-01 | 9.04E-02

64 || 1.67141E-02 | 2.07E+00 | 3.68E-02 | 9.8E-01 | 5.03E-02 0.770

256 || 4.25124E-03 | 1.97TE4-00 | 9.5E-03 | 9.94E-01 | 2.80E-02 0.919

1024 || 1.09645E-03 | 1.95E4-00 | 2.4E-03 | 9.98E-01 | 1.43E-02 0.970

4096 || 2.81843E-04 | 1.96E+00 | 6.02E-04 | 9.99E-01 | 7.21E-03 0.988

Mesh 2 - uniform rectangular mesh.

Mesh 2 - uniform rectangular mesh

We consider the problem:

div (AVu) = div (AVuan,) in Q=(0,1) x (0,1),
’LL(.%, y) = uana(-f, y) on 0,
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for the following tests:

Test 3: Discontinuous anisotropy (see for more detail in section 4.2.1 of [12])
The analytical solution satisfies:

Uana(T,y) = cos(mzx)sin(ny) if x < 0.5,
Uana (T, y) = 0.01 cos(mz) sin(my) if = > 0.5,

and we consider the tensor:

A(z,y) = ( (1) (1) > ifx <05, A(z,y) = ( 180 0'%1 ) if x > 0.5.
nunkw erl2 ratiol2 umin umax ergrad | ratiograd
56 || 5.45056E-03 -9.07E-03 | 9.06E-01 | 8.131501E-03
224 || 1.37517E-03 | 1.98E4-00 | -9.76E-03 | 9.75E-01 | 6.623965E-03 0.296
896 || 3.44881E-04 | 1.99E4-00 | -9.93E-03 | 9.93E-01 | 3.741116E-03 0.824
3584 || 8.65861E-05 | 1.99E+00 | -9.98E-03 | 9.98E-01 | 1.972594E-03 0.923
14336 || 2.17672E-05 | 1.99E4-00 | -9.99E-03 | 9.99E-01 | 1.011825E-03 0.963

Mesh 1 - regular triangular mesh.
Error between the exact solution and the computed solution

_ z%;gelg—é 22 §2EI—3
b
b
- A il

Left: Result of the Diamond scheme [10].  Right: Result of the FECC scheme.

Test 3.b: Discontinuous anisotropy
The analytical solution an the tensor are not changed. We use the harmonic aver-
aging points y, introduced by [3] to define the dual grid:

 Adroyr + AkdL oYK dx odr o - -
Yo = (A& —AL),
ALdi o+ Akdr o ALdi o+ Akdr o
where notations are defined in Lemma 2.1 of [3], page 2.
We obtain the following numerical results with this modification:
nunkw erl2 ratiol2 umin umax
56 || 4.99875E-03 -9.07E-03 | 9.06E-01

224 || 1.28975E-03 | 1.95E4-00 | -9.76E-03 | 9.75E-01
896 || 3.32247E-04 | 1.95E4-00 | -9.93E-03 | 9.93E-01
3584 || 8.47105E-05 | 1.97E+00 | -9.98E-03 | 9.98E-01
14336 || 2.14672E-05 | 1.98E+00 | -9.99E-03 | 9.99E-01
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The results are slightly more accurate than the previous results.

Test 4: Strong discontinuous anisotropy

The analytical solution is defined as follows:

{ Uana (T, y) = cos(mzx) sin(my)
Uana(2,y) = 1076 cos(7z) sin(7y)

and we consider the tensor:

if x <0.5,
if x > 0.5,

6

Az, y) = ( (1) (1] ) if £ <05, Ax,y) = ( 18 0‘%1 > if x > 0.5.

nunkw erl2 ratiol2 umin umax ergrad | ratiograd
56 || 5.45798E-03 -9.07E-07 | 9.06E-01 | 8.138566E-03

224 || 1.37250E-03 | 1.99E4-00 | -9.76E-07 | 9.75E-01 | 6.624536E-03 0.296
896 || 3.43047E-04 | 2.00E4-00 | -9.93E-07 | 9.93E-01 | 3.741224E-03 0.824
3584 || 8.58622E-05 | 1.99E+00 | -9.98E-07 | 9.98E-01 | 1.972620E-03 0.923
14336 || 2.14862E-05 | 1.99E4-00 | -9.99E-07 | 9.99E-01 | 1.011832E-03 0.963

Test 4.b: Discontinuous strong anisotropy

Mesh 1 - regular triangular mesh.

The analytical solution an the tensor are not changed. We also use the harmonic
averaging points y, introduced by [3] to define the dual grid.
We obtain the following numerical results:

nunkw erl2 ratiol2 umin umax
56 || 5.03257E-03 -9.07E-07 | 9.06E-01

224 || 1.29392E-03 | 1.95E4+00 | -9.76E-07 | 9.75E-01
896 || 3.32255E-04 | 1.96E4-00 | -9.93E-07 | 9.93E-01
3584 || 8.44700E-05 | 1.97TE400 | -9.98E-07 | 9.98E-01
14336 || 2.13100E-05 | 1.98E400 | -9.99E-07 | 9.99E-01

The results are slightly more accurate than before.

Remark 6.1: In test 3.b and test 4.b, the tensors are discontinuous on the line
(d): x = 0.5. All the points y, belong to the edges o which are common edges of
the two adjacent control volumes, computed by

_ ALdi oYL + Axdr oYK
Yo Adi o+ Akdr o

)

because all the vectors A%, A\] are equal to 0.

In test 5, we show that [3] does not provide an ”acceptable” y,-.

34
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Test 5: Discontinuous anisotropy (case where the harmonic averaging points
are not always defined)
The analytical solution satisfies:

Uana (T, y) = sin(7x)

and we consider the tensor:

A(:):,y)—((l) (1)> if z <0.5, A(x,y)—(; 13()) if x > 0.5.

We obtain the following numerical results with the FECC scheme:

nunkw erl2 ratiol2 umin umax
56 || 2.81812E-01 1.51E-01 | 1.80E+00

224 || 2.59236E-02 | 3.44E+00 | 7.81E-02 | 1.10E4-00
896 || 3.56133E-03 | 2.86E400 | 3.92E-02 | 1.02E400
3584 || 5.81922E-04 | 2.61E+00 | 1.96E-02 | 1.00E+00
14336 || 1.43293E-04 | 2.02E400 | 9.81E-03 | 1.00E4-00

Here, we can construct the FECC scheme because the dual mesh is defined. Initially,
the primary mesh points were located at the barycenter of each triangle cell. We
chose to slightly move them such that the hypothesis 3.1 is satisfied for any edge of
the primary grid.

We give here the coordinates of a few y, for the coarse grid.

nunkw | K| L ng’L) xg,K’L) Yo

56 | 6|18 | (0.5,0) | (0.5,0.25) | (0.5, —0.105128205)
14 | 24 [ (0.5,0.25) | (0.5,0.5) | (0.5,0.120512821)

The scheme of [3] is not defined, because there are some harmonic averaging points
Ys which are outside the edges o.

(K.L)
XS-,

(K,L)
s

In this figure, the edge o which is a common edge between K and L, has two vertices

ng’L) and xg,K’L).

We see here another difference between the FECC scheme and the scheme of [3].
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7 Comments on the results

a) In test 1.1, for triangular cells, where the mesh and the solution are regular, we
obtain a second order convergence in the L? norm and an order close to 1 for the
gradient.

our scheme —+—
FVH

=3
(=3
—_

0.001

D

0.0001

< 1le=05

Relative discrete .2 norm of the error

56 224 896 3584 14336
Number of unknowns

Mesh 1 — regular triangular mesh

b) In test 1.2, we obtain an order of convergence in the L? norm close to 2
for regular triangular meshes and locally refined nonconforming rectangular meshes.
The order of convergence of the gradient tends toward 1 for regular triangular meshes
and locally refined nonconforming rectangular meshes.

= =
13 8
our scheme ——| 5 1 ! ! ! our scheme ——| 5 1 ! ! !
FVHYB x| ¢ FVHYB -~ o
MEV --%--| 5 FEP1 --*--15 o | i
SUSHI - 8| & MEV -85 2
FVSYM - ¢- |8 SUSHI - ¢-| 8
D-BLS - & | & FVSYM - & -| £
DDFV-HER —+ | 3 MED-BLS —+ | 3
CMPFA - X -| = DDFV-HER - X -| =
) CMPFA —*—|,
] ]
2 2
2 2
B =
H e le-05
k] =
S le-05 ; ; ! < le—06 ; p .
&~ 56 224 896 3584 14336 ~ 56 224 896 3584 14336
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Mesh 3 — Locally refined nonconforming rectangular mesh Mesh 1 — regular triangular mesh

c) In test 2, for uniform rectangular meshes where A is an heterogeneous ten-
sor, we obtain an order of convergence near to 2 in the L? norm and the order of
convergence of the gradient tends toward 1.

.
=]
our scheme —+—| & 10% ! T T ]
FVHYB x| ©
MEV --%--| & .,
SUSH = R X ]
FVSY 3 LE~Q
FD-BLS | g
DDFV-HER — g
CMPE g 01
)
£ 001
°
2
S 0.001
[
5
<0.0001 L L L
~ 16 64 256 1024 4096

Number of unknowns
Mesh 2 — uniform rectangular mesh

From the graphs which describe the number of unknowns and relative discrete L2
norm of the error, we see that the errors of the FECC scheme are less important
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than the errors of [4], [6], [16], [23], [24], [22], [20], [15] and the orders for the gra-
dient of the scheme are close to those of the Galerkin finite element method (see [6]).

d) In test 3, for regular triangular meshes where A is discontinuous, we obtain
an order of convergence near to 2 in the L? norm and the order of convergence for
the gradient tends toward 1. With the same number of unknowns, the errors of the
scheme in the L? norm are less than the errors of [10].

1

T
. our scheme. —+—
0.1 Diamond scheme -~

oo1f T
0.001 |

0.0001 F

le-05

1e-06

Relative discrete L2 norm of the error

56 224 896 3584 14336
Number of unknowns
Mesh 1 - regular triangular mesh

e) In test 4, for regular triangular meshes where A is an heterogeneous tensor
with a strong anisotropy, we obtain an order of convergence in the L? norm near to
2 and the order of convergence for the gradient also tends toward 1.

We compare the FECC scheme with the following methods:
Cell centered schemes:

o CMPFA: Compact-stencil MPFA method for heterogeneous highly anisotropic
second-order elliptic problems, [23].

e FVHYB: A symmetric finite volume scheme for anisotropic heterogeneous
second-order elliptic problems, [4].

e FVSYM: Numerical results with two cell-centered finite volume schemes for
heterogeneous anisotropic diffusion operators, [24, 25].

e SUSHI: A scheme using stabilization and Hybrid Interfaces for anisotropic
heterogeneous diffusion problems, [16].

Discrete duality finite volume schemes:

e DDFV-HER: Numerical experiments with the DDFV method, [22].
Finite elements schemes:

e FEP1: A Galerkin finite element solution, [6].
Mixed or hybrid methods:

e MFD-BLS: Mimetic finite difference method, [20].

e MFV: Use of mized finite volume method, [15].
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8 Conclusion

We constructed a cell-centered scheme for diffusion problem on general meshes.
With light assumptions, the matrix which is associated to the scheme is symmetric
positive definite. This allows us to use efficient methods to solve the system of lin-
ear equations. Moreover, the scheme is locally conservative. The comparison with
standard schemes shows that our scheme is very accurate in L? norm. Moreover, we
proved that the FECC scheme is convergent in the anisotropic discontinuous cases.
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